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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
294 ]. This is test number [ 136 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 100.00 (294 ) | 0.00 (0)
Rubi 98.98 (291) | 1.02(3)
Maple 98.64 (1290 ) 1.36 (4)
Fricas 98.64 (1290 ) 1.36 (4)
Mupad | 98.64 (290) | 1.36 (4)
Giac 95.58 (281) | 4.42 (13)
Maxima 92.18 (271) | 7.82(23)
Sympy 23.13 (68) | 76.87 (226 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 95.918 3.061 0.000 1.020
Maple 93.537 3.401 1.701 1.361

Mathematica 74.150 14.286 11.565 0.000

Fricas 69.388 29.252 0.000 1.361
Giac 67.687 27.891 0.000 4.422

Maxima, 54.082 38.095 0.000 7.823
Sympy 12.245 8.163 2.721 76.871
Mupad 0.000 98.639 0.000 1.361

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Mathematica | 0 0.00 0.00 0.00

Rubi 3 100.00 0.00 0.00

Fricas 4 100.00 0.00 0.00

Maple 4 100.00 0.00 0.00

Mupad 4 0.00 100.00 0.00

Giac 13 38.46 7.69 53.85

Maxima 23 17.39 0.00 82.61

Sympy 226 65.04 31.86 3.10

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Maxima 0.26

Fricas 0.27

Rubi 0.48

Giac 0.94
Mathematica 1.53

Maple 1.84

Sympy 6.58

Mupad 24.24

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maple 109.18 1.09 91.00 0.97
Rubi 116.31 1.07 88.00 1.00
Fricas 172.00 1.66 115.50 1.20
Maxima 177.42 2.02 118.00 1.50
Mathematica | 178.11 1.60 91.00 1.01
Sympy 258.71 3.14 164.00 1.88
Giac 409.44 4.81 118.00 1.47
Mupad 610.58 4.77 149.50 1.79

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher

than the number of rules, as the same rule could be used more than once.

Rubi number of steps

Rubi number of steps

Figure 1.2: Solving statistics per number of Rubi steps used
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The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {29,272}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
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SageMath/Python &
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High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1.1 Rubi

A grade { [1)2,505L6) 750,10} 1) 123 146, 7 119,20, 21, 22 2 25,2 2, 25
30}, 311,32}, 33, 134} 51,136}, 37, 38} 39, 0}, (AT}, 42}, (43} 44}, (45}, 46}, 47}, 48}, (49} [} 51}, 52, [53} 54, [53),
56} (57,58} (59 160} [6T1, 62} [63, (64} [65, (66}, 67, [68} 69, [70} [7 T}, [72,, [73} [74}, [75} 761, [77} [78), [79} 80, [BT],
82,83} (84} 85} [36}, 871, B3} [89} 90, [91}, 92, 93} [94} (95, 96}, 97} [98, [99, [100} [101} 102} 103}, [104} 105,
[106}, 107}, 108}, [109} [1T0} [TTT} [TT2} [TT3}[T14}, [TT5} 116}, [T17, [T 18} [T19, 120, 121}, 122}, 123}, 124} [125),
(126}, [127}, 128}, [129}, 130}, 132} 133} [134}, [135], 136}, 137}, (138}, [139}, [140} 14T}, 143}, [144} [145}, 146}, [147]
(148, [149, 150} 15T}, 152, [153} 154} 155}, (156}, 157, [158}, (159} [160}, 16T}, 162} 163}, [164} [165], 166}, [167,
[168,[169, [T70} (17T}, 172, [173}[T74, [175}, [176], 177, [T78, [179} [180} 18T}, 182} 183}, [184} [185}, 186}, [187,
(188, [189, 190}, [191], 192}, 193,194}, 195}, [196], 197,198}, [199} 200} (201}, 202, 203} (204} (205}, 206}, 207,
[208],[209, 210}, 211}, 212}, 213, [214}, 215} 216}, 217], 218}, [219}, 220} 221, 222, [223], 224} [225], 226}, 227
[228,[229,[230}, 231}, 232}, (233, [234}, 235}, 236}, 237,238,239} 240} [241], 242, [243], 244} [245], [246], 247,
[248,[249,[250}, 251} 252}, 253,254}, [255}, 256}, [257], 258, [259}, 260}, (26T}, 262, 26 3} 264}, [265], [266], 267,
{9,209, 270, 271|272 273, 27AL 275 276, 277, 278, 279, 250, 51, 552, 53, 254 295,294 )

B grade { [T5) 23,31, [122, 253,256,257 E59 290
C grade { }

F normal fail {[289[291][292 }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.2 Mma

A grade {[1,2Bl{4[5][7] 9} [11}[12} 13} [14[15} 17} 18} 19} [20, 23} [26) 27} [28} 30} 31} 32} [33} 3435
(36} 87 (33} 89, F0 LT, A2, 3, P4, 15, 46, 7, 18, 9, BT, 52, 53, 54 55, 56, 574 8, 69 604 BT 62
(6%, 67} 6971, 73, [73[75, 763 [73} 79 B0 B2 [87, 8% B0} P, 92 93, 05, 9%, 7[5, (107} 108, (109,
[[TO} (LT} [TT3} [T} [TT5 [TT6, [TT7} [T8) ([0} [C22} (123, (125 (126, [T27} 128, [L30), 133, [L36 [37) [L38,
[[40) (144} 145 (196} 127, (148, [L49} [50, (L5, [152 (153} [[54 [155, [[56,, 157, [L58} [[59) (160} [6T) [162,
(163 (164 165} (166, [167} 168, [T70} 72} (L7375 [L76, [[77} [I78, [[80) (T8} 182} 183, (18 [185 186,
(187} (189, [19% [T95, (196, (198, 201, [202) (209 206 208, 210} [212, 713} [214, 216, 217 (218} [2T9) 220
221 (222 223, (227 [225 (226, 227, [228, 229 230 (231, [232 [233, 237 [237, 236, [237) (238 [239) (240,
[T, (242 213, (244 245 [26, 247, [248, 279 [250) (251, [252) [253, 257 [25°, 256, [257) (258} [259) (260
@mmmmmmmmmmmmmmmmmmm
}

B grade {[6[21}[24,63,[66}68,[70}[72, [81}, [84 [85},86 88} [08}, [09] [100} 101} [103} [104} [105, [119} [121]
(134143} [169}[T7T} 173} [179} 188} [190} (191}, 192} [T93} 197,199} 200} 203} [205}, 207} [209} 211}, [265|
}

C grade { (10,16} 22 25,29, [0, 65, {7, 53) 0% 02} 12 24 [20, 131 (32 [35 139} [T, 122,
15, 264, 267, 265} 273,276, 27 250,252, 254 256,290} 292 }

F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.3 Maple

A grade { [12505L6) 750,10} 1) 123 145 06,7 05 1920, 21 22 26, 2 28, B0, B
32},33, 34} 351 136} 37,138} 39, 40} AT} 42} (43} 44}, (45}, 46}, 47, 48}, 49} [0}, 51}, 52, [53} 54 [55} 564 57,
[58,[69, 60} (6T}, 62} [63, (64} [65, [66}, 68, [69} [70, [T}, [72} [73}, [74} [75}, [76} [77],[78} [79), [B0} BT, B2} 83} B4,
86},[87, 88} (89, [90} 0T, [92}, 93} 94} 95}, 06}, 97, [08} [99}, 100}, [10T}, [102, [103} [105} [106}, [L07} 108} [109}
[TT0,[ITT} 112} [T13}, 114, 115, [T16} [1T7} [TT8] 119, [T20} 12T} [122} [123], 124}, 125, [126}, 127], 128, [129]
(130, (131}, 132} 134}, [135},[136},[137} [138},[139], 140} [14T}, 143}, [145], 146}, 147} 148}, [149} [150}, 151}, [152]
[153,[154 (155, [156}, 158}, [159, (160} (16T}, 162}, 163, 164, (165}, [166}, 167, 168, [169} [170} 171}, 172, [T73]
(174, [T75, 176}, [177], 178,179, 180} [18T],[182], 183}, [T84}, 185}, [186}, 188}, 189, 190}, [192}, 193], 194} [195]
[196}, (197,199} 200}, (201}, 203}, 204, [206}, 207, 208, [209} 210} 212}, 213 214} 215} 216}, [217], 218, 219}
(220,221, 222} 223} 224}, [225], 226, 227} 228}, 229, 230, 23T}, 232}, 233}, 234, 235, 236}, 237}, [238], 239,
(240, (241, [242} 243} 244}, [245], [246), 247} 248}, [249,[250}, [25T}, 252}, 253}, 254}, [255], 256}, 257}, [258], [259,
260, (261}, [262} 263}, [264}, (265}, [266], 267} (268}, 269, [270, 27T, 273}, 2735}, 276}, 277, 278} 279} [280}, [281],
(53,753, 254, 255 256, 257, 253, 2559, 290, 291, 29,293,291 }

B grade { {2324 25,6755} 104 133} 142,157 203 }

2.1. List of integrals sorted by grade for each CAS
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C grade { [[44,[I91}[198[202)211] }

F normal fail {[29)[187 272|274 }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade {1,234 5[7}[8} 10,12, 30} 31} 32} 33} ]34} 35} 36} 38} |39 [40} 4] [42} 43} |44} 45| 46} 47
48, 194 60, 51 (52, 53, 54 55 56, 67, 58} 69, 60} T} 624 63} 6 6566, 68} 69 [0} [7 T} T2 73} 74
[75} 764 77, 78} [79, B0 BT, [B2, 83} 4, 86 57, B8, 89, 00}, BT, 2, 93, 04, 9% 96, 97, U8, 09} (100} 10T,
([0} 103, (105 (06, 07, [LU8} (109} .10} (LT} [[12} [T4) [TT6, [LT8} [LT9} 20} [T21], [[22} (26} [L39} 50,
[T51) (152, [153} 154 (155 [L56, (158} 160} (162, [163} 164 [L65, (166} 167} 168, [169, (170} {74 [L75 176
[T77) 78, (79, (T80} (T8} (152, 83} 188, (189, [T90} (193, [T (195} (196, 197, [TV} 200} (201} (202, 203,
[20 [206, 207, 208} (209, (210} 212} [213, (214} 216, [217) (218, 2719, [221) [222, 229 [227) [228, 229, 230,
[231) [232, 233, 234 [237, (236 [237) [238, (239} 240 [241) (242, 243, 244 [245, 246, 247 [248, 249 250,

[251],252, 253}, 254} 255}, 256}, 257, 258} 259}, (260}, 26 T, 262} 263}, 273}, 276}, 277, 278} 280} [281], 282,
283, 284} 286}, 288| 290] 292 }

B grade { 6)0)) 13,4 15,16} 7 15) ) 20,2} 22,25 24 25 26, 27 2 5767 5, E04, 113,
[TT5, [T17}, [T23], [124}, 125}, 127} [T28},[129} [130}, 131}, 132} (133}, [134}, 135}, 136}, (137}, [138}, 140}, 14T}, [142}
(143, [144}, 145,146}, 147], 148} [149} 157} [T59, 16T}, [T7T} 172} [173}, 184} [185] [186}, [19T], 192}, 199, [205,
211}, 215, 220}, 223} [225], 226}, 264, 265} (266}, 267, 268, 269} 270}, 271, 275}, 279, 285} 287}, [289, 291}

P93E91 )
C grade { }

F normal fail {[29,[187[272,[274 }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.5 Maxima

A grade {[1,[2)3) 4 [5(61[7} 0} L1} 16} 18, [20}[27] 30} 31} 32} 33} |34 35} 36} 37} [38} 39} A0} 1) |42} A3,
[ 54 46, 7} 28, 9, 50, 6 (52 53, 5465, 564 7, 58} 59 (6T BT 62 63} 63 65 66 68} 69 70}
[T1}[72, 73} 7475} [76} [77, [78) 7% |80} BT, B2} 83, |84, [36}, 87, B8} |89, 00}, T}, 92} 93, [94} [95}, 96,97,
[98) (9 100 10T} [T02) [T03, (105 (106} (107} 108} 09 (LT3, [LT5} (122} 124 (26, (28} (T30} [143, 145,
[[47) (149, [155} 167} (168, [L70} 172} [74) [L78, [[79} [80} (I8} [193} 198} [200} (201, 202} [206} (208} 212,
[214) [217, 218, 219} [224, 225 227 [229) (230 231) [252) (233, 234, [2375 [236, 237, [238) [239, 240, 241,
(242 [243, 2724 [245) [246, 247, [248) [249) (250, 25T [252) (253, 254 [25%) [256, 271, [273) [275, 289 297

}

2.1. List of integrals sorted by grade for each CAS
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B grade { [}[10}[12}[13[14} [15,[17}[19, 21} 22} 23, [24} 25} [26,[28} [67} [85} [[04} [T 10} [T 1T} T12} [T14]
[TT6} [T17, [LT8} [19} [T20} 121} [T23, [125} 127, (129 131} [T32, (133} 134, [T35 136 [37, [[38), 139, [T40,
[T4T) [T42, 144} [146} [T48), 156, [57, [158} 159, [T60} 16T} [T62, [T69} 17T} (173, 182} 183, (T84, 185} [T6,
[T88, [T89, [T90} 19T} [T92} 194 [T95, [T96} 197, [T99} 203, 204, 205} 207} [209} 210} 211} 213, 215} [216;
220, (221, 222 [223, [226,, 228, [26, (265} [266, (267} [268, [269, 270} 276, [277} 278, [279, [280} 281} [282,
[283} [285) [286, [287} 288, 289} 290} 291,292} [293] }

C grade { }

F normal fail {[29,[187[272,[274 }
F(-1) timedout fail { }

F(-2) exception fail {[150}[151}[152}[153[154)[163}[164} [165][166} [L75} [I76} [I77} 257} 258, 259,

260, 261] 262,263 }

2.1.6 Giac

A grade {[1[23,14[18}0} 1011} [12}[14 15} 17 [18} 19} [20} 21} 24 [26} 27 [28} 30} 31} 32} [33) 34}
[35% 36} 138, 10} 2, [43} 4} (45, 146, 17, 48, 149, 50, b1} 62} 54} 56, 57} [58} (59 (60 (61} (62} [63} (64 (65,
(66,69} (7L} [73} 74 [75} [763, [77, [78), 79, (80} BT}, B2} |83, |87} [89}, BT}, 92} [93, 94} [95}, 96}, [98, [99}, (100} [101]
[[02} 103, (106} (08} [-T0, (LT} (112} T3, (L4, [[15} 16 [[17, [[T8} 19} [20} [122} 124} [[25} (126} 127
[T28) (129} (T30} (31} (T34 136} (137 (138, (139, (140 (143 (145} [147} 148} 149, [150) 151} [[52, [153} 53
[T55) 157, (158} 59} 160 (16 162} 163, (164, 165} 166 (167, [168} 169} 170, [L71] [[72} {74 (L7 76
[T77) 78, T80 [[8T} (182, (183, 184,185 (186, [[89} T91) [T92, [193} 9% [T96, (T8} (199} [200} (207, 202,
[204 [206, 207, 208} [210, 212, 213} [214, (216, 217, [218) (219, 221, 223, [225, 228 232 [241) 242 253,
@mmmmmmmmmmmmmmmmmmm
t

B grade { }6)(T316) 22,23} 25,57} 59, ) 53,55 67570, 2 5 55 85,58, 90,67} 104 105,
[107,[109, 12T}, 123}, [132} [133], [135} [141], 142} [144} [T46}, [156}, [T73},[179, [188], 190} 195}, 197, 203}, 205,
(209, [211], 215, [220}, 222 224}, 226, 227], 229, 230, 231}, 233}, 234, 235}, 236}, (237, 238}, (239, [240}, 250,

[251} 252} [255} 257} [261, 262} [264) 265} 266 [26 7, 268} [269} 270} [283 [234} 289 [292} 293 }
C grade { }

F normal fail {[29[187[272,[273,[274 }
F(-1) timedout fail {243}

F(-2) exception fail {[244[245[246}[247 248 249 [271] }

2.1. List of integrals sorted by grade for each CAS
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2.1.7 Mupad
A grade { }

B grade {[I}[2[3[4 56189 [10} L1} 13} [3} 14 [15} 16} 7} 8} 19} 20} 2T} [22} 23} [24} 25} 26,27
[28, 80, B1}2, 83, 34,55, 36, (37} 38, 8% [0} AT, 2 3, 14, 45 {6, 47, 48, {19, 0, 5, 52 3, 5
(55} 56, 57 68, 5% 0L 6T, 62 63, 6%, 6% 664 67, 68, 69 (70, 71, (72373, 72 753,76, 77 8 79 B}
BT, 82 83} 8% 8% 56} 87, B8, Y%, 00, 9, 2, 3, 9 95,06, [97, 98, 09}, 100} 10T, 102} [03, (104} [T,
[T, [L07, (08} [T09} [TT0) [T} [TT2} [ T3, ([T} [LT5 [LT6} [TT7} [[T8, [TT} 120} [[21, [22) [[23} 124 [[ 25,
[T26) (127, (128 (120} [[30} [[3T} (132} T3, (139 [[35 (136} (137 (138, [[39} T40} (141, 142, (13} 144 [1 5,
[T46) (17, 148 [T49} [T50) [[5T} (152} [53, (153 [55 (156, 157 [T58, [[59} 160} (161, 162 (163} 164 [165,
[T66 (167} [68} (169, [T70), [71} [T72} 73, (L7} 175 [L76, [T77} [[78, [T79 T80, (18T, [[82) (183} 184 85,
[T86, (188} (189} (190, (19T (192, (193} 19 [T95, (196 [T97} (198} 199} 200 (20T} 202, 203, (207 205, 206,
[207, (208} [209) (210, 2T1) [212, 213, [214, 215, 216, (217} 218, (219} 220 (221} 222 [223, 229 [225) (226,
[227, (228, [229) (230, [231) [232, 233, [23% 235, [236) (237} [238) [239, 240 [241, 242} [243, 249 [245 246,
[T, (248, [249) (250, [25T) [252, 253, [254 255 [256) (257} [258) (259, 260 (26T, (262 [263 (267 [2675 (266,
[267, (268} 269 (270, 271 [273, 275, [276, (277} [278, (279 280 (28T, 282 [283, 287 [285 256, [287) (258,
[289}[290, 291} 292, 293,294 }

C grade { }
F normal fail { }

F(-1) timedout fail {[29[187[272274] }
F(-2) exception fail { }

2.1.8 Sympy

A grade {[2[34}[5}[6}[7, 31} 33} 35} (43} (45}, (47} 58} 59} 60} [74} [76} [77} [78} 93} 94, 95} [150}[152} 154
[155}[164} 166} 167} [L68} [175} [177, [L78} [180} [202) [232] }

B grade { [}T5,50, 32} 1) 4 16|, 57, 62 75 79,072 067 (53 [53 63} 165 76, 70
8)05))

C grade {[0}[10}[11}[113][114][115)[124,275 }

F normal fail { [12T3)T2 1920, 2} 26) 27, 25) 29,53 57 55,50} 0,19, 50} 57,52, 63} 64,65
[80, (81}, 98}, [116}, 117, 118, [T19}, [T20} 121, 126}, (127} 128}, [129} 130} 136}, 137} [138},[139} [140} [146}, (147}
[148}[149, [156, [157],[158} [159, [160} (161}, 162}, [169, [T70} 171}, 172} 173, 174} 181}, 182}, 183, 184} 185,
(186}, [187], (189} [190}, 19T}, [192, [193},[194}, [196}, 197,198}, [199, [200} (201}, 203}, 204} [205}, 206}, 207}, 208,
(209, 210} 211}, 212}, 213} 214}, 215, 216}, 217, 218, 219} 220, 22T}, 222, 223} [224}, 225} [226], 227}, 228,
229,230}, 231}, 233}, (234}, [235], 236}, 237], 238, 239, [240}, 241}, 242} 243], 244, [245], 246}, 247, [248], 249,
251}, [252], 253, [254}, 255, 256}, 258, 259}, 260, [261], 262} [26 3], 265}, [266], 26 7, (268, 269} (270, 271}, 272,
B73 274,293,294 }

2.1. List of integrals sorted by grade for each CAS
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F(-1) timedout fail { [I5][2324 41} 42}[53} 54[55 [56} 66} 67, 68} 6% [70} 71} [72} 73} 82, 83
(84 8586, 7} 88 [39} 90} 91}, 9} 00} L0} [T0Z, (103, (104} 105} [06} 07} (108} (109} (110} [[1T} [T,
(T2} 123, (131,133} 134 135 141, [142) (13, 144 145 [250, 257} [26% [276, (277, 278 [279) (280, 287,
[282}[283| 285} [286} [287) [288) [289, 290}, 291,292 }

F(-2) exception fail { [[6,7,22 25,125 (32,251 }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 34 28 25 36 75 33 35
N.S. 1 1.00 094 0.78 0.69 1.00 2.08 0.92 0.97
time (sec) N/A 0.208 0.043 0.420 0.217  0.242 0.148 0.271 21.216
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 26 20 20 27 27 25 32
N.S. 1 1.00 1.08 0.83 0.83 1.12 1.12 1.04 1.33
time (sec) N/A 0.205 0.041 0.434 0.214  0.258 0.100 0.274 22.554
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 20 21 19 37 19 19
N.S. 1 1.00 1.00 0.80 0.84 0.76 1.48 0.76 0.76
time (sec) N/A 0.199 0.008 0.185 0.207 0236 0.079 0.273 21.222

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 10 10 11 10 10 8 10 10
N.S. 1 1.00 1.00 1.10 1.00 1.00 0.80 1.00 1.00
time (sec) N/A 0.138 0.049 0.155 0.213 0253 0.028 0.272 20.984

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 14 10 9 11 8 24 54
N.S. 1 1.00 1.56 1.11 1.00 1.22 0.89 2.67 6.00
time (sec) N/A 0.180 0.018 0.359 0.203 0.263 0.514 0.278 21.158

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 25 17 24 33 24 33 24
N.S. 1 1.00 2.08 1.42 2.00 2.75 2.00 2.75 2.00

time (sec) N/A 0.198 0.045 0409  0.207 0.246 0.951 0.276 20.675

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 14 15 19 17 13 14
N.S. 1 1.00 1.00 0.93 1.00 1.27 1.13 0.87 0.93
time (sec) N/A 0.211 0.049 0.569 0.222 0.236 1.840 0.272 20.816

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A B A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 91 92 94 97 209 93 0 148 3512
N.S. 1 1.01  1.03 1.07 2.30 1.02 0.00 1.63  38.59
time (sec) N/A 0.484 0.346 0.551 0.291  0.253 0.000 0.289 29.176

Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 68 62 84 106 144 706 94 94
N.S. 1 1.00 091 1.24 1.56 212 10.38  1.38 1.38
time (sec) N/A 0.343 0.250 0.369 0309 0.271 76.317 0.306 20.937

Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A B A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 35 35 47 46 88 46 165 55 970
N.S. 1 1.00 1.34 1.31 2.51 1.31 4.71 1.57  27.71

time (sec) N/A 0.280 0.173  0.280 0.294 0.243 0321 0.273 23.048

Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 38 35 61 96 112 61 31
N.S. 1 1.00 1.06  0.97 1.69 2.67 3.11 1.69 0.86
time (sec) N/A 0.192 0.065 0.297 0300 0.260 1.567 0.307 21.374

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 20 21 48 44 0 22 32
N.S. 1 1.00 087 091 2.09 1.91 0.00 0.96 1.39
time (sec) N/A 0.302 0.369 0.442 0.217  0.255 0.000 0.293 21.418

Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 55 55 67 81 107 133 0 108 170
N.S. 1 1.00 1.22 1.47 1.95 2.42 0.00 1.96 3.09
time (sec) N/A 0.339 0.341 0.435 0.297  0.277 0.000 0.322 22.965

Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 55 53 48 53 119 117 0 78 91
N.S. 1 096 0.87 0.96 2.16 2.13 0.00 1.42 1.65

time (sec) N/A 0.485 1.297 0559  0.196  0.267 0.000 0.277 21.322

Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A B A A B B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 107 283 107 140 253 240 0 186 224
N.S. 1 264 1.00 1.31 2.36 2.24 0.00 1.74 2.09
time (sec) N/A 1.232 0.599 0.612 0.311  0.267 0.000 0.307 21.871

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 64 75 121 81 117 132 0 139 626
N.S. 1 1.17 1.89 1.27 1.83 2.06 0.00 2.17 9.78
time (sec) N/A 0.481 0.420 0.541 0.295 0.263 0.000 0.277 27.715
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F(-2) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 60 62 97 128 164 0 103 86
N.S. 1 1.00 1.03 1.62 2.13 2.73 0.00 1.72 1.43
time (sec) N/A 0.285 0.265 0.388 0.309 0.256 0.000 0.298 21.686
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 14 39 605 13 29
N.S. 1 1.00 1.00 0.82 0.82 2.29 3559  0.76 1.71
time (sec) N/A 0.172 0.034 0367  0.199  0.241 157.808 0.267 21.078
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 63 72 85 128 220 0 109 492
N.S. 1 1.00 1.14 1.35 2.03 3.49 0.00 1.73 7.81
time (sec) N/A 0.324 0.612 0.563 0.300 0.289 0.000 0.306 21.951

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 49 49 76 56 62 134 0 63 114
N.S. 1 1.00 1.55 1.14 1.27 2.73 0.00 1.29 2.33
time (sec) N/A 0.266 2.433 0.642 0.217  0.274 0.000 0.277 21.710

Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 118 156 270 158 242 345 0 215 511
N.S. 1 1.32 2.29 1.34 2.05 2.92 0.00 1.82 4.33
time (sec) N/A 0939 2421 0.714 0311 0322 0.000 0.313 22.085

Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A B B F(-2) B B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 98 121 114 134 359 282 0 242 5324
N.S. 1 1.23 1.16 1.37 3.66 2.88 0.00 2.47  54.33

time (sec) N/A 0.655 1.054 0.750 0.292 0.270  0.000 0.282 30.100

Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A B A B B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 92 300 92 212 299 282 0 197 263
N.S. 1 3.26 1.00 2.30 3.25 3.07 0.00 2.14 2.86
time (sec) N/A 0.917 0.606 0.602 0.307  0.253 0.000 0.307 21.145

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 19 47 29 84 116 0 20 48
N.S. 1 1.27  3.13 1.93 5.60 7.73 0.00 1.33 3.20
time (sec) N/A 0.185 0.169 0.444 0.244 0.270 0.000 0.282 21.077

Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C B B B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 73 73 101 157 250 225 0 166 216
N.S. 1 1.00 1.38 2.15 3.42 3.08 0.00 2.27 2.96
time (sec) N/A 0.277 0.206 0.530 0334 0260 0.000 0.299 21.692

Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 59 59 96 73 172 220 0 7 131
N.S. 1 1.00 1.63 1.24 2.92 3.73 0.00 1.31 2.22

time (sec) N/A 0.271 0.653  0.698 0.233 0.266 0.000 0.285 21.556

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 184 213 193 163 276 463 0 212 813
N.S. 1 1.16  1.05 0.89 1.50 2.52 0.00 1.15 4.42
time (sec) N/A 1.178 1.288 0.759  0.305  0.340 0.000 0.331 21.745

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 117 117 208 128 308 385 0 146 253
N.S. 1 1.00 1.78 1.09 2.63 3.29 0.00 1.25 2.16
time (sec) N/A 0.344 2.024 0.905 0.268  0.279 0.000 0.298 21.082
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 66 66 367 0 0 0 0 0 0
N.S. 1 1.00  5.56 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.243 5.003 0.000 0.000  0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 87 57 62 62 62 175 95 149
N.S. 1 1.00 0.66 0.71 0.71 0.71 2.01 1.09 1.711
time (sec) N/A 0.288 0.138 0.732 0.206  0.258 0.357 0.309 24.580
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 60 60 46 49 51 87 85 67
N.S. 1 1.00 1.00 0.77 0.82 0.85 1.45 1.42 1.12
time (sec) N/A 0.262 0.010 0.688 0.211 0.256  0.225 0.288 22.662

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 32 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 65 65 62 52 48 51 128 65 107
N.S. 1 1.00 0.95 0.80 0.74 0.78 1.97 1.00 1.65
time (sec) N/A 0.261 0.108 0.649 0.201 0.269 0.184 0.285 24.891

Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 44 44 44 36 35 38 63 55 47
N.S. 1 1.00 1.00 0.82 0.80 0.86 1.43 1.25 1.07
time (sec) N/A 0.246 0.012 0.611 0.199 0.248 0.114 0.284 21.311

Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 43 46 36 37 35 73 35 35
N.S. 1 1.00 1.07 0.84 0.86 0.81 1.70 0.81 0.81

time (sec) N/A 0.226 0.056  0.398 0.207  0.264 0.096 0.273 21.439

Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 46 23 24 23 31 24 38
N.S. 1 1.00 1.92 0.96 1.00 0.96 1.29 1.00 1.58
time (sec) N/A 0.148 0.008 0.239 0203 0.256 0.081 0.261 20.792

2.2. Detailed conclusion table per each integral for all CAS systems



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 36

Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 23 30 21 0 27 70
N.S. 1 1.00 1.00 1.35 1.76 1.24 0.00 1.59 4.12
time (sec) N/A 0.195 0.019 0.664 0.198 0.255 0.000 0.272 20.922

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 24 32 40 54 0 54 38
N.S. 1 1.00 1.00 1.33 1.67 2.25 0.00 2.25 1.58
time (sec) N/A 0.221 0.016 0.595 0.240 0.263 0.000 0.291 21.124

Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 28 25 30 30 0 25 23
N.S. 1 1.00 1.00 0.89 1.07 1.07 0.00 0.89 0.82

time (sec) N/A 0236 0.016 0.828 0214 0237 0.000 0.295 20.954

Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 52 52 52 50 61 74 0 99 105
N.S. 1 1.00 1.00 0.96 1.17 1.42 0.00 1.90 2.02
time (sec) N/A 0.250 0.011 0.855 0.216  0.267 0.000 0.300 22.908

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 44 44 41 38 41 45 0 48 40
N.S. 1 1.00 093 0.86 0.93 1.02 0.00 1.09 0.91
time (sec) N/A 0.243 0.104 0874 0.215 0.249 0.000 0.311 21.957

Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 74 74 63 86 88 0 141 175
N.S. 1 1.00 1.00 0.85 1.16 1.19 0.00 1.91 2.36
time (sec) N/A 0.270 0.013 0.987 0.210 0.276 0.000 0.321 26.168

Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 60 53 48 53 57 0 70 65
N.S. 1 1.00 0.88  0.80 0.88 0.95 0.00 1.17 1.08

time (sec) N/A 0.260 0.174 1.026 0.246 0.244 0.000 0.329 21.170

Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 137 137 92 99 98 94 187 155 176
N.S. 1 1.00 0.67  0.72 0.72 0.69 1.36 1.13 1.28
time (sec) N/A 0.354 0.329 1.096 0.221 0.254 0.496 0.345 21.809

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 174 174 147 118 102 95 340 132 156
N.S. 1 1.00 084  0.68 0.59 0.55 1.95 0.76 0.90
time (sec) N/A 0.383 0.862 1.023 0.210 0.258 0.368 0.355 21.947

Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 103 69 79 7 74 138 114 115
N.S. 1 1.00 0.67  0.77 0.75 0.72 1.34 1.11 1.12
time (sec) N/A 0.333 0.179 0.967 0224 0.253 0.240 0.327 21.691

Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 126 126 98 84 75 75 238 85 89
N.S. 1 1.00 078  0.67 0.60 0.60 1.89 0.67 0.71

time (sec) N/A 0.335 0.957 0.704 0.229  0.255 0.195 0.309 20.895

Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 67 67 67 52 52 53 85 73 [
N.S. 1 1.00 1.00 0.78 0.78 0.79 1.27 1.09 1.15
time (sec) N/A 0.271 0.050 0.642 0.235 0.240 0.120 0.310 21.750

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 55 55 52 57 68 52 128 50 63
N.S. 1 1.00 0.95 1.04 1.24 0.95 2.33 0.91 1.15
time (sec) N/A 0.194 0.075 0.471 0.250 0.256 0.095 0.293 21.161

Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 55 55 84 53 60 62 0 89 66
N.S. 1 1.00 1.53  0.96 1.09 1.13 0.00 1.62 1.20
time (sec) N/A 0.255 0.119 0.717  0.231  0.259 0.000 0.311 21.410

Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 39 39 69 44 49 60 0 44 118
N.S. 1 1.00 1.77 1.13 1.26 1.54 0.00 1.13 3.03

time (sec) N/A 0.305 0.115 0.779 0478 0.254 0.000 0.302 23.216

Problem 51 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 67 67 67 83 89 96 0 122 106
N.S. 1 1.00 1.00 1.24 1.33 1.43 0.00 1.82 1.58
time (sec) N/A 0.283 0.015 0.773 0237 0.250 0.000 0.317 22.225

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 52 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 46 48 45 55 0 41 68
N.S. 1 1.00 1.53 1.60 1.50 1.83 0.00 1.37 2.27
time (sec) N/A 0.211 0.022 098  0.213 0.246 0.000 0.310 21.592

Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 120 120 120 118 129 120 0 249 216
N.S. 1 1.00 1.00 0.98 1.08 1.00 0.00 2.08 1.80
time (sec) N/A 0337 0.019 1.149 0239 0264 0.000 0.329 24.788

Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 85 [ 54 82 70 79 0 80 98
N.S. 1 091 0.64 096 0.82 0.93 0.00 0.94 1.15

time (sec) N/A 0.266 0.190 1.144 0.227 0.241 0.000 0.323 22.483

Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 168 168 168 149 180 142 0 343 328
N.S. 1 1.00 1.00 0.89 1.07 0.85 0.00 2.04 1.95
time (sec) N/A 0.381 0.018 1.335 0.233 0.262 0.000 0.343 25.041

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 125 112 104 110 91 100 0 118 130
N.S. 1 090 083 0.88 0.73 0.80 0.00 0.94 1.04
time (sec) N/A 0.292 0.717 1243  0.245 0.246 0.000 0.344 22.703

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 265 265 235 175 163 150 532 218 523
N.S. 1 1.00 0.89 0.66 0.62 0.57 2.01 0.82 1.97
time (sec) N/A 0.497 1.351 1.411 0.254  0.267 0.781 0.417 24.216

Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 175 175 141 131 126 123 233 197 214
N.S. 1 1.00 0.81 0.75 0.72 0.70 1.33 1.13 1.22

time (sec) N/A 0.418 3.162 1.197 0.228 0.257 0.594 0410 24.043

Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 216 216 171 154 131 128 400 157 407
N.S. 1 1.00 079 0.71 0.61 0.59 1.85 0.73 1.88
time (sec) N/A 0.443 1.895 1.097 0.208 0.257 0.404 0.381 24.120

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 140 140 121 111 107 102 182 145 147
N.S. 1 1.00 086  0.79 0.76 0.73 1.30 1.04 1.05
time (sec) N/A 0.384 1.223 1.108 0.242 0.246 0.283 0.373 22.843

Problem 61 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 78 95 94 109 91 100 272 104 281
N.S. 1 1.22  1.21 1.40 1.17 1.28 3.49 1.33 3.60
time (sec) N/A 0.241 1.009 0.743 0230 0.269 0.210 0.340 23.855

Problem 62 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 58 56 81 75 84 7 117 91 104
N.S. 1 097 1.40 1.29 1.45 1.33 2.02 1.57 1.79

time (sec) N/A 0.212 0.322 0.955 0.234 0250 0.133 0.297 22.400

Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 91 104 401 98 91 79 0 93 156
N.S. 1 1.14 441 1.08 1.00 0.87 0.00 1.02 1.71
time (sec) N/A 0312 0.633 0974 0.259 0.253 0.000 0.349 23.259

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 64 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 86 131 96 84 109 0 150 116
N.S. 1 1.00 1.52 1.12 0.98 1.27 0.00 1.74 1.35
time (sec) N/A 0.315 1.103 0.978 0.217 0.264 0.000 0.347 22.859

Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 72 72 79 70 85 88 0 71 183
N.S. 1 1.00 1.10 0.97 1.18 1.22 0.00 0.99 2.54
time (sec) N/A 0439 0.244 1.075 0313 0262 0.000 0.355 23.584

Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A A F(-1) A B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 103 293 116 118 123 0 171 160
N.S. 1 1.00 2.84 1.13 1.15 1.19 0.00 1.66 1.55

time (sec) N/A 0.320 1.686 1.180 0.233 0.274 0.000 0.378 25.262

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 57 72 87 78 0 57 88
N.S. 1 1.00 1.90 2.40 2.90 2.60 0.00 1.90 2.93
time (sec) N/A 0.216 0.179 1.207 0229 0.236 0.000 0.368 22.631

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 158 158 464 154 157 147 0 333 293
N.S. 1 1.00 294 097 0.99 0.93 0.00 2.11 1.85
time (sec) N/A 0.409 1.315 1.625 0.228 0.266 0.000 0.384 26.530

Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 120 108 54 119 122 105 0 112 123
N.S. 1 090 045 0.99 1.02 0.88 0.00 0.93 1.02
time (sec) N/A 0.297 0.374 1.289 0.240 0.253 0.000 0.390 22.478

Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 210 210 637 186 208 170 0 465 423
N.S. 1 1.00 3.03  0.89 0.99 0.81 0.00 221 2.01

time (sec) N/A 0433 2.007 1.794 0218 0268 0.000 0411 26.803

Problem 71 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 174 156 115 147 154 128 0 166 156
N.S. 1 090 0.66 0.84 0.89 0.74 0.00 0.95 0.90
time (sec) N/A 0.336 0.592 1510 0.229 0.245 0.000 0.402 23.091

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 72 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 259 259 810 214 248 192 0 597 547
N.S. 1 1.00 3.13  0.83 0.96 0.74 0.00 231 2.11
time (sec) N/A 0.496 5.455 2.144  0.241 0.289 0.000 0.422 26.784

Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 213 190 177 175 184 150 0 220 189
N.S. 1 089 083 0.82 0.86 0.70 0.00 1.03 0.89
time (sec) N/A 0.377 2170 1.851 0.263 0.280 0.000 0.421 23.921

Problem 74 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 279 279 370 193 186 177 367 269 334
N.S. 1 1.00 133  0.69 0.67 0.63 1.32 0.96 1.20

time (sec) N/A 0.5618 6.165 1.730 0.239  0.260 1.067 0.529 24.666

Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 381 381 222 241 199 184 760 245 343
N.S. 1 1.00 0.58  0.63 0.52 0.48 1.99 0.64 0.90
time (sec) N/A 0.614 3.118 1.616 0.228 0.263 0.808 0.489 23.874

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 220 220 165 163 154 149 286 229 291
N.S. 1 1.00 0.75 0.74 0.70 0.68 1.30 1.04 1.32
time (sec) N/A 0.458 2.947 1468  0.222  0.254 0.539 0.445 23.255

Problem 7 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 301 301 178 187 170 151 563 187 471
N.S. 1 1.00 0.59  0.62 0.56 0.50 1.87  0.62 1.56
time (sec) N/A 0.534 1.866 1.175 0.233 0.254 0419 0.427 24.589

Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 165 165 128 131 123 123 206 165 204
N.S. 1 1.00  0.78  0.79 0.75 0.75 1.25 1.00 1.24

time (sec) N/A 0.388 1.458 1.066 0.252 0.252 0.263 0.400 22.837

Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 108 111 107 135 136 121 381 122 320
N.S. 1 1.03  0.99 1.25 1.26 1.12 3.53 1.13 2.96
time (sec) N/A 0.303 1.110 1.049 0.232 0.253 0.209 0.311 24.138

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 150 150 181 116 126 121 0 217 190
N.S. 1 1.00 1.21 0.77 0.84 0.81 0.00 1.45 1.27
time (sec) N/A 0.367 2.421 1311 0234 0270 0.000 0.385 26.105

Problem 81 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 119 129 477 155 135 136 0 128 255
N.S. 1 1.08 4.01 1.30 1.13 1.14 0.00 1.08 2.14
time (sec) N/A 0.411 6.352 1.305 0.311  0.269 0.000 0.389 22.908

Problem 82 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 151 151 268 157 142 153 0 206 221
N.S. 1 1.00 1.77 1.04 0.94 1.01 0.00 1.36 1.46

time (sec) N/A 0.380 3.549 1.330 0.238  0.268 0.000 0.410 24.833

Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 103 105 101 116 119 0 104 546
N.S. 1 1.00 1.02 0.98 1.13 1.16 0.00 1.01 5.30

time (sec) N/A 0.593 0.389 1.269 0.330 0.265 0.000 0.415 23.648

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 84 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 168 168 936 198 192 163 0 325 278
N.S. 1 1.00  5.57 1.18 1.14 0.97 0.00 1.93 1.65
time (sec) N/A 0.397 7.520 1.573  0.237  0.252 0.000 0.450 25.486

Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 73 96 103 109 0 73 139
N.S. 1 1.00 2.43 3.20 3.43 3.63 0.00 2.43 4.63
time (sec) N/A 0.217 0.351 1.306  0.244 0.248 0.000 0.436 22.349

Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A A F(-1) B B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 258 258 1342 255 251 187 0 536 419
N.S. 1 1.00 520  0.99 0.97 0.72 0.00 2.08 1.62

time (sec) N/A 0516 7.849 1.859  0.220 0.275 0.000 0.452 26.550

Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 143 129 54 166 151 142 0 144 186
N.S. 1 0.90 0.38 1.16 1.06 0.99 0.00 1.01 1.30
time (sec) N/A 0.315 0.621 1.642 0.243 0239 0.000 0.453 24.207

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 330 330 1732 304 322 214 0 706 566
N.S. 1 1.00 5.25 0.92 0.98 0.65 0.00 2.14 1.72
time (sec) N/A 0.585 7.976 1.951 0.244 0273 0.000 0473 26.244

Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 201 181 115 213 193 167 0 214 447
N.S. 1 090 0.57 1.06 0.96 0.83 0.00 1.06 2.22
time (sec) N/A 0.371 0.897 1.902 0.228 0.252 0.000 0.477 26.003

Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) B B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 408 408 242 350 382 251 0 880 703
N.S. 1 1.00 0.59  0.86 0.94 0.62 0.00 2.16 1.72

time (sec) N/A 0.672 3.158 2509 0.232 0.278 0.000 0.501 27.359

Problem 91 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 254 229 175 259 233 194 0 284 560
N.S. 1 0.90 0.69 1.02 0.92 0.76 0.00 1.12 2.20
time (sec) N/A 0.428 1.844 2357 0.244 0.273 0.000 0.481 26.398

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 92 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 515 515 307 325 290 250 1037 342 801
N.S. 1 1.00 0.60  0.63 0.56 0.49 2.01 0.66 1.56
time (sec) N/A 0.778 7.337 2.049 0.229 0.288 1.508 0.492 24.163

Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 337 337 542 236 224 217 440 313 495
N.S. 1 1.00 1.61 0.70 0.66 0.64 1.31 0.93 1.47
time (sec) N/A 0.595 6.210 1.869 0.221  0.271 1.033 0.532 26.800

Problem 94 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A A A B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 426 426 259 279 228 220 826 278 650
N.S. 1 1.00 0.61 0.65 0.54 0.52 1.94  0.65 1.53

time (sec) N/A 0.691 3.568 1.740 0251  0.264 0.769 0.581 26.059

Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 275 275 450 206 194 186 357 259 372
N.S. 1 1.00 164  0.75 0.71 0.68 1.30 0.94 1.35
time (sec) N/A 0.536 6.210 1.517 0.230 0.267 0.545 0.537 27.647

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 126 146 188 221 187 182 609 211 472
N.S. 1 1.16  1.49 1.75 1.48 1.44 4.83 1.67 3.75
time (sec) N/A 0.273 3.821 1197 0.245 0.261 0.420 0.489 24.994

Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 94 89 156 167 172 155 267 187 248
N.S. 1 095 1.66 1.78 1.83 1.65 2.84 1.99 2.64
time (sec) N/A 0.237 1.737 1449  0.234 0.249 0.288 0.364 23.199

Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 170 189 711 192 170 160 0 199 297
N.S. 1 1.11  4.18 1.13 1.00 0.94 0.00 1.17 1.75

time (sec) N/A 0471 6512 1554 0215 0263 0.000 0508 24.929

Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 205 205 632 169 162 177 0 283 277
N.S. 1 1.00 3.08 0.82 0.79 0.86 0.00 1.38 1.35

time (sec) N/A 0450 8.365 1.820 0.240 0.264 0.000 0.512 26.784

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 169 173 571 209 179 177 0 173 354
N.S. 1 1.02 3.38 1.24 1.06 1.05 0.00 1.02 2.09
time (sec) N/A 0.481 6.356  1.582 0.305 0.264 0.000 0.527 25.009
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 204 204 892 230 181 190 0 281 302
N.S. 1 1.00 4.37 1.13 0.89 0.93 0.00 1.38 1.48
time (sec) N/A 0.445 7.691 1.878 0.229  0.278 0.000 0.561 26.853
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 147 147 126 139 174 155 0 144 971
N.S. 1 1.00 0.86 0.95 1.18 1.05 0.00 0.98 6.61
time (sec) N/A 0.786 0.843 1.558 0321 0.256 0.000 0.544 26.658
Problem 103| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 224 224 1219 236 230 196 0 410 345
N.S. 1 1.00 5.44 1.05 1.03 0.88 0.00 1.83 1.54
time (sec) N/A 0.450 8.115 1.980 0.227  0.262 0.000 0.563 27.407

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 53
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 89 120 166 144 0 89 169
N.S. 1 1.00 297  4.00 5.53 4.80 0.00 2.97 5.63
time (sec) N/A 0.216 0.544 1.600 0.222  0.255 0.000 0.578 23.901
Problem 105/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 318 318 1677 297 289 227 0 680 514
N.S. 1 1.00 527  0.93 0.91 0.71 0.00 2.14 1.62
time (sec) N/A 0.572 8.721 2387 0.232 0.288 0.000 0.574 27.405
Problem 106| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 177 160 54 209 223 176 0 176 419
N.S. 1 090 0.31 1.18 1.26 0.99 0.00 0.99 2.37
time (sec) N/A 0.344 0.488 2.191 0.232 0.263 0.000 0.580 27.565
Problem 107| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 391 391 331 345 360 257 0 888 675
N.S. 1 1.00 0.85 0.88 0.92 0.66 0.00 2.27 1.73
time (sec) N/A 0.661 4.740 2.934 0.228 0.276 0.000 0.616 27.631

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 242 218 115 255 275 207 0 262 548
N.S. 1 0.90 0.48 1.05 1.14 0.86 0.00 1.08 2.26
time (sec) N/A 0.410 1.264 2.355 0.222  0.271 0.000 0.620 27.273
Problem 109 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 472 472 374 392 420 287 0 1096 831
N.S. 1 1.00 0.79 0.83 0.89 0.61 0.00 2.32 1.76
time (sec) N/A 0.731 4.518 3.296 0.240 0.289 0.000 0.647 29.272
Problem 110/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 227 221 218 197 564 208 0 322 6099
N.S. 1 097  0.96 0.87 2.48 0.92 0.00 1.42  26.87
time (sec) N/A 1.044 0.876 0.854 0.340 0.295 0.000 0.309 35.841
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 166 166 137 221 379 262 0 286 342
N.S. 1 1.00 0.83 1.33 2.28 1.58 0.00 1.72 2.06
time (sec) N/A 0.682 1.467 0.768 0324 0.263 0.000 0.344 26.025

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 119 120 143 120 284 119 0 182 3572
N.S. 1 1.01  1.20 1.01 2.39 1.00 0.00 1.53  30.02
time (sec) N/A 0.557 0.598 0.638 0.340 0.259 0.000 0.305 29.780
Problem 113 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 91 91 79 90 142 187 1034 118 110
N.S. 1 1.00 0.87  0.99 1.56 2.05 11.36  1.30 1.21
time (sec) N/A 0.395 0.513 0.516 0.315  0.283 115.445 0.328 22.618
Problem 114 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 45 45 41 62 124 61 296 74 1069
N.S. 1 1.00 091 1.38 2.76 1.36 6.58 1.64  23.76
time (sec) N/A 0.313 0.229 0.461 0.298 0.259 1.070 0.303 23.006
Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 47 45 43 80 131 163 74 39
N.S. 1 1.00 0.96 0.91 1.70 2.79 3.47 1.57 0.83
time (sec) N/A 0.204 0.026 0.408 0304 0.254 2901 0.319 22.557

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 116/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 41 41 18 19 103 59 0 19 62
N.S. 1 1.00 0.44 0.46 2.51 1.44 0.00 0.46 1.51
time (sec) N/A 0.341 0.017 0.606 0.234 0.250 0.000 0.295 23.456
Problem 117 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 80 80 109 129 163 191 0 136 310
N.S. 1 1.00 1.36 1.61 2.04 2.39 0.00 1.70 3.88
time (sec) N/A 0.387 0.113 0.708 0.323 0.278 0.000 0.347 22.735
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 88 86 52 53 238 117 0 54 300
N.S. 1 0.98  0.59 0.60 2.70 1.33 0.00 0.61 3.41
time (sec) N/A 0.566 0.151 0.726 0.239 0.266 0.000 0.308 23.128
Problem 119 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 153 150 321 269 361 259 0 278 724
N.S. 1 098 210 1.76 2.36 1.69 0.00 1.82 4.73
time (sec) N/A 0.695 2.151 1.000 0324 0327 0.000 0.348 24.304

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 120, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 158 145 99 106 462 183 0 120 575
N.S. 1 092 0.63 0.67 2.92 1.16 0.00 0.76 3.64
time (sec) N/A 0.839 1.240 1.130 0241 0271 0.000 0.340 25.692
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 262 246 661 479 625 346 0 554 2979
N.S. 1 0.94 2.52 1.83 2.39 1.32 0.00 2.11 11.37
time (sec) N/A 1.142 6.273 1.461 0.328 0.473 0.000 0.360 25.105
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 145 173 149 154 282 279 0 250 6604
N.S. 1 1.19 1.03 1.06 1.94 1.92 0.00 1.72 4554
time (sec) N/A 0.541 1.603 1.042 0.346  0.277 0.000 0.317 36.476
Problem 123 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 138 222 130 172 348 302 0 286 286
N.S. 1 1.61 0.94 1.25 2.52 2.19 0.00 2.07 2.07
time (sec) N/A 0.857 1.306 0.757  0.318  0.280 0.000 0.357 26.055

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 82 93 192 97 131 173 1545 159 3114
N.S. 1 1.13 234 1.18 1.60 211 1884 194  37.98
time (sec) N/A 0.532 0.884 0.593 0.301  0.268 4.202 0.313 27.382
Problem 125 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F(-2) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 83 83 79 118 182 215 0 138 136
N.S. 1 1.00 0.95 1.42 2.19 2.59 0.00 1.66 1.64
time (sec) N/A 0.329 0.524 0.530 0.315  0.257 0.000 0.327 22.657
Problem 126| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 32 32 32 21 21 57 0 20 47
N.S. 1 1.00  1.00 0.66 0.66 1.78 0.00 0.62 1.47
time (sec) N/A 0.191 0.028 0.474 0.222  0.258 0.000 0.292 22.383
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 92 92 120 135 212 293 0 166 383
N.S. 1 1.00 1.30 1.47 2.30 3.18 0.00 1.80 4.16
time (sec) N/A 0.379 0.826 0.819 0.313 0.286 0.000 0.357 23.042

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 70 51 57 60 178 0 71 382
N.S. 1 0.93  0.68 0.76 0.80 2.37 0.00 0.95 5.09
time (sec) N/A 0.283 0.269 1.079 0.223 0.266 0.000 0.296 24.403
Problem 129 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 179 228 709 259 471 355 0 280 585
N.S. 1 1.27  3.96 1.45 2.63 1.98 0.00 1.56 3.27
time (sec) N/A 1.146 6.082 1.386 0.343 0.308 0.000 0.368 25.120
Problem 130/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 141 129 140 114 115 281 0 149 1132
N.S. 1 091  0.99 0.81 0.82 1.99 0.00 1.06 8.03
time (sec) N/A 0.332 6.019 1.816 0.223  0.287 0.000 0.322 26.116
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A B C A B B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 216 478 211 283 658 480 0 399 610
N.S. 1 2.21 0.98 1.31 3.05 2.22 0.00 1.85 2.82
time (sec) N/A 1.187 1971 1.742 0.334 0.290 0.000 0.422 26.657

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 122 144 154 140 481 341 0 265 6190
N.S. 1 1.18  1.26 1.15 3.94 2.80 0.00 217 50.74
time (sec) N/A 0.739 1.966 1.125 0.331 0.285 0.000 0.385 32.439
Problem 133 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 119 236 119 280 412 352 0 293 443
N.S. 1 1.98  1.00 2.35 3.46 2.96 0.00 2.46 3.72
time (sec) N/A 0.683 1.284 0.879 0.326  0.270 0.000 0.405 23.984
Problem 134 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 30 57 21 171 142 0 20 85
N.S. 1 1.36  2.59 0.95 7.77 6.45 0.00 0.91 3.86
time (sec) N/A 0.206 0.491 0.654 0.222  0.241 0.000 0.367 22.241
Problem 135 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 103 132 191 326 294 0 221 260
N.S. 1 1.00 1.28 1.85 3.17 2.85 0.00 2.15 2.52
time (sec) N/A 0.330 0.298 0.773 0.304 0.266 0.000 0.322 24.647

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 136| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 81 57 63 315 284 0 62 396
N.S. 1 094 0.66 0.73 3.66 3.30 0.00 0.72 4.60
time (sec) N/A 0.295 0.602 1.035 0.240 0.282 0.000 0.352 26.108
Problem 137 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 260 297 396 269 518 513 0 314 1311
N.S. 1 1.14  1.52 1.03 1.99 1.97 0.00 1.21 5.04
time (sec) N/A 1.460 2.940 1.864 0.345 0315 0.000 0.427 24.903
Problem 138 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 161 147 140 115 652 354 0 140 1204
N.S. 1 091 087 0.71 4.05 2.20 0.00 0.87 7.48
time (sec) N/A 0.362 3.645 2.273 0.277  0.291 0.000 0.386 27.019
Problem 139 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 383 697 688 444 902 564 0 510 1203
N.S. 1 1.82 1.80 1.16 2.36 1.47 0.00 1.33 3.14
time (sec) N/A 4.041 2.655 3.254 0.330 0.342 0.000 0.444 26.428

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 140, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 232 210 272 195 1053 476 0 243 1712
N.S. 1 091 117 0.84 4.54 2.05 0.00 1.05 7.38
time (sec) N/A 0.443 1.427 3.794 0.268 0302 0.000 0.408 30.616
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 165 198 419 183 385 575 0 370 8586
N.S. 1 1.20 2.54 1.11 2.33 3.48 0.00 2.24 52.04
time (sec) N/A 0.990 7.104 1.706 0.328 0.282 0.000 0.381 37.653
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A B C B B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 157 391 165 494 724 524 0 524 764
N.S. 1 249 1.05 3.15 4.61 3.34 0.00 3.34 4.87
time (sec) N/A 1.117 2.060 1.463 0343 0.280 0.000 0.412 26.646
Problem 143 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 124 21 53 255 0 20 224
N.S. 1 1.00 4.13 0.70 1.77 8.50 0.00 0.67 7.47
time (sec) N/A 0.219 1.516 0.974 0.233 0.263 0.000 0.369 24.263

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 141 151 128 335 606 420 0 426 505
N.S. 1 1.07 091 2.38 4.30 2.98 0.00 3.02 3.58
time (sec) N/A 0476 1.323 1.214 0.342 0272 0.000 0.391 26.965
Problem 145 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 98 98 85 64 85 217 0 50 222
N.S. 1 1.00 0.87 0.65 0.87 2.21 0.00 0.51 2.27
time (sec) N/A 0.311 0.407 0.836 0.221  0.242 0.000 0.303 23.674
Problem 146 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 231 235 290 411 661 745 0 527 2848
N.S. 1 1.02 1.26 1.78 2.86 3.23 0.00 228 1233
time (sec) N/A 0.956 4.257 2.585 0.346 0.388 0.000 0.395 27.550
Problem 147 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 138 128 133 118 144 537 0 138 666
N.S. 1 0.93  0.96 0.86 1.04 3.89 0.00 1.00 4.83
time (sec) N/A 0.352 2.377  2.990 0.230 0312 0.000 0.347 27.241

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 148 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 400 782 538 452 936 820 0 548 1961
N.S. 1 1.96 1.34 1.13 2.34 2.05 0.00 1.37 4.90
time (sec) N/A 4.270 4.477 5.318 0376 0373 0.000 0.409 28.161
Problem 149 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 232 216 295 195 217 553 0 249 1599
N.S. 1 093 127 084 0.94 2.38 0.00 1.07 6.89
time (sec) N/A 0.455 2.270 5.415 0.246  0.289 0.000 0.370 32.433
Problem 150, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 99 102 82 96 0 76 219 116 164
N.S. 1 1.03  0.83 0.97 0.00 0.77 221 1.17 1.66
time (sec) N/A 0.386 0.863 1.224 0.000 0.249 0.220 0.299 29.372
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 70 74 111 84 0 63 196 119 134
N.S. 1 1.06  1.59 1.20 0.00 0.90 2.80 1.70 1.91
time (sec) N/A 0.358 0.774 0.963 0.000 0.238 0.246 0.292 24.953

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 78 60 60 0 54 151 95 111
N.S. 1 1.04 0.80 0.80 0.00 0.72 2.01 1.27 1.48
time (sec) N/A 0.352 0.773 0.835 0.000 0.252 0.176 0.297 26.042
Problem 153 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 52 56 73 49 0 41 126 67 78
N.S. 1 1.08  1.40 0.94 0.00 0.79 2.42 1.29 1.50
time (sec) N/A 0.338 0.743 0.668 0.000 0.243 0.170 0.296 23.329
Problem 154 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 46 38 26 0 32 60 58 39
N.S. 1 1.00 0.83 0.57 0.00 0.70 1.30 1.26 0.85
time (sec) N/A 0.203 0.397  0.490 0.000 0.245 0.093 0.287 22.657
Problem 155 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 19 29 17 31 21 25
N.S. 1 1.00 1.00 0.66 1.00 0.59 1.07  0.72 0.86
time (sec) N/A 0.184 0.246 0.405 0.223 0240 0.074 0.274 22.592

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 66
Problem 156/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 27 23 22 101 26 0 57 41
N.S. 1 1.17  1.00 0.96 4.39 1.13 0.00 2.48 1.78
time (sec) N/A 0.283 0.152 0.511 0.249 0.251 0.000 0.289 22.626
Problem 157 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 34 35 65 83 80 0 58 43
N.S. 1 1.10 1.13 2.10 2.68 2.58 0.00 1.87 1.39
time (sec) N/A 0.312 0.403 0.588 0.222  0.242 0.000 0.292 23.156
Problem 158 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 38 28 23 108 33 0 27 25
N.S. 1 1.12  0.82 0.68 3.18 0.97 0.00 0.79 0.74
time (sec) N/A 0.325 0.105 0.586 0.219  0.237 0.000 0.306 24.352
Problem 159 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 63 54 100 186 174 0 99 116
N.S. 1 1.05  0.90 1.67 3.10 2.90 0.00 1.65 1.93
time (sec) N/A 0.338 0.317 0.655 0.198 0.246 0.000 0.301 24.856

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 160, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 52 56 52 36 211 72 0 47 99
N.S. 1 1.08 1.00 0.69 4.06 1.38 0.00 0.90 1.90
time (sec) N/A 0.345 0.138 0.615 0.227  0.241 0.000 0.308 23.560
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 87 66 122 288 266 0 138 193
N.S. 1 1.04 0.79 1.45 3.43 3.17 0.00 1.64 2.30
time (sec) N/A 0.376 0.620 0.700 0.210 0.254 0.000 0.310 26.610
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 70 74 74 47 313 109 0 67 139
N.S. 1 1.06 1.06 0.67 4.47 1.56 0.00 0.96 1.99
time (sec) N/A 0.359 0.292 0.707 0223 0.239 0.000 0.311 24.335
Problem 163 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 85 92 149 102 0 74 231 145 161
N.S. 1 1.08 1.75 1.20 0.00 0.87 2.72 1.71 1.89
time (sec) N/A 0.423 0.845 0.894 0.000 0.243 0.286 0.317 27.171

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 101 88 82 79 0 65 189 103 138
N.S. 1 0.87 0.81 0.78 0.00 0.64 1.87 1.02 1.37
time (sec) N/A 0.273 0.772 0.818 0.000 0.250 0.197 0.308 27.413
Problem 165 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 73 111 67 0 52 163 93 90
N.S. 1 1.07  1.63 0.99 0.00 0.76 2.40 1.37 1.32
time (sec) N/A 0.399 0.774 0.853 0.000 0.252 0.203 0.311 24.291
Problem 166| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 89 93 60 44 0 43 117 68 69
N.S. 1 1.04 0.67  0.49 0.00 0.48 1.31 0.76 0.78
time (sec) N/A 0.332 0.731 0.573 0.000 0.235 0.136 0.321 24.894
Problem 167 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 52 58 73 38 45 30 92 47 79
N.S. 1 1.12  1.40 0.73 0.87 0.58 .77 0.90 1.52
time (sec) N/A 0.342 0.449 0527 0.233 0.243 0.134 0.299 22.725

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 168 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 31 19 22 17 44 30 31
N.S. 1 1.00 1.00 0.61 0.71 0.55 1.42 0.97 1.00
time (sec) N/A 0.183 0.226 0.448 0.224 0233 0.077 0.298 22.439
Problem 169 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 50 184 54 117 64 0 57 44
N.S. 1 1.09 4.00 1.17 2.54 1.39 0.00 1.24 0.96
time (sec) N/A 0.336 0.357 0.598 0.308 0.258 0.000 0.313 22.948
Problem 170/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 55 41 36 30 30 70 0 100 83
N.S. 1 0.75  0.65 0.55 0.55 1.27 0.00 1.82 1.51
time (sec) N/A 0.253 0.076  0.632 0.212  0.249 0.000 0.307 22.695
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 56 61 146 89 167 134 0 95 104
N.S. 1 1.09 261 1.59 2.98 2.39 0.00 1.70 1.86
time (sec) N/A 0.366 0.552 0.704 0.229 0.266 0.000 0.317 23.163

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 34 36 20 35 54 0 35 49
N.S. 1 1.00 1.06 0.59 1.03 1.59 0.00 1.03 1.44
time (sec) N/A 0.230 0.099 0.649 0.205  0.247 0.000 0.312 23.712
Problem 173 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 89 215 111 295 230 0 151 136
N.S. 1 1.06  2.56 1.32 3.51 2.74 0.00 1.80 1.62
time (sec) N/A 0.411 1.230 0.767 0.229  0.244 0.000 0.328 26.619
Problem 174 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 70 55 50 36 47 97 0 47 76
N.S. 1 0.79 0.71 0.51 0.67 1.39 0.00 0.67 1.09
time (sec) N/A 0.255 0.230 0.684 0.209 0.231 0.000 0.316 23.254
Problem 175 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 125 106 106 97 0 76 224 115 164
N.S. 1 0.85 0.85 0.78 0.00 0.61 1.79 0.92 1.31
time (sec) N/A 0.290 0.968 0.956 0.000 0.250 0.229 0.354 27.763

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 176| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 106 118 149 85 0 63 197 119 134
N.S. 1 .11 141 0.80 0.00 0.59 1.86 1.12 1.26
time (sec) N/A 0.463 0.841 0.822 0.000 0.235 0.259 0.340 25.107
Problem 177 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 131 140 84 62 0 54 155 78 96
N.S. 1 1.07 0.64 0.47 0.00 0.41 1.18 0.60 0.73
time (sec) N/A 0.475 0.795 0.691 0.000 0.252 0.168 0.341 25.839
Problem 178 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 90 100 111 56 69 41 131 73 133
N.S. 1 .11 1.23 0.62 0.77 0.46 1.46 0.81 1.48
time (sec) N/A 0.428 0.750 0.659 0.234 0.249 0.167 0.348 23.001
Problem 179 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 32 32 7 23 51 30 95 57 100
N.S. 1 1.00 241 0.72 1.59 0.94 2.97 1.78 3.12
time (sec) N/A 0.199 0.444 0.611 0.239 0240 0.118 0.325 22.952

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 180 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 31 19 29 17 44 36 68
N.S. 1 1.00 1.00 0.61 0.94 0.55 1.42 1.16 2.19
time (sec) N/A 0.182 0.218 0.555 0.227 0.244 0.083 0.294 24.444
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 61 49 40 35 99 55 0 100 101
N.S. 1 0.80  0.66 0.57 1.62 0.90 0.00 1.64 1.66
time (sec) N/A 0.238 0.152 0.741 0.342 0.240 0.000 0.315 23.364
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 62 68 109 86 319 112 0 110 105
N.S. 1 1.10 1.76 1.39 5.15 1.81 0.00 1.77 1.69
time (sec) N/A 0.389 0.453 0.773 0.338 0.252 0.000 0.321 23.082
Problem 183 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 57 48 41 301 113 0 128 104
N.S. 1 0.76 0.64 0.55 4.01 1.51 0.00 1.71 1.39
time (sec) N/A 0.259 0.121 0.762 0.321 0.247 0.000 0.341 23.215

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 76 83 64 100 215 182 0 112 135
N.S. 1 1.09 0.84 1.32 2.83 2.39 0.00 1.47 1.78
time (sec) N/A 0.403 0.630 0.803 0.227 0.246 0.000 0.347 24.931
Problem 185 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 34 50 21 240 69 0 47 55
N.S. 1 1.00 1.47 0.62 7.06 2.03 0.00 1.38 1.62
time (sec) N/A 0.228 0.151 0.819 0.223 0.229  0.000 0.341 22.625
Problem 186/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 104 113 115 122 341 278 0 164 150
N.S. 1 1.09 111 1.17 3.28 2.67 0.00 1.58 1.44
time (sec) N/A 0.463 0.617  0.902 0.239  0.251 0.000 0.363 25.988
Problem 187 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 66 66 90 0 0 0 0 0 0
N.S. 1 1.00 1.36 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.243 4.268  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 188 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 5 5 16 6 31 5 17 22 21
N.S. 1 1.00 3.20 1.20 6.20 1.00 3.40 4.40 4.20
time (sec) N/A 0.200 0.033 0.246 0.217  0.256 0.073 0.294 24.594
Problem 189 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 10 19 11 54 10 0 10 21
N.S. 1 1.00 1.90 1.10 5.40 1.00 0.00 1.00 2.10
time (sec) N/A 0.264 0.043 1.513 0.287  0.241 0.000 0.281 22.559
Problem 190, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 4 4 63 5 30 4 0 14 4
N.S. 1 1.00 15.75 1.25 7.50 1.00 0.00 3.50 1.00
time (sec) N/A 0.240 0.087 1.436 0.294 0.244 0.000 0.284 22.645
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B C B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 25 15 28 24 0 12 12
N.S. 1 1.00 2.27 1.36 2.55 2.18 0.00 1.09 1.09
time (sec) N/A 0.270 0.068 0.228 0.291  0.249 0.000 0.286 22.606

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 20 14 23 22 0 10 23
N.S. 1 1.00 2.22 1.56 2.56 2.44 0.00 1.11 2.56
time (sec) N/A 0.296 0.082 0.365 0.297 0.253 0.000 0.282 22.429
Problem 193] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 10 23 11 15 18 0 10 10
N.S. 1 1.00 2.30 1.10 1.50 1.80 0.00 1.00 1.00
time (sec) N/A 0.199 0.029 0.210 0.241  0.233 0.000 0.277 22.473
Problem 194 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 20 8 25 13 0 12 15
N.S. 1 1.00 1.82 0.73 2.27 1.18 0.00 1.09 1.36
time (sec) N/A 0.241 0.042 0.349 0.216 0.260 0.000 0.294 22.409
Problem 195 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 18 8 29 9 17 20 19
N.S. 1 1.00  2.00 0.89 3.22 1.00 1.89 2.22 2.11
time (sec) N/A 0.210 0.037 0.239 0.241 0262 0.071 0.284 22.955

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 196/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 23 13 54 14 0 14 23
N.S. 1 1.00 1.64 0.93 3.86 1.00 0.00 1.00 1.64
time (sec) N/A 0.277 0.045 1.420 0.310 0.256 0.000 0.297 23.406
Problem 197 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 6 6 34 7 30 6 0 14 6
N.S. 1 1.00  5.67 1.17 5.00 1.00 0.00 2.33 1.00
time (sec) N/A 0.246 0.076  1.412 0.292  0.239 0.000 0.286 22.337
Problem 198 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 29 17 28 28 0 14 14
N.S. 1 1.00 1.93 1.13 1.87 1.87 0.00 0.93 0.93
time (sec) N/A 0.282 0.079 0.240 0.300 0.249 0.000 0.287 22.803
Problem 199 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 18 14 23 20 0 8 23
N.S. 1 1.00  2.57 2.00 3.29 2.86 0.00 1.14 3.29
time (sec) N/A 0.299 0.077 0.355 0.300 0.250 0.000 0.286 22.692

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 200, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 25 11 15 17 0 10 10
N.S. 1 1.00 2.27 1.00 1.36 1.55 0.00 0.91 0.91
time (sec) N/A 0.213 0.063 0.214 0.215 0.229 0.000 0.289 22.354
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 15 22 8 25 15 0 14 15
N.S. 1 1.15 1.69 0.62 1.92 1.15 0.00 1.08 1.15
time (sec) N/A 0.247 0.040 0.318 0.205 0.240 0.000 0.281 22.123
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 15 20 22 21 27 16 14
N.S. 1 1.00 0.65 0.87 0.96 0.91 1.17  0.70 0.61
time (sec) N/A 0.324 0.117 0.530 0.216 0.244 0.874 0.287 22.544
Problem 203 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 6 6 14 7 38 6 0 18 6
N.S. 1 1.00 2.33 1.17 6.33 1.00 0.00 3.00 1.00
time (sec) N/A 0.247 0.016 1.353 0.344 0272 0.000 0.285 23.780

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 10 20 11 34 12 0 10 24
N.S. 1 1.00  2.00 1.10 3.40 1.20 0.00 1.00 2.40
time (sec) N/A 0.277 0.020 1.244 0.300 0.249 0.000 0.277 23.596
Problem 205 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 36 25 39 20 0 22 11
N.S. 1 1.00 5.14 3.57 5.57 2.86 0.00 3.14 1.57
time (sec) N/A 0.309 0.058 0.322 0.299 0.266 0.000 0.289 23.402
Problem 206/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 10 15 23 17 0 8 8
N.S. 1 1.00 0.83 1.25 1.92 1.42 0.00 0.67 0.67
time (sec) N/A 0.275 0.033 0.230 0.302 0.251 0.000 0.277 23.242
Problem 207| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 25 6 29 15 0 12 11
N.S. 1 1.00 227  0.55 2.64 1.36 0.00 1.09 1.00
time (sec) N/A 0.257 0.021 0.395 0.209 0.246 0.000 0.271 22.988

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 208 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 6 5 9 9 0 4 4
N.S. 1 1.00 0.67  0.56 1.00 1.00 0.00 0.44 0.44
time (sec) N/A 0.209 0.060 0.223 0.219 0.240 0.000 0.279 23.160
Problem 209 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 4 4 14 5 38 4 0 18 4
N.S. 1 1.00  3.50 1.25 9.50 1.00 0.00 4.50 1.00
time (sec) N/A 0.250 0.043 1.318 0.295 0.239 0.000 0.281 23.285
Problem 210, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 10 20 9 46 10 0 10 31
N.S. 1 1.00  2.00 0.90 4.60 1.00 0.00 1.00 3.10
time (sec) N/A 0.278 0.024 1.276 0.306 0.248 0.000 0.281 22.588
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B C B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 5 5 46 23 39 18 0 20 9
N.S. 1 1.00 9.20 4.60 7.80 3.60 0.00 4.00 1.80
time (sec) N/A 0.309 0.049 0.339 0.306 0.254 0.000 0.288 23.356

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 17 23 14 0 12 10
N.S. 1 1.00 1.00 1.06 1.44 0.88 0.00 0.75 0.62
time (sec) N/A 0.286 0.070 0.223 0.298  0.247 0.000 0.290 22.765
Problem 213 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 15 25 6 41 15 0 14 19
N.S. 1 1.15 1.92 0.46 3.15 1.15 0.00 1.08 1.46
time (sec) N/A 0.260 0.022 0.368 0.226  0.245 0.000 0.288 22.652
Problem 214 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 8 9 10 10 0 8 6
N.S. 1 1.00 0.67  0.75 0.83 0.83 0.00 0.67 0.50
time (sec) N/A 0.211 0.036 0.197  0.221  0.240 0.000 0.295 22.678
Problem 215 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 61 21 176 44 0 68 42
N.S. 1 1.00 2.65 0.91 7.65 1.91 0.00 2.96 1.83
time (sec) N/A 0.244 0.631 0.380 0.312 0.250 0.000 0.300 23.380

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 216/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 51 32 30 29 252 52 0 82 62
N.S. 1 0.63  0.59 0.57 4.94 1.02 0.00 1.61 1.22
time (sec) N/A 0.303 0.597  0.402 0.337 0.266 0.000 0.293 23.797
Problem 217 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 20 17 16 18 0 16 16
N.S. 1 1.00 1.11 0.94 0.89 1.00 0.00 0.89 0.89
time (sec) N/A 0.208 0.126 0.283 0.294  0.243 0.000 0.299 0.080
Problem 218 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 27 24 37 35 37 0 37 61
N.S. 1 093 0.83 1.28 1.21 1.28 0.00 1.28 2.10
time (sec) N/A 0.215 0.052 0.572 0.284  0.257 0.000 0.336 23.923
Problem 219 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 12 11 11 0 11 45
N.S. 1 1.00 1.00 1.09 1.00 1.00 0.00 1.00 4.09
time (sec) N/A 0.195 0.036 0.331 0.297 0.243 0.000 0.310 23.942

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 220, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 30 19 39 30 0 79 14
N.S. 1 1.00 1.88 1.19 2.44 1.88 0.00 4.94 0.88
time (sec) N/A 0.209 0.052 0.269 0.310 0.252 0.000 0.320 23.741
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 48 22 22 20 245 46 0 72 56
N.S. 1 0.46 0.46 0.42 5.10 0.96 0.00 1.50 1.17
time (sec) N/A 0.257 0.100 0.381 0.335  0.254 0.000 0.300 24.866
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 10 10 13 28 12 0 28 20
N.S. 1 1.00 1.00 1.30 2.80 1.20 0.00 2.80 2.00
time (sec) N/A 0.222 0.008 0.336 0.223  0.238 0.000 0.280 24.587
Problem 223 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 20 23 21 64 31 0 18 33
N.S. 1 1.43 1.64 1.50 4.57 2.21 0.00 1.29 2.36
time (sec) N/A 0.293 0.005 0.385 0.285  0.245 0.000 0.282 23.704

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 20 12 13 24 14 0 26 14
N.S. 1 1.67  1.00 1.08 2.00 1.17 0.00 2.17 1.17
time (sec) N/A 0.208 0.007 0.444 0.196 0.254 0.000 0.295 22.686
Problem 225 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 40 34 52 46 61 0 48 69
N.S. 1 1.18  1.00 1.53 1.35 1.79 0.00 1.41 2.03
time (sec) N/A 0.218 0.019 0.497 0.213  0.243 0.000 0.350 23.040
Problem 226/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 12 26 28 0 28 15
N.S. 1 1.00  1.00 1.09 2.36 2.55 0.00 2.55 1.36
time (sec) N/A 0.201 0.005 0.458 0.211  0.249 0.000 0.286 22.117
Problem 227| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 21 15 14 17 13 0 46 13
N.S. 1 1.40 1.00 0.93 1.13 0.87 0.00 3.07 0.87
time (sec) N/A 0.207 0.016 0.217  0.209  0.252 0.000 0.309 0.051

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 228 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 10 10 11 44 18 0 10 29
N.S. 1 1.00 1.00 1.10 4.40 1.80 0.00 1.00 2.90
time (sec) N/A 0.233 0.004 0.325 0.203  0.248 0.000 0.288 22.282
Problem 229 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 33 33 33 29 28 28 0 11588 29
N.S. 1 1.00 1.00 0.88 0.85 0.85 0.00 351.15 0.88
time (sec) N/A 0.285 0.019 2.077  0.217 0.245 0.000 2.141 23.389
Problem 230, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 33 33 38 29 28 28 0 99 49
N.S. 1 1.00 1.15 0.88 0.85 0.85 0.00 3.00 1.48
time (sec) N/A 0.304 0.162 0.941 0.226  0.242 0.000 0.356 22.959
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 29 40 26 25 25 0 102 28
N.S. 1 1.32  1.82 1.18 1.14 1.14 0.00 4.64 1.27
time (sec) N/A 0.260 0.009 0.428 0.215  0.237 0.000 0.337 22.138

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 37 25 25 25 37 27 40
N.S. 1 1.00 1.42 0.96 0.96 0.96 1.42 1.04 1.54
time (sec) N/A 0.154 0.019 0.309 0.239 0252 0.093 0.275 22.072
Problem 233 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 23 32 34 0 107 40
N.S. 1 1.00 1.00 0.92 1.28 1.36 0.00 4.28 1.60
time (sec) N/A 0.268 0.014 0.303 0.214 0.245 0.000 0.357 22.640
Problem 234 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 28 25 27 24 0 71 24
N.S. 1 1.00  1.00 0.89 0.96 0.86 0.00 2.54 0.86
time (sec) N/A 0.270 0.015 0.423 0.201  0.230 0.000 0.348 22.605
Problem 235 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 33 33 33 28 32 26 0 97 29
N.S. 1 1.00 1.00 0.85 0.97 0.79 0.00 2.94 0.88
time (sec) N/A 0.277 0.024 0.858 0.219 0.239 0.000 0.369 22.442

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 236/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy  Giac  Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 106 117 7 100 68 85 0 43089 101
N.S. 1 1.10 0.73 0.94 0.64 0.80 0.00 406.50 0.95
time (sec) N/A 0.747 0.375 9.111 0.207  0.247 0.000 154.270 24.060
Problem 237 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 84 82 7 66 74 0 5161 76
N.S. 1 098  0.95 0.90 0.77 0.86 0.00 60.01 0.88
time (sec) N/A 0.498 0.721 4.479 0.216  0.251 0.000 2.935 22.332
Problem 238 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 90 117 72 76 83 0 4849 121
N.S. 1 1.03 1.34 0.83 0.87 0.95 0.00 55.74  1.39
time (sec) N/A 0903 0.521 2197 0.212 0.266 0.000 2.206 22.845
Problem 239 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 116 7 84 108 0 2320 143
N.S. 1 1.00 1.51 1.00 1.09 1.40 0.00 30.13 1.86
time (sec) N/A 0.343 0.798 1.230 0.291  0.264 0.000 0.752 22.875

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 240, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 90 91 75 98 102 126 0 171 147
N.S. 1 1.01 0.83 1.09 1.13 1.40 0.00 1.90 1.63
time (sec) N/A 0.991 0.224 1.845 0.288  0.259 0.000 0.935 22.201
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 99 99 66 92 82 115 0 158 227
N.S. 1 1.00 0.67  0.93 0.83 1.16 0.00 1.60 2.29
time (sec) N/A 1.023 0.267 1.027  0.323  0.257 0.000 0.987 22.510
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 125 136 78 138 129 129 0 226 177
N.S. 1 1.09 0.62 1.10 1.03 1.03 0.00 1.81 1.42
time (sec) N/A 1.137 0.363 1967 0.214 0.275 0.000 1.002 25.255
Problem 243| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F(-1) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 67 114 100 95 100 0 0 149
N.S. 1 0.87 1.48 1.30 1.23 1.30 0.00 0.00 1.94
time (sec) N/A 0.399 0.972 30.633 0.210 0.245 0.000 0.000 22.713

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F(-2) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 120 121 106 99 94 101 0 0 237
N.S. 1 1.01  0.88 0.82 0.78 0.84 0.00 0.00 1.98
time (sec) N/A 0.438 0.215 17.398 0.206  0.255 0.000 0.000 23.726
Problem 245 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F(-2) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 112 111 98 106 87 128 0 0 225
N.S. 1 099 0.88 0.95 0.78 1.14 0.00 0.00 2.01
time (sec) N/A 0.422 1.090 9.198 0.214 0.265 0.000 0.000 25.904
Problem 246/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F(-2) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 116 103 102 116 113 123 0 0 219
N.S. 1 0.89  0.88 1.00 0.97 1.06 0.00 0.00 1.89
time (sec) N/A 0.347 0.420 5.011 0.223  0.277 0.000 0.000 26.128
Problem 247 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F(-2) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 115 107 100 101 109 122 0 0 219
N.S. 1 093 087 0.88 0.95 1.06 0.00 0.00 1.90
time (sec) N/A 0.475 1.404 8.564 0.218 0.262 0.000 0.000 26.183

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 248 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F(-2) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 111 111 97 106 96 107 0 0 223
N.S. 1 1.00 087  0.95 0.86 0.96 0.00 0.00 2.01
time (sec) N/A 0.455 2.063 8.522 0.221  0.275 0.000 0.000 26.506
Problem 249 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F(-2) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 119 119 99 110 128 109 0 0 220
N.S. 1 1.00 0.83 0.92 1.08 0.92 0.00 0.00 1.85
time (sec) N/A 0.445 0.498 3.871 0.207  0.272 0.000 0.000 26.301
Problem 250, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 113 110 100 100 188 123 0 303 161
N.S. 1 097 0.88 0.88 1.66 1.09 0.00 2.68 1.42
time (sec) N/A 0.616 0.778  2.409 0.307 0.284 0.000 0.370 24.399
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 92 97 80 85 129 98 0 190 117
N.S. 1 1.05 087  0.92 1.40 1.07 0.00 2.07 1.27
time (sec) N/A 0.564 0.542 1.126 0.305 0.278 0.000 0.372 23.645

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 80 80 70 75 102 75 0 257 93
N.S. 1 1.00 0.88 0.94 1.28 0.94 0.00 3.21 1.16
time (sec) N/A 0.444 0.319 0.532 0.303 0.273 0.000 0.365 22.354
Problem 253 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 76 63 70 71 64 0 100 67
N.S. 1 1.03 0.85 0.95 0.96 0.86 0.00 1.35 0.91
time (sec) N/A 0.319 0.080 0.461 0.212 0.286 0.000 0.298 22.625
Problem 254 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 80 64 70 73 65 0 101 68
N.S. 1 1.07  0.85 0.93 0.97 0.87 0.00 1.35 0.91
time (sec) N/A 0.416 0.204 0.879 0.226  0.274 0.000 0.338 22.286
Problem 255 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 94 101 103 87 125 96 0 253 93
N.S. 1 1.07 1.10 0.93 1.33 1.02 0.00 2.69 0.99
time (sec) N/A 0.483 0.329 1.908 0.205 0327 0.000 0.360 22.517

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 256| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 108 115 92 99 158 147 0 190 118
N.S. 1 1.06  0.85 0.92 1.46 1.36 0.00 1.76 1.09
time (sec) N/A 0.507 0.612 3.943 0.218 0.355 0.000 0.388 22.255
Problem 257 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 243 243 164 215 0 857 0 1362 7329
N.S. 1 1.00 0.67  0.88 0.00 3.53 0.00 5.60  30.16
time (sec) N/A 0.874 3.989 5.342 0.000 0.330 0.000 0.769 29.441
Problem 258 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 227 227 151 184 0 705 0 331 6093
N.S. 1 1.00 0.67  0.81 0.00 3.11 0.00 1.46  26.84
time (sec) N/A 0.758 2.589 1.433 0.000 0.309 0.000 0.542 27.944
Problem 259 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 219 219 131 155 0 518 0 282 213
N.S. 1 1.00 0.60 0.71 0.00 2.37 0.00 1.29 0.97
time (sec) N/A 0.679 1.832 1.369 0.000 0.279 0.000 0.536 23.403

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 260, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 203 203 128 162 0 526 0 289 245
N.S. 1 1.00 0.63 0.80 0.00 2.59 0.00 1.42 1.21
time (sec) N/A 0.623 1.463 1.394 0.000 0.289 0.000 0.326 23.428
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 136 160 127 162 0 532 0 288 245
N.S. 1 1.18 0.93 1.19 0.00 3.91 0.00 2.12 1.80
time (sec) N/A 0.720 1.453 3.588 0.000 0.286 0.000 0.454 23.146
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 131 157 121 155 0 516 0 284 215
N.S. 1 1.20 0.92 1.18 0.00 3.94 0.00 2.17 1.64
time (sec) N/A 0.682 1.055 8.324 0.000 0.292 0.000 0.498 22.742
Problem 263| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 231 231 196 199 0 864 0 354 6056
N.S. 1 1.00 0.85 0.86 0.00 3.74 0.00 1.53  26.22
time (sec) N/A 0.715 2.676 17.052 0.000 0.765 0.000 0.553 27.597

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 248 270 713 213 684 1180 0 848 527
N.S. 1 1.09 2.88 0.86 2.76 4.76 0.00 3.42 2.12
time (sec) N/A 1.193 7.137 5.241 0.341 0.596 0.000 0.951 25.342
Problem 265 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 232 255 477 199 589 1045 0 676 491
N.S. 1 1.10 2.06 0.86 2.54 4.50 0.00 2.91 2.12
time (sec) N/A 1.024 7.051 5.151 0.274 0459 0.000 0.877 22.887
Problem 266| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 211 237 184 176 593 994 0 690 490
N.S. 1 1.12 087  0.83 2.81 4.71 0.00 3.27 2.32
time (sec) N/A 0.983 6.294 5.151 0.247 0421 0.000 0.872 22.774
Problem 267 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 229 256 696 196 601 1071 0 800 494
N.S. 1 1.12  3.04 0.86 2.62 4.68 0.00 3.49 2.16
time (sec) N/A 0.802 6.512 5.072 0.250 0.416 0.000 0.387 23.240

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 268 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 231 250 703 196 602 1076 0 801 496
N.S. 1 1.08 3.04 0.85 2.61 4.66 0.00 3.47 2.15
time (sec) N/A 0.958 6.878 14.865 0.260 0.420 0.000 0.672 23.578
Problem 269 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 212 230 217 181 596 939 0 689 492
N.S. 1 1.08 1.02 0.85 2.81 4.43 0.00 3.25 2.32
time (sec) N/A 0.642 6.639 31.823 0.247 0.428 0.000 0.735 23.149
Problem 270, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 228 212 217 184 591 971 0 675 490
N.S. 1 093  0.95 0.81 2.59 4.26 0.00 2.96 2.15
time (sec) N/A 0.622 6.745 54.578 0.245 0.418 0.000 0.857 22.808
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F F(-2) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 155 155 246 212 180 412 0 0 861
N.S. 1 1.00 1.59 1.37 1.16 2.66 0.00 0.00 5.55
time (sec) N/A 0.652 6.861 1.639 0.223  0.286 0.000 0.000 33.537

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 264 266 6639 0 0 0 0 0 0
N.S. 1 1.01  25.15  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.375 47.880 0.000 0.000  0.000 0.000 0.000 0.000
Problem 273 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 39 39 35 40 36 35 0 0 35
N.S. 1 1.00 0.90 1.03 0.92 0.90 0.00 0.00 0.90
time (sec) N/A 0.301 0.442 7.969 0.229  0.271 0.000 0.000 23.040
Problem 274 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 144 144 106 0 0 0 0 0 0
N.S. 1 1.00 0.74 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.636 2.315 0.000 0.000  0.000 0.000 0.000 0.000
Problem 275 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 65 65 61 82 105 142 699 94 93
N.S. 1 1.00 0.94 1.26 1.62 218 10.75  1.45 1.43
time (sec) N/A 0.386 0.234 0.374 0.313 0.265 67.472 0.313 22.410

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 276/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 92 92 153 98 211 94 0 152 3401
N.S. 1 1.00 1.66 1.07 2.29 1.02 0.00 1.65  36.97
time (sec) N/A 0.557 0.634 0.430 0.310 0.253 0.000 0.288 30.048
Problem 277 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 122 123 113 163 278 210 0 190 286
N.S. 1 1.01  0.93 1.34 2.28 1.72 0.00 1.56 2.34
time (sec) N/A 0.663 1.159 0.629 0.318 0.262 0.000 0.344 23.403
Problem 278 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 93 91 82 98 212 94 0 156 3419
N.S. 1 098 0.88 1.05 2.28 1.01 0.00 1.68  36.76
time (sec) N/A 0.525 0.589 0.434 0.327  0.255 0.000 0.289 29.670
Problem 279 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 112 115 115 165 281 215 0 192 277
N.S. 1 1.03 1.03 1.47 2.51 1.92 0.00 1.71 2.47
time (sec) N/A 0.708 0.879 0.592 0.304 0.264 0.000 0.319 23.259

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 280 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 176 164 178 163 431 174 0 275 5902
N.S. 1 093 1.01 0.93 2.45 0.99 0.00 1.56  33.53
time (sec) N/A 1.065 0.802 0.767  0.338  0.265 0.000 0.294 34.756
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 123 123 112 170 281 213 0 201 291
N.S. 1 1.00 0.91 1.38 2.28 1.73 0.00 1.63 2.37
time (sec) N/A 0.663 0.670  0.599 0.304 0.263 0.000 0.304 22.967
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 175 163 287 163 424 175 0 273 5870
N.S. 1 093 1.64 0.93 2.42 1.00 0.00 1.56  33.54
time (sec) N/A 1.064 1.038 0.602 0.307  0.270 0.000 0.290 36.112
Problem 283 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 193 186 223 302 521 307 0 361 600
N.S. 1 0.96 1.16 1.56 2.70 1.59 0.00 1.87 3.11
time (sec) N/A 1.258 1.637 0.987 0324 0273 0.000 0.323 23.582

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 98
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 70 117 144 84 118 138 0 144 1017
N.S. 1 1.67  2.06 1.20 1.69 1.97 0.00 2.06 14.53
time (sec) N/A 0.696 0.294 0.592 0.328  0.257 0.000 0.286 27.764
Problem 285 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A B A A B B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 110 229 111 142 265 252 0 209 249
N.S. 1 2.08 1.01 1.29 2.41 2.29 0.00 1.90 2.26
time (sec) N/A 1.344 0.812 0.637 0.297 0.264 0.000 0.326 23.440
Problem 286/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A B C A B A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 129 295 226 138 259 236 0 223 5431
N.S. 1 229 1.75 1.07 2.01 1.83 0.00 1.73  42.10
time (sec) N/A 2.243 1.800 0.816 0.305 0.275 0.000 0.280 30.774
Problem 287 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A B A A B B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 109 228 110 143 264 252 0 204 253
N.S. 1 209 1.01 1.31 2.42 2.31 0.00 1.87 2.32
time (sec) N/A 1.311 0.808 0.642 0319 0.266 0.000 0.314 24.447

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 288 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A B A A B A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 131 336 145 143 257 244 0 219 6012
N.S. 1 2.56 1.11 1.09 1.96 1.86 0.00 1.67  45.89
time (sec) N/A 2.429 1.968 0.842 0.327 0274 0.000 0.281 36.239
Problem 289 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F A A B B F(-1) B B
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD
size 172 0 200 271 611 360 0 342 594
N.S. 1 0.00 1.16 1.58 3.55 2.09 0.00 1.99 3.45
time (sec) N/A 0.000 1.332 1.029 0.396 0.291 0.000 0.330 25.436
Problem 290, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A B C A B A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 128 293 221 141 256 252 0 214 5428
N.S. 1 229 1.73 1.10 2.00 1.97 0.00 1.67 4241
time (sec) N/A 2.187 1.628 0.863 0331  0.277 0.000 0.282 30.827
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F A A B B F(-1) A B
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD
size 176 0 198 265 606 369 0 335 586
N.S. 1 0.00 1.12 1.51 3.44 2.10 0.00 1.90 3.33
time (sec) N/A 0.000 1.488 1.021 0.326 0.294 0.000 0.314 24.906

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F C A B A F(-1) B B
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD
size 210 0 409 232 456 371 0 435 8198
N.S. 1 0.00 1.95 1.10 2.17 1.77 0.00 2.07  39.04
time (sec) N/A 0.000 3.438 1.134 0.308 0.308 0.000 0.289 39.734
Problem 293 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 47 76 63 98 140 0 90 408
N.S. 1 1.00 1.62 1.34 2.09 2.98 0.00 1.91 8.68
time (sec) N/A 0.268 0.207 0.536 0.327 0.292 0.000 0.317 23.288
Problem 294 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 48 48 60 49 79 142 0 75 123
N.S. 1 1.00 1.25 1.02 1.65 2.96 0.00 1.56 2.56
time (sec) N/A 0.273 0.136 0.523 0.303  0.289 0.000 0.309 23.207

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [286] had the largest
ratio of [1.44443999999999995]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand ummber of rules
# grade s;:;s uziize antll:aefns‘i,:zwe leaf size integrand leaf size
1] A 3 3 1.00 14 0.214
2 A 3 3 1.00 14 0.214
3 A 3 3 1.00 12 0.250
4 A 1 1 1.00 9 0.111
¥ A 3 3 1.00 12 0.250
6 A 3 3 1.00 14 0.214
7 A 3 3 1.00 14 0.214
3 A 8 8 1.01 16 0.500
9 A 7 6 1.00 16 0.375
10j A 4 4 1.00 14 0.286
11 A 4 3 1.00 11 0.273
12] A 6 6 1.00 14 0.429
13] A 7 6 1.00 16 0.375
14] A 11 10 0.96 16 0.625
15) B 3 3 2.64 16 0.188
16} A 9 9 1.17 16 0.562
17} A 6 ) 1.00 14 0.357
18] A 2 2 1.00 11 0.182
19 A 7 6 1.00 14 0.429
20] A ) 4 1.00 16 0.250
21 A 15 14 1.32 16 0.875
22] A 12 12 1.23 16 0.750
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:); ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
23] B 3 3 3.26 16 0.188
% A 4 3 1.27 14 0.214
5 [ A 6 5 1.00 11 0.455
26 | A 5 4 1.00 14 0.286
27 A 17 16 1.16 16 1.000
g | A 5 4 1.00 16 0.250
29 [ A 2 2 1.00 33 0.061
30 | A 3 3 1.00 26 0.115
3 [ A 3 3 1.00 26 0.115
3 [ A 3 3 1.00 26 0.115
33 [ A 3 3 1.00 26 0.115
% A 3 3 1.00 24 0.125
35 [ A 1 1 1.00 17 0.059
36 [ A 3 3 1.00 24 0.125
3_7 A 3 3 1.00 26 0.115
3y [ A 3 3 1.00 26 0.115
3 | A 3 3 1.00 26 0.115
4_0 A 3 3 1.00 26 0.115
4_1 A 3 3 1.00 26 0.115
4 | A 3 3 1.00 26 0.115
43] A 3 3 1.00 28 0.107
44 A 3 3 1.00 28 0.107
45) A 3 3 1.00 28 0.107
a6 | A 3 3 1.00 28 0.107
ﬂ A 3 3 1.00 26 0.115
48 A 3 3 1.00 19 0.158
a9 [ A 3 3 1.00 26 0.115
@ A 6 6 1.00 28 0.214
51 A 3 3 1.00 28 0.107
59 [ A 4 3 1.00 28 0.107
53] A 3 3 1.00 28 0.107
% A ) 4 0.91 28 0.143
55) A 3 3 1.00 28 0.107
56 | A 5 4 0.90 28 0.143
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade Slfse:;s ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
57 A 3 3 1.00 28 0.107
58] A 3 3 1.00 28 0.107
59) A 3 3 1.00 28 0.107
60j A 3 3 1.00 28 0.107
g A 7 6 1.22 26 0.231
62] A 4 3 0.97 19 0.158
63] A 7 6 1.14 26 0.231
64 A 3 3 1.00 28 0.107
65) A 8 8 1.00 28 0.286
66} A 3 3 1.00 28 0.107
67 A 4 3 1.00 28 0.107
68} A 3 3 1.00 28 0.107
69 | A 5 4 0.90 28 0.143
70j A 3 3 1.00 28 0.107
7 [ A 5 4 0.90 28 0.143
72 A 3 3 1.00 28 0.107
73] A ) 4 0.89 28 0.143
74 A 3 3 1.00 28 0.107
75 A 3 3 1.00 28 0.107
76} A 3 3 1.00 28 0.107
77} A 3 3 1.00 28 0.107
7_8 A 3 3 1.00 26 0.115
79) A ) 5 1.03 19 0.263
80 | A 3 3 1.00 26 0.115
ﬂ A 7 6 1.08 28 0.214
32] A 3 3 1.00 28 0.107
33] A 10 10 1.00 28 0.357
34 A 3 3 1.00 28 0.107
85 | A 4 3 1.00 28 0.107
36} A 3 3 1.00 28 0.107
’7 [ A 5 4 0.90 28 0.143
38] A 3 3 1.00 28 0.107
gy [ A 5 4 0.90 28 0.143
90j A 3 3 1.00 28 0.107
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
o] [ A 5 4 0.90 28 0.143
92] A 3 3 1.00 28 0.107
93] A 3 3 1.00 28 0.107
94 A 3 3 1.00 28 0.107
95) A 3 3 1.00 28 0.107
og) | A 8 7 1.16 26 0.269
97] A ) 4 0.95 19 0.211
og | A 9 8 1.11 26 0.308
99 A 3 3 1.00 28 0.107
100 A 7 6 1.02 28 0.214
101 A 3 3 1.00 28 0.107
102 A 12 12 1.00 28 0.429
103 A 3 3 1.00 28 0.107
104 A 4 3 1.00 28 0.107
105 A 3 3 1.00 28 0.107
106 A ) 4 0.90 28 0.143
107} A 3 3 1.00 28 0.107
108 A ) 4 0.90 28 0.143
109 A 3 3 1.00 28 0.107
110 A 14 14 0.97 28 0.500
111 A 11 10 1.00 28 0.357
112 A 8 8 1.01 28 0.286
113 A 7 6 1.00 28 0.214
114 A 4 4 1.00 26 0.154
115 A 4 3 1.00 19 0.158
116 A ) 5 1.00 26 0.192
117 A 7 6 1.00 28 0.214
118 A 10 9 0.98 28 0.321
119 A 11 10 0.98 28 0.357
120 A 13 12 0.92 28 0.429
121 A 15 14 0.94 28 0.500
122 A 7 6 1.19 28 0.214
123 A ) 4 1.61 28 0.143
124 A 8 8 1.13 28 0.286
Continued on next page
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Table 2.1 — continued from previous page
number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
125 A 6 ) 1.00 26 0.192
126 A 2 2 1.00 19 0.105
127} A 7 6 1.00 26 0.231
128 A ) 4 0.93 28 0.143
129 A 15 14 1.27 28 0.500
130 A ) 4 0.91 28 0.143
131 B ) 4 2.21 28 0.143
132 A 10 10 1.18 28 0.357
133 A 9 8 1.98 28 0.286
134 A 4 3 1.36 26 0.115
135 A 6 ) 1.00 19 0.263
136 A ) 4 0.94 26 0.154
137} A 17 16 1.14 28 0.571
138 A ) 4 0.91 28 0.143
139 A 27 26 1.82 28 0.929
140 A ) 4 0.91 28 0.143
141 A 12 12 1.20 28 0.429
142 B 11 10 2.49 28 0.357
143 A 4 3 1.00 28 0.107
144 A 9 8 1.07 26 0.308
145 A 4 4 1.00 19 0.211
146 A 13 12 1.02 26 0.462
147] A ) 4 0.93 28 0.143
148 A 31 30 1.96 28 1.071
149 A ) 4 0.93 28 0.143
150 A ) ) 1.03 31 0.161
151 A 5 5 1.06 31 0.161
152 A ) ) 1.04 31 0.161
153 A ) ) 1.08 31 0.161
154 A 3 3 1.00 29 0.103
155 A 2 2 1.00 22 0.091
156 A ) ) 1.17 29 0.172
157 A ) ) 1.10 31 0.161
158 A 5) 5 1.12 31 0.161
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade SJSG:;S ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
159 A ) ) 1.05 31 0.161
160 A ) ) 1.08 31 0.161
161 A 5 5 1.04 31 0.161
162 A ) ) 1.06 31 0.161
163 A ) ) 1.08 31 0.161
164 A 7 6 0.87 31 0.194
165 A ) ) 1.07 31 0.161
166 A ) ) 1.04 31 0.161
167 A ) ) 1.12 29 0.172
168 A 2 2 1.00 22 0.091
169 A ) ) 1.09 29 0.172
170 A 7 6 0.75 31 0.194
171 A 5 ) 1.09 31 0.161
172 A 6 ) 1.00 31 0.161
173 A ) ) 1.06 31 0.161
174 A 7 6 0.79 31 0.194
175 A 7 6 0.85 31 0.194
176 A ) ) 1.11 31 0.161
177 A 7 7 1.07 31 0.226
178 A 5 ) 1.11 31 0.161
179 A ) 4 1.00 29 0.138
180 A 2 2 1.00 22 0.091
181 A 7 6 0.80 29 0.207
182 A 5 5 1.10 31 0.161
183 A 7 6 0.76 31 0.194
184 A ) 5 1.09 31 0.161
185 A 6 ) 1.00 31 0.161
186 A ) ) 1.09 31 0.161
187} A 2 2 1.00 33 0.061
188 A 6 ) 1.00 7 0.714
189 | A 7 6 1.00 10 0.600
190 A ) ) 1.00 10 0.500
191 A 6 6 1.00 10 0.600
192 A 7 7 1.00 10 0.700
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
193 A 4 4 1.00 10 0.400
194 A 8 7 1.00 10 0.700
195 A 6 ) 1.00 9 0.556
196 A 8 7 1.00 12 0.583
197 A ) ) 1.00 12 0.417
198 A 6 6 1.00 12 0.500
199 | A 7 7 1.00 12 0.583
200 A 4 4 1.00 12 0.333
201 A 8 7 1.15 12 0.583
202 A 8 7 1.00 20 0.350
203 A ) ) 1.00 10 0.500
204 A 8 7 1.00 10 0.700
205 A 7 7 1.00 10 0.700
206 A 6 6 1.00 10 0.600
207 A 9 8 1.00 10 0.800
208 A 4 4 1.00 10 0.400
209 A ) ) 1.00 12 0.417
210 A 9 8 1.00 12 0.667
211 A 7 7 1.00 12 0.583
212 A 6 6 1.00 12 0.500
213 A 9 8 1.15 12 0.667
214 A 4 4 1.00 12 0.333
215 A 6 ) 1.00 15 0.333
216 A 5 4 0.63 22 0.182
217] A 4 3 1.00 22 0.136
218 A 6 5 0.93 22 0.227
219 A 4 3 1.00 22 0.136
220 A ) 4 1.00 22 0.182
221 A 4 3 0.46 22 0.136
222 A 6 ) 1.00 17 0.294
223 A ) 4 1.43 24 0.167
224 A 4 3 1.67 24 0.125
225 A ) 4 1.18 24 0.167
226 A 4 3 1.00 24 0.125
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
227] A 4 3 1.40 24 0.125
228 A 4 3 1.00 24 0.125
229 A 7 6 1.00 26 0.231
230 A 9 8 1.00 26 0.308
231 A 8 7 1.32 24 0.292
232 A 1 1 1.00 17 0.059
233 A 8 7 1.00 24 0.292
234 A 8 7 1.00 26 0.269
235 A 7 6 1.00 26 0.231
236 A 12 12 1.10 28 0.429
237 A 9 9 0.98 28 0.321
238 A 16 16 1.03 26 0.615
239 A ) ) 1.00 19 0.263
240/ A 15 15 1.01 26 0.577
241 A 16 16 1.00 28 0.571
242 A 19 18 1.09 28 0.643
243/ | A 7 6 0.87 28 0.214
244 A 9 8 1.01 28 0.286
245 A 9 8 0.99 26 0.308
246 A 8 7 0.89 19 0.368
247 A 9 8 0.93 26 0.308
248 A 9 8 1.00 28 0.286
249 A 9 8 1.00 28 0.286
250/ A 10 9 0.97 28 0.321
251 A 12 11 1.05 28 0.393
252 A 8 7 1.00 26 0.269
253 A 11 10 1.03 19 0.526
254 A 7 6 1.07 26 0.231
255 A 10 9 1.07 28 0.321
256 A 8 7 1.06 28 0.250
257 A 6 6 1.00 28 0.214
258 A ) ) 1.00 28 0.179
259 A 6 6 1.00 26 0.231
260 A ) ) 1.00 19 0.263
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
261 A 13 12 1.18 26 0.462
262 A 12 11 1.20 28 0.393
263 A 6 6 1.00 28 0.214
264 A 10 9 1.09 28 0.321
265 A 11 10 1.10 28 0.357
266 A 10 9 1.12 26 0.346
267 A 9 8 1.12 19 0.421
268 A 10 9 1.08 26 0.346
269 A 12 11 1.08 28 0.393
270 A 7 6 0.93 28 0.214
271 A 8 7 1.00 28 0.250
272 A 15 15 1.01 28 0.536
273 A 7 6 1.00 26 0.231
274 A 7 6 1.00 28 0.214
275 A 8 7 1.00 16 0.438
276 A 11 10 1.00 18 0.556
277 A 13 12 1.01 18 0.667
278 A 11 10 0.98 18 0.556
279 A 14 13 1.03 20 0.650
280 A 19 18 0.93 20 0.900
281 A 13 12 1.00 18 0.667
282 A 19 18 0.93 20 0.900
283 A 22 21 0.96 20 1.050
284 A 9 9 1.67 16 0.562
285 B 19 18 2.08 18 1.000
286 B 27 26 2.29 18 1.444
287 B 19 18 2.09 18 1.000
283 | B 22 21 2.56 20 1.050
F 0 0 N/A 0.000 N/A
290 B 26 25 2.29 18 1.389
F 0 0 N/A 0.000 N/A
292 F 0 0 N/A 0.000 N/A
293 [ A 3 3 1.00 14 0.214
Continued on next page

2.3. Detailed conclusion table specific for Rubi results



CHAPTER 2.

DETAILED SUMMARY TABLES OF RESULTS

110

Table 2.1 — continued from previous page

number of number of normalized integrand
. cq e . number of rules
i grade 51::;5 uii?eze antlfaefns‘ij;we leaf size integrand leaf size
204/ | A 3 3 1.00 14 0.214
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f (acos(ct+dz)+bsin(ct+dz))?
cos*(c+dzx)

f (a cos(ct+dz)+bsin(ct+dzx))3
cos®(c+dx)

f (a cos(c+dz)+bsin(ct+dzx))3
cos?(c+dzx)

f (a cos(c+dz)+bsin(ct+dzx))3
cos(c+dx)

f (a cos(c—l—dx)—l—b sin(c+dz))3

(a cos(c+dz)+b sin(c+dzx))3
sec(c+dzx)

f (a cos(c+dx)+bsin(c+dx))3
sec?(c+dzx)

f (acos(ct+dz)+bsin(ct+dz))?
sec?(c+dz)

f (acos(ct+dz)+bsin(ct+dz))3
sec?(c+dz)

f (acos(ct+dz)+bsin(ct+dzx))3

(0]
(o)
DI
D90
996
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3.140 [ e jfif)ﬁgﬁc T AT 034
Bl [ ol dn 041
3142 [t dn L 050
3143 [ o) dn T060
3144 [ oo j(;’;)(i;‘jfn)(c AT 1065
3145 [ oerd b dm T 0T e T073)
3146 [ oo i AT 1078
BT [ gty —dn L TORY
3.148 [ oo jjgﬂﬁjiﬁ)(c T 095
3149 [ oot dn
8150 [ mm o) dr 1122
3151 [t dp 1128
3152 [ ot j;i)(jj;‘ifg(c T 1132
8153 [ o) dn 1140
3154 [ oo +°j;)(ﬁrjj’s‘?n(c T 1145
8155 [ coseramriasnerdm GF o e 1150
3156 [ oot s AT 1154
BA5T [ e et dp 1159
8158 [t et dp 1165
3159 [t dr TT70
3.160 [ acos(cjf;;)ﬁﬁjf;fl(c T 1176
3.161 [ acos(ciZZ)(iL T 1182
3.162 [ acos(cjgi)ﬂi;d:i(c e 1188
3.163 [ (acos(c:;;) Hebdy) T 194
3164 [ o) mdn T200
3165 [ ot o dT 206
3166 [ o ) o dT 212
3.167 [ (acos(c+§‘;§(jjaiﬁ(c+dz))2 AT . 1217
3168 [ frosoramimsm iyt BE e 1222
3.169 [ feoetc +3‘;§(ﬁ; W E AT 1226
3170 [ oo f;i)ﬂ'ﬁ(c T 1232
317l [ oo +s§;)§f;‘slf2(c E AT 1238
3172 [ o) —dn 1244
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3173 [ oo j;;jﬁt‘:fg(c LT 1249
BIT4 [ ommltl) dT
3IT5 [ oy ) s dT 1261
3176 [ oy b mdT 1267
3177 [ eoonte ;;;)gggg(c AT 1273
3178 [ ommm ) —dn 1279
3.179 [ (acos(c+;;§(j;‘iﬁ(c+dz))3 AT .
3180 [ (rossterdasmErd T AT e 1290
3181 [ ik AT 1295
3182 [ ommgltl) dT 130T
3183 [ o tt) o dT 307
3I84 [ o) dn 1313
3.185 [ fooemte ;;;)f;gg(c AT 1319
3186 [ ommg ) o dT
3.187 [ cos™™(c+ dz)(acos(c+ dz) +iasin(c+dz))"dz. . . ... ... 1331
B8 [ i@ BT - o e
3189 [ oo S 1340
3190 [ el sdm
3191 [t dr . L 13500
3192 [ S Sdr .
3193 [ Sdr . 1360
3194 [oosdr . 1365
8195 [ @ G8 e 1370
3196 [ ool sdm
3197 [ sdr . 1330
3198 [ sdr .
3199 [t sdm . 1390
3200 [omlisdm .
3201 [ oS sdr . [T400
3.202 [csc(c+dz)(cot(c+dx) +cesc(c+dx))dr . . . ...
3203 [ oilldr ... 1410
3204 [oieiodr ..
3205 [ onOdr T420)
3206 [ oot dT
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2.282 [ =la) (%‘S;Z%C(x) Zx .................................. :z:::
3.209 f —W :1; .................................. —
3.210 | w dz .................................
: st QT
3211 [ dr T450)
3212 [ sdr T455
3213 [l dr T460)
3214 [ =B dr 465
3215 [ e B8 - - e 70
3216 [ e s AT
3217 [ ittt sdm . T480)
3218 [ mmets) dm . %5
3219 [ el dT . TZ90)
3220 [omaetd osdr .
3221 [maetd sdr . 1500
3222 [ o) QT - - - o o e
3223 [t osdr 1510
3224 [ et sdm
3225 [ it sdr 1520
3226 [ et sdT
3227 [ it T 1530
3228 [ et osdr 1535
3.229 [cos®(c+dz)(asin(c+dz) +btan(c+dz))dzr . . ... ... ... ... 1540
3.230 [cos*(c+dz)(asin(c+dz) +btan(c+dz))dx . .. ... ... ... ...
3.231 [cos(c+dz)(asin(c+dz) +btan(c+dz))dz . . . . . ... 15511
3.232 [(asin(c+dz) +btan(c+dz))dz . . .. .. ... 15561
3.233 [sec(c+dz)(asin(c+dz) +btan(c+dz))dr . . . .. ... 15601
3.234 [sec’(c+dz)(asin(c+dz)+btan(c+dz))dr . ... ... ... 15651
3.235 [sec*(c+dz)(asin(c+dz)+btan(c+dz))dr . .. ... ... ... 1570
3.236 [ cos*(c+dz)(asin(c+dz) +btan(c+dz))?dz . . . . ... ...
3.237 [cos?(c+dz)(asin(c+dz) +btan(c+dz))?dz . . . . . ... ... ... 1582
3.238 [ cos(c+dz)(asin(c+dz) +btan(c+dz))dx . .. .. ... 1588
3239 [(asin(c+dz)+btan(c+dz))®dr . . . . . ... 15961
3.240 [sec(c+dz)(asin(c+dz) +btan(c+dz))*dx . ... ... ... 1602
3.241 [sec*(c+dz)(asin(c+dz) +btan(c+dz))?dz . . . . . ... 1610
3.242 [sec®(c+dz)(asin(c+dz) +btan(c+dz))?dz . . . . . ... 1618
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3.243 [cos(c+dz)(asin(c+dz) + btan(c+dz))*dz . . . . ... ... ... 1627
3.244 [cos*(c+dz)(asin(c+dz) +btan(c+dz))*dr . . . . .. ... 1632
3.245 [cos(c+dz)(asin(c+dz) +btan(c+dz))®dr . . ... ... 1638
3.246 [(asin(c+dz) +btan(c+dz))®dr . . . ... ... 1644
3.247 [sec(c+ dz)(asin(c+dz) + btan(c+dzx))3dz . .. ... ... 1650
3.248 [sec’(c+dz)(asin(c+dz)+btan(c+dz))3dx . . . . ... ... 16561
3.249 [sec®(c+dz)(asin(c+dz) +btan(c+dz))idz . . . . . ... 1662
8950 [t (eHE) dr T663
3951 [ (M dn L T675
3.252 [ commrme )l ST 1682
8253 [ comrasribinr@ GF o e 1683
3254 [ comere ) ST 1694
8955 [t M o dr T699
8.956 [ ot (H) sdT
3957 [ omea ) T [I71T
3.958 [ o) s dm T719
3.259 [ e +‘;‘;S)Eﬁjf:rf(c T 1726
3.260 | oo r e E AT e 1733
3.261 [ o +j;°)(jj ey S 740
3.262 [ o jj;)ff;‘jfl)(c AT 1748
3263 [ omeg ) dm 1756
3264 [ omea ) T 764
3265 [ oo S T (774
3.266 [ Gmmce +f;f)ﬁ B 0T 1783
3267 | Goamer st 0T e 1792
3.268 [ emrio e T BT 1802
3.269 [ Gmmce j(j;)ﬁf;‘i?(c AT 1812
3270 [ ommglets) swdm 821
3271 [cos™(c+ dz)(asin(c+ dz) + btan(c+dz))3dz . . . ... ... L. 1329
3.272  [cos™(c+ dz)(asin(c+ dz) + btan(c+dz))*dz . .. ... ... 1836
3273 [cos™(c+dz)(asin(c+dz) +btan(c+dz))dz . . .. ... ... 1844
32714 [ gtenlet —sde 1849
3275 [ oSS dT . 1854
3276 [ Sl gp . 861
3277 [ B dp . 869
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3278 [ L=leml) qp 877
3279 [l gy
3980 [esl@enl) gp T893
3981 [ eleml) gp 1903
3982 [eslewl) gy 91T
3983 [eelevl) gp 921
3284 [l odr L 93T
8985 [eml@enl) dr .. 938
3986 [ emlenl) dr . T948
3987 [ o lemE) gy 1962
3988 [l dy L T972
3980 [l gy L TIR5
3290 [ilSmE) gy
3201 [l dy .
3202 [l dr ... 032
3203 [ oo dr 2052

_ cot(x)
3294 [ dm .
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3.1 [ sin®(z)(a cos(z) + bsin(z)) dz

3.1.1 Optimalresult . . . ... .. .. .. .. 120
3.1.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 120
3.1.3 Rubi [A] (verified) . . . . . ... .. 1211
3.1.4 Maple [A] (verified) . ... ... . ... .. 122
3.1.5  Fricas [A] (verification not implemented) . . . . . . ... ... ... . .... 122
3.1.6 Sympy [B] (verification not implemented) . . ... . ... ... ....... 123]
3.1.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 123
3.1.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 123
3.1.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ...... 124

3.1.1 Optimal result

Integrand size = 14, antiderivative size = 36

/sin3(z)(a cos(z) + bsin(z)) dz = % - gb cos(z) sin(z) — %lb cos(z) sin®(x) + ia sin*(z)

output L3/8*b*x—3/8*b*cos (x)*sin(x)-1/4%b*cos (x)*sin(x) ~3+1/4*a*sin(x) ~4

~—

3.1.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.94

/sin3(z) (acos(z) + bsin(x)) dz = % + ia sin?(z) — ib sin(2z) + 3%b sin(4z)

input ‘ Integrate[Sin[x]"3*(a*Cos[x] + b*Sin[x]),x]

(3*%b*x) /8 + (a*Sin[x]~4)/4 - (b*Sin[2*x])/4 + (b*Sin[4x*x])/32

N J

output

3.1.  [sin’(z)(acos(z) + bsin(z)) dz




input

output

rule 2009

rule 3042

rule 3568
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3.1.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 914 Ryjeg used = {3042,

’ integrand size
3568, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin® () (a cos(z) + bsin(z)) dx
| 3042
/ sin(z)3(a cos(z) + bsin(z))dz
| 3568
/ (asin®(z) cos(z) + bsin'(z)) do
l 2009
b 1

1 .4 .3 3. .
4 osin () + 3 4bsm (z) cos(z) 8bsm(w) cos(z)

-

LInt [Sin[x] ~3*(a*Cos[x] + b*Sin[x]),x]

~—

L(B*b*x)/S - (3%b*Cos[x]*Sin[x])/8 - (b*Cos[x]*Sin[x]1°3)/4 + (a*Sin[x]~4)/4

~—

3.1.3.1 Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(c_.) + (@_D)*x_)] " (m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si
nl(c_.) + (A_.)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTrigl[sin[c + d*x] m*(a
xcos[c + d*x] + b*sinl[c + d*x])~"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.1.  [sin’(z)(acos(z) + bsin(z)) dz
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3.1.4 Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.78

method result
(sin(x)?’—i—%@)) cos(x) 3¢ asin(z)?
default b(— 1 +%5 |t
sin(z)3+m cos(x) : 4
parts b(— ( - ) +% )+ —“S“;(x)
. 3zb a cos(4x) bsin(4x) a cos(2x) bsin(2x)
risch Tt 2 t 7w — 8 — 4
parallelrisch ?)sz + 3_;, . acoz(2:c) + aco;é4z) + bsu;é&*c) _ bsuil(2ac)
3btan( Z 11btan( Z 3 11btan( Z 5 3btan( % 7 3zbtan( & 2 9zbtan( & 4 3zbtan( Z 6 3zbtan( Z E
norman 4““"“(%)4_ 4(§)_ 4(§) + 4(§) + 4(2) +3%b+ 2(2) + 4(2) + 2(7) + 8(§>
N4
(1+tan(%)?)
inputLint(sin(x)“3*(a*cos(x)+b*sin(x)),x,method=_RETURNVERBOSE) J
outputLb*(-1/4*(sin(x)“3+3/2*sin(x))*cos(x)+3/8*x)+1/4*a*sin(x)”4 J

3.1.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00

/sin3(:c)(a cos(x) + bsin(x)) dx = iacos (ac)4 — %acos (ac)2 + g bz

+ % (2bcos (#)* — 5bcos () sin ()

inputtintegrate(sin(x)‘3*(a*cos(x)+b*sin(x)),x, algorithm="fricas") J

output‘ 1/4*axcos(x)~4 - 1/2%a*xcos(x)”~2 + 3/8*b*x + 1/8*(2%b*cos(x)”~3 - 5*b*cos(x) ‘
‘)*sin(x) J

3.1.  [sin’(z)(acos(z) + bsin(z)) dz
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3.1.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 75 vs. 2(37) = 74.

Time = 0.15 (sec) , antiderivative size = 75, normalized size of antiderivative = 2.08

asin* (z) = 3bzsin® ()  3brsin® () cos? ()
4 8 4
3bx cos* (z)  5bsin® (x) cos (z)  3bsin (z) cos’ (z)
8 8

/sing(w)(a cos(z) + bsin(z)) dz =

input ‘ integrate (sin(x)**3*(a*cos(x)+b*sin(x)),x)

p
output\ a*sin(x)**4/4 + 3*b*x*sin(x)**4/8 + 3*bxx*sin(x)**2*cos(x)**2/4 + 3*xbxx*co
‘s(x)**4/8 - Bxb*sin(x)**3*cos(x)/8 - 3*b*sin(x)*cos(x)**3/8

3.1.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.69

/sin3(a:)(a cos(z) + bsin(z)) dz = iasin (z)* + 3% b(12x +sin (4z) — 8 sin (2z))

input‘integrate(sin(x)“3*(a*cos(x)+b*sin(x)),x, algorithm="maxima")

outputt1/4*a*sin(x)“4 + 1/32%b*x(12*%x + sin(4*xx) - 8*sin(2*x))

3.1.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.92

/sin3(x)(a cos(z) + bsin(z)) dz = gbx + 3% acos(4z) — %acos (2x)
1. |
+ 3 bsin (4z) — stm (2x)

inputLintegrate(sin(x)‘3*(a*cos(x)+b*sin(x)),x, algorithm="giac")

0utput‘3/8*b*x + 1/32xa*cos(4*x) - 1/8%axcos(2*x) + 1/32*bxsin(4*x) - 1/4*b*sin(2
‘*x)

3.1.  [sin’(z)(acos(z) + bsin(z)) dz
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3.1.9 Mupad [B] (verification not implemented)

Time = 21.22 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.97

acos(z)! b sin(z) cos(z)®
4 4
acos(x)® 5bsin(x) cos(z) 3bx
2 8 8

/ sin®(z)(a cos(z) + bsin(z)) dz =

input Lint (sin(x) "3*(a*cos(x) + b*sin(x)),x)

output‘ (3*%b*x) /8 - (a*cos(x)~2)/2 + (a*xcos(x)~4)/4 - (6xb*cos(x)*sin(x))/8 + (b*c
\os(x)*3*sin(x))/4

3.1.  [sin’(z)(acos(z) + bsin(z)) dz
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3.2 [ sin®(z)(a cos(z) + bsin(z)) dz

3.21 Optimalresult . .. ... ... .. . 125]
3.2.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 125
3.2.3 Rubi [A] (verified) . . . .. ... . 126
3.24 Maple [A] (verified) . ... ... . ... 127
3.2.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 127
3.2.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... .. 128]
3.2.7 Maxima [A] (verification not implemented) . . ... ... ... ....... 128]
3.2.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 128
3.2.9 Mupad [B] (verification not implemented) . . . ... ... ... ... .... 129

3.2.1 Optimal result

Integrand size = 14, antiderivative size = 24

/sinQ(x)(a cos(z) + bsin(z)) dz = —bcos(z) + %b cos®(x) + %a sin®(z)

outputL-b*cos(x)+1/3*b*cos(x)”3+1/3*a*sin(x)“3 J

3.2.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.08

. 9 : 3 1 1 .5
/sm (x)(acos(z) + bsin(z)) dz = _Zb cos(z) + Eb cos(3x) + gasin (x)

input ‘ Integrate[Sin[x] 2% (a*Cos[x] + b*Sin[x]),x]

output ‘ (-3*%b*Cos[x])/4 + (b*Cos[3*x])/12 + (a*Sin[x]~3)/3

32.  [sin®(z)(acos(z) + bsin(z)) dz



input LInt [Sin[x]~2*(a*Cos[x] + b*Sin[x]),x]

CHAPTER 3. LISTING OF INTEGRALS 126

3.2.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 914 Ryjeg used = {3042,
integrand size

3568, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin? () (a cos(z) + bsin(z)) dx
| 3042

/ sin(z)2(a cos(z) + bsin(z))dz
| 3568

/ (asin®(z) cos(z) + bsin®(z)) do
l 2009

%a sin3(z) + %bcos3 (x) — bcos(z)

-/

output L— (b*Cos[x]) + (b*Cos[x]~3)/3 + (a*Sin[x]~3)/3 J

3.2.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042

rule 3568

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

p

Int[sin[(c_.) + (@_D)*x_)] " (m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si
nl(c_.) + (d_.)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTriglsin[c + d*x] m*(a
xcos[c + d*x] + b*sinl[c + d*x])~"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

32.  [sin®(z)(acos(z) + bsin(z)) dz
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3.2.4 Maple [A] (verified)

Time = 0.43 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.83

method result size
b(2+sin(z)?) cos(z :
defaut _barn?) ) | g’ 20
b(2+sin(m)2) cos(z) asin(z)?
parts - 3 3 20
. 3bcos(z) asin(z) b cos(3z) asin(3z)
risch -ttt 5 26
Z\2 8tan(%)3a b
norman —dtan(3) bt 5 = 34
(1+tan(%)2)
_ n(z 2 8tan(%)3a_47b
parallelrisch dtan() b+ 23 3 35
(1+tan(3)?)

-

input Lint (sin(x) " 2*(a*cos(x)+b*sin(x)) ,x,method=_RETURNVERBOSE)

output L—i/B*b* (2+sin(x)~2)*cos(x)+1/3*a*sin(x) "3

-/

3.2.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.12

/ sin®(z)(a cos(z) + bsin(z)) dz = E bcos

3

(z)® — beos (z)

3

(acos (z)? — a) sin (z)

input Lintegrate (sin(x) "2*(a*cos(x)+b*sin(x)) ,x, algorithm="fricas")

e

outputt1/3*b*cos(x)‘3 - b*cos(x) - 1/3*(a*cos(x)”"2 - a)*sin(x)

~—

3.2.

[ sin®(z)(acos(z) + bsin(z)) dz
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3.2.6 Sympy [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.12

/sinQ(x)(a cos(z) + bsin(z)) dx = M — bsin® (x) cos (z) —

2b cos® (z)
3

inputLintegrate(sin(x)**2*(a*cos(x)+b*sin(x)),X)

outputka*sin(x)**S/S - b*sin(x)**2*cos(x) - 2*b*cos(x)**3/3

3.2.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.83

/SiHQ(I) (acos(z) + bsin(x)) dz = %asin (z)° + % (cos (z)® — 3 cos (z))b

input Lintegrate (sin(x) "2*(a*cos(x)+b*sin(x)),x, algorithm="maxima")

output‘ 1/3*%a*sin(x) "3 + 1/3*(cos(x)~3 - 3%cos(x))*b

3.2.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.04

/sinz(x)(a cos(z) + bsin(z)) dz = % beos (3z) — Z beos (z) — % asin (3z) + %lasin

inputLintegrate(sin(x)‘2*(a*cos(x)+b*sin(x)),x, algorithm="giac")

~—

-

output | 1/12%b*cos(3*x) - 3/4*b*cos(x) - 1/12*a*sin(3*x) + 1/4*a*sin(x)

N\

_

32.  [sin®(z)(acos(z) + bsin(z)) dz
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3.2.9 Mupad [B] (verification not implemented)

Time = 22.55 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.33

4 (—2atan(§)3 + 3btan(g—2”)2 + b)

3 (tan (%)2 + 1)3

/ sin®(z)(a cos(z) + bsin(z)) dr = —

input [int(sin(x)’?*(a*cos(x) + b*sin(x)),x)

-/

output L—(4*(b - 2%axtan(x/2)"3 + 3xbxtan(x/2)72))/(3*(tan(x/2)"2 + 1)7°3)

~—

32.  [sin®(z)(acos(z) + bsin(z)) dz
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3.3 [ sin(x)(a cos(x) + bsin(x)) dz

3.3.1 Optimalresult . .. ... ... . .. .. 1301
3.3.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 130
3.3.3 Rubi [A] (verified) . . . . . . ... 131
3.34 Maple [A] (verified) . ... ... . ... .. 132
3.3.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... . .... 132
3.3.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... 133l
3.3.7 Maxima [A] (verification not implemented) . ... .. ... ... ...... 133
3.3.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 133
3.3.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ...... 134

3.3.1 Optimal result

Integrand size = 12, antiderivative size = 25

/sin(a:)(a cos(z) + bsin(z)) dz = %m — %b cos(z) sin(z) + %a sin?(z)

outputL1/2*b*x—1/2*b*cos(x)*sin(x)+1/2*a*sin(x)‘2

~—

3.3.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

/Sin(w)(a cos(z) + bsin(z)) dx = b?ac - %a cos?(z) — ib sin(2z)

input ‘ Integrate[Sin[x]*(a*Cos[x] + b*Sin[x]),x]

output

N

(b*x)/2 - (a*Cos[x]~2)/2 - (b*Sin[2*x])/4

3.3.  [sin(z)(acos(z) + bsin(z)) dz



input

output

rule 2009

rule 3042

rule 3568
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3.3.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 954 Ryjes used = {3042,

’ integrand size
3568, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

u/sh(mﬂacodw)%—bﬁn@@)dm
| 3042

/ sin(z)(a cos(z) + bsin(z))dz
| 3568

/ (asin(z) cos(z) + bsin?(z)) dz

l 2009

br 1

1 .9 :
gasin () + 5~ ib sin(z) cos(z)

-

LInt[Sin[x]*(a*Cos[x] + b*Sin[x]),x]

~—

L(b*x)/2 - (b*Cos[x]1%Sin[x]1)/2 + (a*Sin[x]~2)/2

~—

3.3.3.1 Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(c_.) + (@_D)*x_)] " (m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si
nl(c_.) + (A_.)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTrigl[sin[c + d*x] m*(a
xcos[c + d*x] + b*sinl[c + d*x])~"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.3.  [sin(z)(acos(z) + bsin(z)) dz
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3.34

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.80

method result Size
risch %b _ 0001(236) _ bsirz(%) 50
default p(—oxle)inte) | £ _ emlo)'e o
parts b<_w + 3) . gk 21
parallelrisch | £ + ¢ — ”Sifl(%) _ acoi(%) 03
meijerg o (e | R (o) i3
norman btan(g)3+2tan(g)2a+xbtan(%)Q—than(g)Jrm %) 60
(1+tan(%)?)

input Lint (sin(x)*(a*cos(x)+b*sin(x)) ,x,method=_RETURNVERBOSE)

output L1/2*x*b—1/4*a*cos (2*x)-1/4*b*sin (2*x)

-/

3.3.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.76

/sin(x)(a cos(z) + bsin(z)) dz = —% acos (z)? — % bcos (z) sin (z) + % bx

input Lintegrate (sin(x)*(a*cos(x)+b*sin(x)),x, algorithm="fricas")

output t—l/Z*a*cos(x)“Q - 1/2%b*cos(x)*sin(x) + 1/2%b*x

3.3.  [sin(z)(acos(z) + bsin(z)) dz
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3.3.6 Sympy [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.48

_ asin’®(z) | brsin®(z)  bwcos’ (x)  bsin(x)cos (z)

/Sin(x)(a cos(z) + bsin(z)) dz = 5+ 5 + 5 :

inputLintegrate(sin(x)*(a*cos(x)+b*sin(x)),X)

outputLa*sin(x)**2/2 + b*x*sin(x)**2/2 + b*x*cos(x)**2/2 - b*sin(x)*cos(x)/2

3.3.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.84

: : 1 2, 1 :
/sm(x) (acos(z) + bsin(x)) dz = —gacos ()" + 1 b(2x —sin (2x))

input Lintegrate (sin(x)*(a*cos(x)+b*sin(x)),x, algorithm="maxima")

output‘-1/2*a*cos(x)“2 + 1/4%b*(2*x - sin(2+*x))

3.3.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.76

/sin(x)(a cos(z) + bsin(z)) dz = % br — %1 acos(2z) — i bsin (2 )

inputLintegrate(sin(x)*(a*cos(x)+b*sin(x)),x, algorithm="giac")

~—

output‘ 1/2xb*x - 1/4*a*cos(2*x) - 1/4*bxsin(2*x)

3.3.  [sin(z)(acos(z) + bsin(z)) dz
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3.3.9 Mupad [B] (verification not implemented)

Time = 21.22 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.76

/sin(x)(a cos(z) + bsin(z)) dz = asinz(a:) _ boos (a:; sin () + b;

input Lint(sin(x)*(a*cos(x) + b*sin(x)),x)

outputt(a*sin(x)"2)/2 + (b*x)/2 - (b*xcos(x)*sin(x))/2

3.3.  [sin(z)(acos(z) + bsin(z)) dz
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3.4 [(acos(z) + bsin(z)) dx

34.1 Optimalresult . .. ... ... . .. ... 135
3.4.2 Mathematica [A] (verified) . . . . . .. ... ... L Lo oL 135
3.4.3 Rubi [A] (verified) . . . .. ... 136
3.44 Maple [A] (verified) . . ... ... ... .. 130]
3.4.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ..., 137
3.4.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... 137
3.4.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 137
3.4.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 138
3.4.9 Mupad [B] (verification not implemented) . . ... ... ... ........ 138

3.4.1 Optimal result

Integrand size = 9, antiderivative size = 10

/(a cos(z) + bsin(z)) dz = —bcos(x) + asin(x)

outputL-b*cos(x)+a*sin(x) J

3.4.2 Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/(a cos(z) + bsin(x)) dz = —bcos(z) + asin(zx)

input‘ Integrate[axCos[x] + b*Sin[x],x]

output ‘ -(b*Cos[x]) + a*Sin[x]

34.  [(acos(z) + bsin(z)) dz



input LInt [a*xCos[x] + b*Sin[x],x]
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3.4.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ (117 Ryjeg used = {2009}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a cos(z) + bsin(z)) dzx
| 2009

asin(z) — bcos(z)

-/

output L— (bxCos[x]) + axSin[x] J

3.4.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] J

3.4.4 Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.10

method result size
default —bcos (z) + asin (z) 11
risch —bcos (z) + asin (z) 11
parts —bcos (z) + asin (x) 11
parallelrisch | asin (z) — bcos (z) — 14
meijerg asin (z) + b\/7 (% — COS\;?) 22
norman Zatan(3) -2 23
1+tan(%)
input Lint (axcos(x)+b*sin(x) ,x,method=_RETURNVERBOSE) J

34.  [(acos(z) + bsin(z)) dz
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output‘—b*cos(x)+a*sin(x)

3.4.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/(a cos(z) + bsin(z)) dz = —bcos (z) + asin (z)

inputLintegrate(a*cos(x)+b*sin(x),x, algorithm="fricas")

outputt—b*cos(x) + a*sin(x)

3.4.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/(a cos(z) + bsin(z)) dz = asin (z) — bcos ()

inputtintegrate(a*cos(x)+b*sin(x),x)

outputla*sin(x) - b*cos(x)

3.4.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/(a cos(z) + bsin(z)) dz = —bcos (z) + asin (z)

input‘integrate(a*cos(x)+b*sin(x),x, algorithm="maxima"

outputt—b*cos(x) + a*sin(x)

34.  [(acos(z) + bsin(z)) dz
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3.4.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/(a cos(x) + bsin(z)) dx = —bcos (z) + asin (z)

inputLintegrate(a*cos(x)+b*sin(x),x, algorithm="giac")

-

output | -bk*cos(x) + a*sin(x)

N\

3.4.9 Mupad [B] (verification not implemented)

Time = 20.98 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/(a cos(z) + bsin(z)) dz = a sin (z) — b cos (z)

N

input | int (a*cos(x) + b*sin(x),x)

L

~—  /

p
output La*sin(x) - b*cos(x)

~—

34.  [(acos(z) + bsin(z)) dz
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3.5 [ cse(z)(a cos(z) + bsin(z)) dx

3.5.1 Optimalresult . .. ... ... . .. ... 139
3.5.2 Mathematica [A] (verified) . . . . . ... ... .. Lo oL 139
3.5.3 Rubi [A] (verified) . . ... ... ... 140
3.5.4 Maple [A] (verified) . .. ... .. ... .. 1411
3.5.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 141
3.5.6 Sympy [A] (verification not implemented) . . . ... .. ... ... ... ... 1411
3.5.7 Maxima [A] (verification not implemented) . .. .. ... ... ....... 142
3.5.8 Giac [B] (verification not implemented) . . . .. .. ... ... ....... 142
3.5.9 Mupad [B] (verification not implemented) . . . ... ... ... ... . ... 142

3.5.1 Optimal result

Integrand size = 12, antiderivative size = 9

/csc(x)(a cos(x) + bsin(z)) dx = bzr + alog(sin(x))

output Lb*x+a*1n(sin (%)) J

3.5.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.56

/ csc(z)(a cos(x) + bsin(z)) dx = bx + alog(cos(z)) + alog(tan(z))

input ‘ Integrate[Csc[x]*(a*Cos[x] + b*Sin[x]),x]

output ‘ b*x + axLog[Cos[x]] + axLog[Tan[x]]

3.5.  [csc(z)(acos(z) + bsin(z)) dz



input

output

rule 2009

rule 3042

rule 3564
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3.5.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 954 Ryjles used = {3042,

’ integrand size
3564, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/csc(m)(a cos(x) + bsin(z)) dx

| 3042
/ acos(z) + bsin(x) i

sin(z)

l 3564

/(a cot(z) + b)dx
| 2009

alog(sin(z)) + bz

-

LInt[Csc[x]*(a*Cos[x] + b*Sin[x]) ,x]

~—

~—

Lb*x + a*Log[Sin[x]]

3.5.3.1 Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] J

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(c_.) + (A_)*x_)] " (m_)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*sin
[(c_.) + (@_)*(x_)1)"(n_.), x_Symbol] :> Int[(b + a*Cot[c + d*x])~"n, x] /;
FreeQ[{a, b, c, d}, x] && EqQ[m + n, 0] && IntegerQ[n] && NeQ[a"2 + b~2, 0

]

3.5.  [csc(z)(acos(z) + bsin(z)) dz
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3.54

Time = 0.36 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.11

Maple [A] (verified)

method result size
default zb + aln (sin (z)) 10
parts —aln (csc(z)) + zb 11
risch zb — iaz + aln (e*® — 1) 20
parallelrisch | zb + aln (csc (z) — cot (7)) — aln <ﬁ> 27
212
norman %)r +aln (tan (%)) —aln <1 + tan (§)2) 45
an 3

inputLint(csc(x)*(a*cos(x)+b*sin(x)),x,method=_RETURNVERBOSE)

output Lx*b+a*ln (sin(x))

3.5.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.22

/csc(x)(a cos(z) + bsin(z)) dz = bz + alog (% sin (az))

inputLintegrate(csc(x)*(a*cos(x)+b*sin(x)),x, algorithm="fricas")

output Lb*x + axlog(1/2*sin(x))

3.5.6 Sympy [A] (verification not implemented)

Time = 0.51 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.89

/csc(m) (acos(z) + bsin(z)) de = alog (sin (x)) + bz

input Lintegrate (csc(x)*(axcos(x)+b*sin(x)),x)

—

output La*log(sin(x)) + bxx

3.5.

[ ese(z)(acos(z) + bsin(z)) dz
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3.5.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

/ csc(z)(acos(x) + bsin(z)) de = bz + alog (sin (z))

inputLintegrate(csc(x)*(a*cos(x)+b*sin(x)),x, algorithm="maxima")

~—

-

output

bxx + a*log(sin(x))

N\

i

3.5.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 24 vs. 2(9) = 18.

Time = 0.28 (sec) , antiderivative size = 24, normalized size of antiderivative = 2.67

/ csc(z)(a cos(z) + bsin(x)) dz = bz — alog (tan (% m>2 4 1) +alog (

¢ 1
an| -z
2

)

inputLintegrate(csc(x)*(a*cos(x)+b*sin(x)),X, algorithm="giac")

e

output Lb*x - a*log(tan(1/2%x)"2 + 1) + a*log(abs(tan(1/2%x)))

~—

3.5.9 Mupad [B] (verification not implemented)

Time = 21.16 (sec) , antiderivative size = 54, normalized size of antiderivative = 6.00

Z T x

/csc(x)(a cos(z) + bsin(z))dr=a In (tan(i)) —aln (tan(i) —i) —aln (tan(E) +1i>

—bln <tan(§) — i) li+bln <tan(g> + 1i> 1i

input Lint((a*cos(x) + b*sin(x))/sin(x),x)

output‘a*log(tan(x/Q)) - axlog(tan(x/2) - 1i) - axlog(tan(x/2) + 1i) - bxlog(tan(
'x/2) - 1i)*1i + bxlog(tan(x/2) + 1i)*1i

3.5.  [csc(z)(acos(z) + bsin(z)) dz
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3.6

3.6.1
3.6.2
3.6.3
3.6.4
3.6.5
3.6.6
3.6.7
3.6.8
3.6.9

[ esc?(z)(acos(x) + bsin(z)) dz

Optimal result . . . . . . .. . .. . . 143]
Mathematica [B] (verified) . . . . . . ... ... ... L Lo L 143
Rubi [A] (verified) . . . . . . . . . . . 144
Maple [A] (verified) . . . . . . . . . . 145
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 145
Sympy [A] (verification not implemented) . . . . ... ... ... ... ... 1461
Maxima [A] (verification not implemented) . . . . ... ... ... ... .. 146
Giac [B] (verification not implemented) . . . .. ... ... ... ...... 146
Mupad [B] (verification not implemented) . . . ... ... ... ... ..... 147

3.6.1 Optimal result

Integrand size = 14, antiderivative size = 12

/ csc?(x)(acos(z) + bsin(x)) dr = —barctanh(cos(z)) — a csc(x)

outputL-b*arctanh(cos(x))-a*csc(x)

3.6.2

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 25 vs. 2(12) = 24.

Time = 0.05 (sec) , antiderivative size = 25, normalized size of antiderivative = 2.08

/CSC2(IL‘)(a cos(z) + bsin(z)) dz = —acsc(z) — blog (cos <g>) +blog (sin <g>>

input

N

Integrate[Csc[x] "2+ (a*Cos[x] + b*Sin[x]),x]

output‘—(a*Csc[x]) - b*Log[Cos[x/2]] + b*Log[Sin[x/2]]

3.6.

[ esc?(z)(acos(z) + bsin(z)) dz




input

output

rule 2009

rule 3042

rule 3568
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3.6.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 914 Ryjeg used = {3042,

integrand size
3568, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/csc2 (z)(acos(x) + bsin(z)) dz

| 3042
/ acos(z) + bsin(x) i

sin(z)2

| 3568
/(a cot(z) csc(x) + bese(x))dz

l 2009

—a csc(z) — barctanh(cos(z))

-

LInt [Csc[x] "2*(a*Cos[x] + b*Sin[x]),x]

~—

L— (bxArcTanh[Cos[x]]) - a*Cscl[x]

~—

3.6.3.1 Defintions of rubi rules used

-

LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

| —

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(c_.) + (A_D)*x_)] " (m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si
nl(c_.) + (A_.)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTrigl[sin[c + d*x] m*(a
xcos[c + d*x] + b*sinl[c + d*x])~"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

36.  [csc*(z)(acos(z) + bsin(z)) dz
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3.6.4 Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.42

method result size

parallelrisch | bln (csc (z) — cot (z)) — acsc (x) 17

parts bln (csc (x) — cot (x)) — acsc (x) 17

default — s TbIn (csc (z) — cot (x)) 19

risch —2ae® _pln(e®® + 1) +bln (e —1) | 41

norman _Tmnz(%)4 _tan(?% +bln (tan (%)) | 48
tan(%) <1+tan(%) ) 2

input tint (csc(x)"2*(a*xcos (x)+b*sin(x)) ,x,method=_RETURNVERBOSE)

output [b*ln(csc (x)-cot(x))-a*csc(x)

-/

3.6.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 33 vs. 2(12) = 24.

Time = 0.25 (sec) , antiderivative size = 33, normalized size of antiderivative = 2.75

/ csc?(z)(acos(z) + bsin(z)) dz

_ blog (3 cos(z) + 1) sin (z) — blog (—3 cos(z) + 3)sin(z) + 2a
N 2 sin (z)

p
input Lintegrate (csc(x) 2% (a*cos(x)+b*sin(x)) ,x, algorithm="fricas")

-/

output‘—1/2*(b*1og(1/2*cos(x) + 1/2)*sin(x) - bxlog(-1/2%cos(x) + 1/2)*sin(x) + 2
L*a)/sin(x)

~

36.  [csc*(z)(acos(z) + bsin(z)) dz
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3.6.6 Sympy [A] (verification not implemented)

Time = 0.95 (sec) , antiderivative size = 24, normalized size of antiderivative = 2.00

/CSC2(£L') (acos(x) + bsin(x)) dz = _sina(x) + blog (0052(@ -1) _ blog (cos2(x) +1)

input Lintegrate (csc(x)**2x (a*xcos (x) +b*sin(x)) ,x)

~—

-

output

-a/sin(x) + b*log(cos(x) - 1)/2 - bxlog(cos(x) + 1)/2

N

i

3.6.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 24, normalized size of antiderivative = 2.00

a

/0302(w)(a cos(z) + bsin(z)) dx = —% b(log (cos (x) + 1) — log (cos () — 1)) — in (2)

p
inputLintegrate(csc(x)“2*(a*cos(x)+b*sin(x)),x, algorithm="maxima"

| —

outputL—1/2*b*(log(cos(x) + 1) - log(cos(x) - 1)) - a/sin(x)

3.6.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 33 vs. 2(12) = 24.

Time = 0.28 (sec) , antiderivative size = 33, normalized size of antiderivative = 2.75

(1 )D 1 (1 ) 2btan (3 ) +a
tan | - x ——atan| -z | — T
2 2 2 2 tan (1 z)

/csc2 (x)(acos(z)+ bsin(z)) dz = blog (

input ‘ integrate(csc(x) “2x(a*cos(x)+b*sin(x)) ,x, algorithm="giac")

output‘b*log(abs(tan(1/2*x))) - 1/2%axtan(1/2%x) - 1/2%(2*bxtan(1/2*x) + a)/tan(1
‘/2*x)

36.  [csc*(z)(acos(z) + bsin(z)) dz
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3.6.9 Mupad [B] (verification not implemented)

Time = 20.68 (sec) , antiderivative size = 24, normalized size of antiderivative = 2.00

a atan(%)

/csc2(x)(a cos(z) + bsin(z))dx = b In (tan(%)) — — 5

2tan (%)

input [int((a*cos(x) + bxsin(x))/sin(x)~2,x)

-/

output Lb*log(tan(x/Q)) - a/(2*tan(x/2)) - (a*tan(x/2))/2

-/

36.  [csc*(z)(acos(z) + bsin(z)) dz
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3.7 [ esc®(z)(acos(x) + bsin(z)) dz

3.71 Optimalresult . . . . .. ... . .. . 148]
3.7.2 Mathematica [A] (verified) . . . . . .. ... ... Lo oL 148
3.7.3 Rubi [A] (verified) . . . . .. ... 149
3.74 Maple [A] (verified) . ... ... . ... .. 150
3.7.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 150
3.7.6  Sympy [A] (verification not implemented) . . . . ... ... ... .. ... 1511
3.7.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 1511
3.7.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 151
3.7.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 152
3.7.1 Optimal result
Integrand size = 14, antiderivative size = 15
1
/csc3(x)(a cos(x) + bsin(z)) dx = —bcot(z) — 50 csc?(z)
output L-b*cot (x)-1/2*a*csc(x) "2 J
3.7.2 Mathematica [A] (verified)
Time = 0.05 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00
1
/csc3(z) (acos(z) + bsin(z)) de = —bcot(z) — 20 csc?(z)
input ‘ Integrate[Csc[x] "3*(axCos[x] + b*Sin[x]),x] ‘

output, - (b*Cot [x]) - (a*Csclx]2)/2 |

3.7.  [esc*(z)(acos(z) + bsin(z)) dz



input

output

rule 2009

rule 3042

rule 3568
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3.7.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 914 Ryjeg used = {3042,

integrand size
3568, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/csc3 (z)(acos(x) + bsin(z)) dz

| 3042
/ acos(z) + bsin(x) i

sin(z)3

l 3568

/ (acot(z) csc®(z) + besc?(z)) da
| 2009

1
L csc?(z) — beot(x)

‘ Int[Csc[x] ~3*(a*xCos[x] + b*Sin[x]),x]

-

L-(b*Cot[x]) - (a*Csc[x]~2)/2

~—

3.7.3.1 Defintions of rubi rules used

-

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sinl[(c_.) + (d_.)*(x_ )1 (m_.)*(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*si
nl(c_.) + (d_.)*(x_)]1)"(n_.), x_Symbol] :> Int[ExpandTriglsin[c + d*x] m*(a
xcos[c + d*x] + b*sin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.7.  [esc*(z)(acos(z) + bsin(z)) dz
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3.7.4 Maple [A] (verified)

Time = 0.57 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.93

method result size
default — m — beot () 14
a csc(z)?
parts —bcot (z) — 57 14
. 2i(ia e2i®+bei®—p)
risch @1y 33
parallelrisch —a tan(%)4+4b tan(%)3—4b tan(Z)—a 38
8tan(2) 2

_7_atan8(%)6_btan2(%)+btan2(%) 47

norman
tan(%)2 (1+tan(%)2>

inputLint(csc(x)“3*(a*cos(x)+b*sin(x)),x,method=_RETURNVERBUSE)

output ‘ -1/2*a/sin(x) ~2-b*cot (x)

3.7.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.27

/csc3 (x)(acos(x) + bsin(z)) dz =

2bcos (z)sin (z) + a

2 (cos (z)* — 1)

p
input Lintegrate (csc(x) "3*(a*cos(x)+b*sin(x)) ,x, algorithm="fricas")

-/

output L1/2*(2*b*cos(x)*sin(x) + a)/(cos(x)"2 - 1)

-/

3.7.  [esc*(z)(acos(z) + bsin(z)) dz
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3.7.6 Sympy [A] (verification not implemented)

Time = 1.84 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

CSC3 X )laCoS\T Sil’ll’ r = — a _bCOS(.’L')
[ e @aeosta) + boinGa e = 5 o4 - 1S

input Lintegrate (csc(x)**3* (a*xcos (x) +b*sin(x)) ,x)

~—

(—a/(2*sin(x)**2) - b*cos(x)/sin(x)

N

output

i

3.7.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

3 i = — b - -
/CSC (z)(acos(z) + bsin(z)) dz = —— (z) 2 sin(z)?

p
input Lintegrate (csc(x) "3*(a*cos(x)+b*sin(x)) ,x, algorithm="maxima")

~—

output L—b/tan(x) - 1/2*a/sin(x) "2

3.7.8 Giac [A] (verification not implemented)
Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.87

2btan (z) + a

/csc3(x)(a cos(z) + bsin(z)) dz = — 2 tom (o)°

input Lintegrate (csc(x) "3*(a*cos(x)+bxsin(x)),x, algorithm="giac")

e

outputt—i/Z*@*b*tan(x) + a)/tan(x) "2

A J

3.7.  [esc*(z)(acos(z) + bsin(z)) dz
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3.7.9 Mupad [B] (verification not implemented)
Time = 20.82 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.93

a+bsin(2x)

/ csc’(z)(acos(z) + bsin(e)) do = —— — ()

input Lint((a*cos(x) + bx*sin(x))/sin(x)"3,x)

~—

output L—(a + b*sin(2*x))/(2*sin(x)~2) J

3.7.  [esc*(z)(acos(z) + bsin(z)) dz
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3.8 [ gy

(z)+bsin(x)
3.8.1 Optimalresult . .. ... ... ... ... 153]
3.8.2 Mathematica [C] (verified) . . . . . . . . ... L Lo 153
3.8.3 Rubi [A] (verified) . . . . . ... .. 154
3.8.4 Maple [A] (verified) . .. ... .. ... .. 156
3.8.5 Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... .. 157l
3.8.6 Sympy [F(-1)] . . . . o 157
3.8.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 157l
3.8.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 158
3.8.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... .. 158

3.8.1 Optimal result

Integrand size = 16, antiderivative size = 91

acos(z) + bsin(z) do = (a2 + b2)? *3 (a2 + b2) (a2 + b2)?
_bceos(z)sin(z)  asin’(z)
2(a?+0?2) 2 (a? +b?)

/ sin®(z) a’bx bz a?log(a cos(z) + bsin(z))

output‘a“2*b*x/(a“2+b”2)“2+1/2*b*x/(a“2+b‘2)—a‘3*1n(a*cos(x)+b*sin(x))/(a“2+b“2)“
|2-1/2+%bxcos (x) *sin(x) / (a~2+b~2)-1/2%a*sin(x) "2/ (a~2+b"2) |

3.8.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.35 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.03

.3
/ sin®(x) ‘ i
acos(x) + bsin(x)
_ —4ia’zs 4 6a®bx + 20z + 4ia® arctan(tan(z)) + a(a® 4 b?) cos(2z) — 2a® log ((a cos(z) + bsin(z))?) — a?
B 4 (a2 + 2)*

inputLIntegrate[Sin[x]‘3/(a*Cos[x] + b*Sin[x]),x] J

sin3(x)
3.8. f a cos(z)+bsin(z) dx
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output‘ ((-4%I)*a~3*x + 6%a~2xb*x + 2%xb~3*x + (4*xI)*a~3*ArcTan[Tan[x]] + a*(a”2 +
‘b"2)*Cos [2*x] - 2xa~3*Logl[(a*Cos[x] + b*Sin[x])"2] - a"2*b*Sin[2*x] - b~3*
\Sin [2%x])/(4%(a~2 + b~2)"2)

3.8.3 Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.01, number
of steps used = 8, number of rules used = 8, Bumber of rules _ , 55 Ryles used = {3042,

integrand size
3578, 3042, 3115, 24, 3576, 3042, 3612}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

sin3(x)
/ acos(z) + bsin(x) dz
| 3042

sin(z)3
/ acos(z) + bsin(x) de

| 3578
b [ sin?(z)dzx N a® [ Wﬁ@mdw _ asin®(z)
a? + b2 a? + b2 2(a? +0?)
| 3042
b [ sin(z)?dz a® [ Wﬁ,ﬁm(@dw _ asin’(z)
a? + b2 a? + b2 2 (a2 + b2)
| 3115
i 1d: 1 .
a’ f acos(swl;l-l(-?sin(w) dx n b(f 2 - - 2 Sln(x) cos(x)) _ asin2(:c)
a? +b? a? + b2 2(a? +b?)

l24

a’ [ ﬁ-&r@dw asin?(z)  b(% — 1sin(z)cos(z))

a? +b? 2 (a? +b?) a? +b?
l 3576
cos(z)—asin(x)
a2 bz _ af Z,cos(a:)mdx .
a?+b? a?+b? _ asin’(z) | b(§ — gsin(z) cos(z))
a? + b2 2(a? +b?) a? + b2

P

a cos(z)+bsin(z)
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| 3042
a2 —be _af e da
a2+b? a2 +b2 B asin?(x) N b(% — 1 sin(z) cos(z))
| 3612
bx 1 +bsi
_ asin’(z) | b(§ — }sin(x) cos(z)) aQ(az oo, — 2loa(acosa)y sm(x)))
2(a® +b°) a?+ b2 a2 + b2

inputLInt[Sin[x]“S/(a*Cos[x] + b*Sin[x]) ,x]

output ‘
|

N\

-

(a~2%((b*x)/(a~2 + b~2) - (a*Logla*Cos[x] + b*Sin[x]])/(a~2 + b~2)))/(a"2
+ b"2) - (a*Sin[x]"2)/(2*%(a"2 + b~2)) + (b*(x/2 - (Cos[x]*Sin[x])/2))/(a"2
+ b~2)

-

3.8.3.1 Defintions of rubi rules used

rule 24L

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQl[a, x]

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; Function0fTrigOfLinear
Qlu, x]

rule 3115

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2xn]

rule 3576

Int[sin[(c_.) + (d_.)*(x_)]1/(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*sin[(c_.
) + (d_.)*(x_)1), x_Symbol] :> Simp[b*(x/(a"2 + b~2)), x] - Simp[a/(a”2 + b
~2)  Int[(b*Cos[c + d*x] - a*Sin[c + d*x])/(a*Cos[c + d*x] + bxSin[c + d*x
1), x1, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

sin3(x)
3.8. f a cos(z)+bsin(z) dx
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rule 3578  Int[sin[(c_.) + (d_.)*(x_)]1"(m_)/(cos[(c_.) + (d_.)*(x_)1*(a_.) + (b_.)*sin
[(c_.) + (@_.)*(x_)]), x_Symbol] :> Simp[(-a)*(Sin[c + d*x]~(m - 1)/(d*(a"2
+ b™2)*x(m - 1))), x] + (Simp[a~2/(a"2 + b"2) Int[Sinf[c + d*x]"(m - 2)/(a
*Cos[c + d#x] + b*Sin[c + d*x]), x], x] + Simp[b/(a”2 + b~2) Int[Sinl[c +

dxx]~(m - 1), x], x]) /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0] && GtQ
[m, 1]

rule 3612 Int[((A_.) + cos[(d_.) + (e_.)*(x_)I*(B_.) + (C_.)*sin[(d_.) + (e_.)*(x_)1)
/((a_.) + cos[(d_.) + (e_.)*(x_)I*(b_.) + (c_.)*sin[(d_.) + (e_.)*(x_)1), x
_Symbol] :> Simp[(b*B + c*C)*(x/(b"2 + c~2)), x] + Simp[(c*B - bx*C)*(Logl[a
+ b*Cos[d + e*x] + c*Sin[d + e*x]]/(ex(d"2 + ¢c~2))), x] /; FreeQ[{a, b, c,
d, e, A, B, C}, x] &% NeQ[b~2 + c”2, 0] &% EqQ[A*(b"2 + c~2) - ax(b*B + c*C
), 0]

3.8.4 Maple [A] (verified)

Time = 0.55 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.07

method result
(— %a2b— %b?’) tan(z)-ﬁ-% + # n a3 ln(1+tan(z)2) n (3a2b+63) arctan(tan(z))
a®In(a+btan(z)) 1+tan(z)2 2 2
default @y T @10
. —a?bsin(2z)—b3 sin(2z)+a cos(2x)+a b? cos(2x)—4a® In ( %) +4a3 In ( m) +6x a2b+2z b2 —a®—a b?
parallelrisch >
4(a2+b2)
risch b + ixa + ez e~ %@ + 2ia3x _ a’ln (e%z B ;Zi_Z)
SC Ziba—2a7 1262 1 Ziba—a?+b2 | —8ib+8a | 8ib+8a | ait2a2b21b7 a¥+2a%62+ b3
btan(%)s 2atan(%)2 2atan(%)4 btan(%) b(3a2+b2)a: 3b(3a2+b2)mtan(%)2 3b<3a2+b2)ztan(%)4 b(3a2+b2).7:'
aZ2+62  a2+4b2 a2462 T 4242 + 2a%+4a2b2 1 2b% 2(a4+2a2b2+b4) 2(a4+2a2b2+b4 + 20414420’
norman 3
(1+tan(3)?)

/

input | int (sin(x) "3/ (a*cos(x)+b*sin(x)) ,x,method=_ RETURNVERBOSE)

—

B

output ‘ -a~3/(a™2+b"2) "2x1n(a+b*tan(x))+1/(a”2+b"2) "2x (((-1/2*%a"2%b-1/2*b"3) *tan (x
\)+1/2*a‘3+1/2*a*b*2)/(1+tan(x)‘2)+1/2*a‘3*1n(1+tan(x)‘2)+1/2*(3*a“2*b+b“3)
‘ *arctan(tan(x)))

——————

sin3(x)
3.8. f a cos(z)+bsin(z) dx
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3.8.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.02

/ sin®(x) dr —
a cos(x) + bsin(z)
_ a’log (2abcos (z)sin (z) + (a® — b?) cos ()% + %) — (a® + ab?) cos () + (a2b + b®) cos (z) sin (z) —
2 (a* +2a2%b% + %)

input Lintegrate (sin(x)~3/(a*cos(x)+b*sin(x)) ,x, algorithm="fricas")

-

output‘—1/2*(a‘3*log(2*a*b*cos(x)*sin(x) + (a”2 - b™2)*cos(x)72 + b72) - (a”3 + a
‘*b‘2)*cos(x)‘2 + (a~2%b + b~3)*cos(x)*sin(x) - (3*%a~2*%b + b~3)*x)/(a"4 + 2
*a~2%xb"2 + b~4)

N\ J

3.8.6 Sympy [F(-1)]

Timed out.
sin®(z) .
- dz = Timed out
acos(z) + bsin(x)
input Lintegrate (sin(x)**3/(a*xcos(x)+b*sin(x)),x) J
output LTimed out J

3.8.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 209 vs. 2(85) = 170.

Time = 0.29 (sec) , antiderivative size = 209, normalized size of antiderivative = 2.30

i in(x)2
(/ sin®(x) d ___a3bg<—u——i§3$i (£;$ﬁﬁ>
acos(z) + bsin(z) v a* +2a?b? + b*

N a®log (% - 1) (3a®b + b®) arctan (c;‘?g}rl)
a* + 2a?b? + b* a* + 2a%b? + b*
bsin(z) + 2 a sin(z)? _ bsin(z)3

_ cos(z)+1 (cos(x)+1)? (cos(z)+1)3

a4+ b+ 2 (a2+b2) sin(z)? (a2+b2) sin(z)*

(cos(z)+1)2 (cos(z)+1)*

sin3(x)
3.8. f a cos(z)+bsin(z) dx
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input | integrate(sin(x)~3/(a*cos(x)+b*sin(x)),x, algorithm="maxima")

output | -a~3*log(-a - 2*b*sin(x)/(cos(x) + 1) + a*sin(x)~2/(cos(x) + 1)72)/(a"4 +
2*¥a”2xb~2 + b~4) + a”~3*log(sin(x)~2/(cos(x) + 1)72 + 1)/(a"4 + 2*a~2*b"2 +
b~4) + (3*a"2%b + b~3)*arctan(sin(x)/(cos(x) + 1))/(a"4 + 2*xa"2*xb"2 + b~4
) - (b*sin(x)/(cos(x) + 1) + 2*axsin(x)~2/(cos(x) + 1)72 - b#*sin(x)~3/(cos
(x) + 1)73)/(a"2 + b™2 + 2x(a”2 + b"2)*sin(x)"2/(cos(x) + 1)72 + (a"2 + b~
2)*sin(x)~4/(cos(x) + 1)74)

3.8.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.63

/ sin®(z) dr — _a’blog (|btan (z) + a)
a cos(x) + bsin(z) a*b + 2a?b3 + b°
a’log (tan (z)? + 1) (3a%b + b))z
2@ 12022 + b0 | 2(af + 200 + bY)
a3 tan (z)° + a2btan (z) + b° tan (z) — ab?
- 2 (a* + 2a?b% + b*)(tan (z)® + 1)

p

inputtintegrate(sin(x)‘3/(a*cos(x)+b*sin(x)),x, algorithm="giac")

~—

output‘ -a~3*b*log(abs(b*tan(x) + a))/(a"4*b + 2*¥a~2*b"3 + b~5) + 1/2*a"3*log(tan(
‘x)‘2 + 1)/(a”4 + 2*¥a"2*xb"2 + b"4) + 1/2%(3*%a"2*b + b~3)*x/(a"4 + 2*a~2%b"2
|+ b™4) - 1/2%(a”3%tan(x)"2 + a”2*bxtan(x) + b~3tan(x) - axb™2)/((a™4 + 2
*a~2xb~2 + b~4)*(tan(x)"2 + 1))

N\

3.8.9 Mupad [B] (verification not implemented)

Time = 29.18 (sec) , antiderivative size = 3512, normalized size of antiderivative = 38.59

sin3(z)
dz = Too 1 to displ
/ acos(x) + bsin(x) ¢ = 100 fatee to display

input Lint(sin(x) ~3/(a*cos(x) + b*sin(x)),x)

sin3(x)
3.8. f a cos(z)+bsin(z) dx

~—



output
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/(4*a“3*10g(1/(cos(x) + 1)))/(4xa”~4 + 4*%b~4 + 8xa~2xb~2) - ((b*tan(x/2))/(a

2 + b™2) + (2*axtan(x/2)"2)/(a"2 + b~2) - (b*tan(x/2)"3)/(a"2 + b~2))/ (2%
tan(x/2)"2 + tan(x/2)"4 + 1) - (a"3*log(a + 2*b*tan(x/2) - axtan(x/2)72))/
(a4 + b™4 + 2*a”"2*%b"2) - (b*atan((tan(x/2)*((((4*a~3*((b*((8*(4*a~2xb"8 -
8*xa~10 + 16*%a~4*b"6 + 12*xa~6*%b"4 - 8*xa~8*%b~2))/(a”6 + b"6 + 3*a"2*xb"4 + 3
*a~4*xb"2) + (32*%a~3*x(12*a*xb~10 + 48*%a”~3*xb~8 + 72*a~5xb~6 + 48*a~T*b"4 + 12
*a~9xb~2))/((4*a~4 + 4xb~4 + 8%a~2%b~2)*(a"6 + b~6 + 3*a"2%b"4 + 3*a~4*b"2
)))*x(3*%a”2 + b"2))/(2%(a”4 + b™4 + 2*a”"2*%b"2)) + (16*a~3*b*x(3*a"2 + b~2)*(
12*xa*b~10 + 48%a~3*b~8 + 72*a"~5*b~6 + 48*a"~T7*b~4 + 12%a~9*b~2))/((4*a~4 +
4%b~4 + 8*a~2xb"2)*(a"4 + b~4 + 2*a~2+%b"2)*(a"6 + b"6 + 3*a"2*b~4 + 3*ka~4x
b72))))/(4*xa~4 + 4*b~4 + 8*a~2xb"2) + (b*(3*a”2 + b~2)*((8*(2*a*b~8 + 13*a
~3*%b"6 + 32*%a~5*b"4 + 21*%a~7*b"2))/(a"6 + b6 + 3*a~2*xb"4 + 3*a~4*xb"2) + (
4xa~3% ((8*%(4*xa~2%b"8 - 8*a~10 + 16*a~4%b~6 + 12*a~6*%b~4 - 8*a~8*b~2))/(a"6
+ b"6 + 3*a"2*xb~4 + 3*a~4xb"2) + (32*xa~3*(12*axb~10 + 48*a~3*%b"8 + 72*a~5
*b"6 + 48*a"T7*b"4 + 12*%a”9*%b"2))/((4*a"4 + 4%b"4 + 8*xa~2*%b"2)*x(a”6 + b"6 +
3*%a”~2+%b"4 + 3*%a~4xb”"2))))/(4*a"4 + 4%b~4 + 8*xa~2xb”"2)))/(2*x(a”4 + b4 + 2
*a"2%b"2)) - (b"3*(3*%a"2 + b~2) 3*%(12*a*xb~10 + 48*a~3*%b"8 + 72*xa~5*%b"6 + 4
8*a~7*b~4 + 12%a~9%b"2))/((a"4 + b~4 + 2*xa~2%b"2)"3*%(a"6 + b~6 + 3*a~2%b~4
+ 3%a~4*b~2)))*(16%a~8 + b8 + 5xa~2%b~6 - 13*a~4%b~4 - 73*a~6%b~2))/(16%
a”8 + b"8 + 7*a"2%b~6 + 15%¥a~4%b~4 + 25%¥a”6%b"2)"2 + (2*axb*(b~6 - 28*a...

sin3(x)
3.8. f a cos(z)+bsin(z) dx
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3.9 [__w@ gy

(z)+bsin(x)
39.1 Optimalresult . .. ... ... ... ... 160
3.9.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 160
3.9.3 Rubi [A] (verified) . . . . . ... .. 161
3.9.4 Maple [A] (verified) . ... ... . ... .. 162
3.9.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 163l
3.9.6 Sympy [C] (verification not implemented) . . ... .. ... ... ...... 163
3.9.7 Maxima [A] (verification not implemented) . . .. ... ... ... .. ... .. 164
3.9.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 165
3.9.9 Mupad [B] (verification not implemented) . . ... ... ... ... .... 165

3.9.1 Optimal result

Integrand size = 16, antiderivative size = 68

b cos(z)—asin(z)
/ sin?(zx) e azarctanh( Vai 152 > bcos(z) asin(z)
acos(x) + bsin(z) (a2 + b2)%/? a2 +b2 a2+ b2

output ‘(—a“2*arctanh( (bxcos(x)-a*sin(x))/(a"2+b~2)~(1/2))/(a~2+b~2) " (3/2) -b*cos (x) ‘
/(a"2+b"2)-a*sin(x)/(a~2+b"2) |

3.9.2 Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.91

—b—i—atan(%)
/ sin?(z) g — 2a2arctanh< JaZ b2 ) _ bcos(z) + asin(z)
acos(z) + bsin(z) = (a® + b2)*? a? + b?

input ‘ Integrate[Sin[x]~2/(a*Cos[x] + b*Sin[x]),x] ‘

output‘/(2*a‘2*ArcTanh[(-b + axTan[x/2])/Sqrt[a”2 + b~2]]1)/(a"2 + b~2)"(3/2) - (b* ‘
Cos[x] + axSin[x])/(a™2 + b"2) |

sin?(x)
3.9. f a cos(z)+bsin(z) dx
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3.9.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 375 Ry jaq ysed = {3042,

integrand size
3578, 3042, 3118, 3553, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

sin?(z)
/ acos(z) + bsin(x) dz
| 3042

sin(z)?
/ acos(z) + bsin(z) de

| 3578
b [ sin(z)dz a® [ mdw _ asin(z)
(l2+b2 a2+b2 a2+b2
| 3042
b [ sin(z)dz a® [ mdfp _ asin(z)
a? 4 b2 a? + b2 a? 4 b2
| 3118
a? f acos(a:)}l-bsin(a;) dz _ asin(w) _ bCOS(.’L’)
a? 4 b2 a2+ a2+ b2
| 3553
_a’2 f a,z—i—b?—(bcos:(laz:)—a,sim(ac))2 d(b COS(IE) - aSin(x)) _ asin(w) _ bCOS(:B)
a? + b? a?+b a2+ b2
| 219
b —asin
_a2arctanh( COS% (x)) _asin(z)  bcos(z)
(a2 + b2)%/2 a?+b% a2+ b2
input | Int [Sin[x] "2/ (a*Cos[x] + b*Sin[x]) ,x] |

e B

-((a"2*ArcTanh [(b*Cos[x] - a*Sin[x])/Sqrt[a~2 + b~2]]1)/(a"2 + b72)~(3/2))
‘— (b*Cos[x])/(a"2 + b"2) - (axSin[x])/(a"2 + b~2) J

output

sin?(x)
3.9. f a cos(z)+bsin(z) dx




rule 219

rule 3042

rule 3118

rule 3553

rule 3578
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3.9.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

/

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Int[(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*sin[(c_.) + (A_)*x_)D1"(-1), x
_Symbol] :> Simp[-d~(-1) Subst[Int[1/(a"2 + b"2 - x72), x], x, b*xCos[c +
d*x] - a*Sin[c + d*x]], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 + b~2, 0]

Int[sin[(c_.) + (A_.)*(x_ )1 (m_)/(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*sin
[(c_.) + (d_.)*(x_)1), x_Symbol] :> Simp[(-a)*(Sin[c + d*x]~(m - 1)/(d*(a"2
+ b 2)*(m - 1))), x] + (Simp[a~2/(a”2 + b~2) Int[Sin[c + d*x]"(m - 2)/(a
*Cos[c + d*x] + b*Sin[c + d*x]), x], x] + Simp[b/(a"2 + b~2) Int[Sin[c +
d*x]~(m - 1), x], x]) /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 + b~2, 0] && GtQ
[(m, 1]

3.9.4 Maple [A] (verified)

Time = 0.37 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.24

method | result size
2 Z)—2b
defantt | tnh<2“%> ~2atan(3)-2 84
(4a2+4b2)va2+b2 (a2+b2)<1+tan(%)2>
a”In (&z_M@) a?ln (eiz-q-w’@)
. jeiT io—iT 2452)2 2432)2
risch “oibtoa  2ibta) (a2 _1_5;);; ) + (ag_i_g;)g ) 146

input Lint (sin(x) "2/ (a*cos(x)+b*sin(x)) ,x,method=_RETURNVERBOSE)

sin?(x)
3.9. f a cos(z)+bsin(z) dx
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output‘8*a“2/(4*a“2+4*b“2)/(a“2+b”2)“(1/2)*arctanh(1/2*(2*a*tan(1/2*x)—2*b)/(a”2+
Lb“2) ~(1/2))+2/(a~2+b~2) * (-a*tan(1/2*x)-b) / (1+tan(1/2*x) ~2)

|

3.9.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 144 vs. 2(64) = 128.

Time = 0.27 (sec) , antiderivative size = 144, normalized size of antiderivative = 2.12

sin?(z)
/ acos(x) + bsin(x) dz

. 2 .
\/mag log (_Zabcos(z) sin(z)+ (a2 —b?) cos(z)?—2a?—b2+2 \/a2+bz(bcos(m)—as1n(z))) _9 (G/Qb + b3) cos (l’) _9 (a3

2 ab cos(x) sin(x)+(a2—b2) cos(x)?+b2

2 (a* +2a2%b% + %)

e A
integrate(sin(x) "2/ (a*cos(x)+b*sin(x)),x, algorithm="fricas")

N\ J

input

OUtPUt‘1/2*(Sqrt(a“2 + b~2)*a~2%log(-(2*a*b*cos(x)*sin(x) + (a”2 - b~2)*cos(x)"2
‘- 2%a”2 - b™2 + 2*sqrt(a”2 + b~2)*(b*cos(x) - a*sin(x)))/(2*a*b*cos(x)*sin
‘(x) + (272 - b™2)*cos(x)"2 + b72)) - 2%(a"2*b + b~3)*cos(x) - 2*%(a”3 + axb
"‘2)*sin(x))/(a“4 + 2*%a~2%b"2 + b~4)

3.9.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 76.32 (sec) , antiderivative size = 706, normalized size of antiderivative = 10.38

sin?(z)
/ acos(z) + bsin(x) de

(
o cos ()
__cos(x)
b
_ sin? () ___ 2isin(z)cos(z) 2cos? ()
_ 3ibsin (z)+3b cos (x) 3ibsin (z)+3b cos () 3ibsin (z)+3b cos (x)
_ sin? (z) + 2isin (z) cos (z) _ 2 cos? (x)
—3ibsin (z)+3bcos (z) —3ibsin (z)+3bcos (z) —3ibsin (z)+3bcos (z)

a?log (tan(%)—g—i”“i#) tan? (%) a?log (tan (g)_%_@)

a

sin?(x)
3.9. f a cos(z)+bsin(z) dx

T a2/a21b2 tan? (%)+a2\/a2+b2+b2\/a2+b2 tan?2 (%)+b2\/a2+b2 T a2v/a21b2 tan? (%)+a2\/a2+b2+b2\/a2+b2 tan? (%)+b2\/a2+b2
\



input

output

input

output
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‘integrate(sin(x)**2/(a*cos(x)+b*sin(x)),x)

Piecewise((zoo*cos(x), Eq(a, 0) & Eq(b, 0)), (-cos(x)/b, Eq(a, 0)), (-sin(
x)*x2/ (3*Ixb*sin(x) + 3*b*cos(x)) - 2*I*sin(x)*cos(x)/(3*I*b*xsin(x) + 3*bx
cos(x)) - 2xcos(x)**2/(3*Ixb*sin(x) + 3*bx*cos(x)), Eq(a, -I*b)), (-sin(x)=*
*2/ (-3*%Ixb*sin(x) + 3*b*cos(x)) + 2*I*sin(x)*cos(x)/(-3*I*bxsin(x) + 3*bx*c
os(x)) - 2%cos(x)**2/(-3*xI*b*sin(x) + 3*b*cos(x)), Eq(a, I*b)), (-a*x2*log
(tan(x/2) - b/a - sqrt(ax*2 + b**2)/a)*tan(x/2)**2/(a**2*sqrt(ax*2 + b**2)
*tan(x/2) **2 + a*x*2ksqrt(a**2 + b**2) + bkx2ksqrt(a**2 + b**2)*tan(x/2)**2
+ bx*2xsqrt (a**2 + b**2)) - ax*2xlog(tan(x/2) - b/a - sqrt(a**2 + b**x2)/a
)/ (axx2xsqrt (a**2 + bx*2)xtan(x/2)**2 + ax*2xsqrt(ax*2 + b¥*2) + b**2*sqrt
(ax*2 + b*x2)*tan(x/2)**2 + b*x2xsqrt(a**2 + b**2)) + a*x*2xlog(tan(x/2) -
b/a + sqrt(ax*2 + b*x2)/a)*tan(x/2)**2/(ax*2xsqrt (a*x*2 + b**x2)*tan(x/2)**2
+ ax*2xsqrt(ax*2 + bx*2) + bx*2xsqrt(ax*2 + b**2)*tan(x/2)**2 + b**2*xsqrt
(a*x*2 + b*x2)) + ax*2xlog(tan(x/2) - b/a + sqrt(ax*2 + b*x2)/a)/(a**2*sqrt
(a**2 + b**2)*tan(x/2)**2 + a*x*x2*sqrt(a**2 + b**2) + b*x2*ksqrt(a*x*2 + b*x*2
Y*tan(x/2) **2 + b*x2*sqrt(a**2 + b**2)) - 2xakxsqrt(a*x*2 + bx*2)*tan(x/2)/(
ax*2xsqrt (ax*2 + b**2)*tan(x/2)**2 + a*x*2*ksqrt(a**2 + b**2) + bx*2xsqrt(ax
*2 + b**2)*xtan(x/2)**2 + b*x2ksqrt(a**2 + b*x2)) - 2*bxsqrt(a**2 + b**2)/(
a**x2xsqrt (a**2 + b**2)xtan(x/2)**2 + a**2*ksqrt(a**2 + b**2) + b*x2xsqrt(ax*
*2 + bk*2)*tan(x/2)**2 + bk*2ksqrt(a**2 + b*x2)), True))

3.9.7 Maxima [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.56

b— asin(z) +\/m
a2 lOg < cos(z)+1

\ asin(z)
/ sin?(x) p b— o —Va? B2 2 <b T Cos(@) 41 )
T =— —
acos(z) + bsin(z) (a2 + bz)%

(cos(z)+1)2

(Z2 +b2 + (a2+b2)sin(a:)2

Lintegrate(sin(x)‘2/(a*cos(x)+b*sin(x)),x, algorithm="maxima")

(—a‘Z*log((b - axsin(x)/(cos(x) + 1) + sqrt(a”2 + b2))/(b - a*sin(x)/(cos(
‘x) + 1) - sqrt(a”™2 + b72)))/(a"2 + b°2)7(3/2) - 2*(b + a*sin(x)/(cos(x) +
1)/(@72 + 72 + (272 + b™2)*sin(x)"2/ (cos(x) + 1)72)

sin?(x)
3.9. f a cos(z)+bsin(z) dx
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3.9.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.38

2] 2atan(% z)—2b—2+va?+b2
/ sin?(z) p @108 2atan (L ¢)—2b6+2 Va2 402 2 (atan (1) +b)
: T=— —
acos(z) + bsin(z) (a2 + 0?)? (a2 +b2)(tan (Lz) + )

inputLintegrate(sin(x)“2/(a*cos(x)+b*sin(x)),x, algorithm="giac")

output‘—a‘2*log(abs(2*a*tan(1/2*x) - 2%b - 2*sqrt(a”2 + b~2))/abs(2*a*tan(1/2*x)
‘— 2%b + 2xsqrt(a™2 + b72)))/(a”2 + b72)7(3/2) - 2x(a*xtan(1/2*x) + b)/((a~2
|+ b2)*(tan(1/2%x)"2 + 1))

3.9.9 Mupad [B] (verification not implemented)

Time = 20.94 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.38

z 2a2b+2b3—2atan(2) (a2+b2
2atan(3) 2a2atanh< aax T QZbir)lg/Qz) s )>
a

/ S ("E) dr = — a?+4b? + a?+b2
- T =
acos(z) + bsin(z) tan (2 ) +1 (a2 + b2)%/

-

1nputtlnt(sin(x)‘2/(a*cos(x) + b*sin(x)),x)

~—

output(— ((2%b) /(a2 + b~2) + (2*a*tan(x/2))/(a"2 + b~2))/(tan(x/2)"2 + 1) - (2%a
\‘2*atanh((2*a‘2*b + 2xb~3 - 2*axtan(x/2)*(a"2 + b"2))/(2*x(a"2 + b~2)"(3/2)
L)))/(a‘2 + 572)"(3/2)

~

sin?(x)
3.9. f a cos(z)+bsin(z) dx
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3.10 [ g,
a cos(z)+bsin(z)

3.10.1 Optimal result . . . . .. .. . ... .. 166]
3.10.2 Mathematica [C] (verified) . . . . . . . . ... L L oo 166
3.10.3 Rubi [A] (verified) . . . . . . .. .. 167
3.10.4 Maple [A] (verified) . ... ... ... .. 168
3.10.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 169
3.10.6 Sympy [C] (verification not implemented) . . ... .. ... ... ...... 1691
3.10.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 1701
3.10.8 Giac [A] (verification not implemented) . . . .. ... ... ... ...... 170
3.10.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... .. Ival

3.10.1 Optimal result

Integrand size = 14, antiderivative size = 35

acos(z) + bsin(x) de = a? + b? a? + b?

/ sin(z) bx alog(a cos(z) + bsin(z))

outputLb*x/(a“2+b“2)-a*1n(a*cos(x)+b*sin(x))/(a“2+b“2)

3.10.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.17 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.34

/ sin(z) dp — 2(—ia + b)x + 2ia arctan(tan(z)) — alog ((a cos(x) + bsin(z))?)
a cos(

r) +bsin(z) 2(a2+0?)

input ‘ Integrate[Sin[x]/(a*Cos[x] + b*Sin[x]),x]

output‘ (2% ((-I)*a + b)*x + (2*I)*a*ArcTan[Tan[x]] - a*Log[(a*Cos[x] + b*Sin[x])"2
D/(2x@2 + b72)

sin(z)
3.10. f a cos(z)+bsin(z) dzx



CHAPTER 3. LISTING OF INTEGRALS 167

3.10.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 996 Ryjleg used = {3042,

integrand size
3576, 3042, 3612}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

sin(z) .
/ acos(z) + bsin(z) d

l 3042
/ sin(z) ‘ iz
acos(z) + bsin(z)
l 3576
br o [ eesntd) g
a? + b2 a? 4 b2
l 3042
b
br o [ bt st do
aZ + b2 a? + b2
l 3612

bz alog(acos(z) + bsin(z))
a’ + b2 a? + b2

inputtInt[Sin[x]/(a*Cos[x] + b*Sin[x]),x]

outputL(b*x)/(a‘Z + b™2) - (a*Logla*Cos[x] + b*Sin[x]]1)/(a"2 + b~2)

3.10.3.1 Defintions of rubi rules used

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

}Q[u, x]

sin(z)
3.10. f a cos(z)+bsin(z) dzx
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rule 3576  Int[sin[(c_.) + (d_.)*(x_)]1/(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*sin[(c_.
) + (d_.)*(x_)]), x_Symbol] :> Simp[b*(x/(a”"2 + b~2)), x] - Simp[a/(a”2 + b
~2) Int [(b*Cos[c + d*x] - a*Sin[c + d*x])/(a*Cos[c + d*x] + b*Sin[c + d*x
1), x1, x] /; FreeQl[{a, b, c, d}, x] && NeQ[a~2 + b~2, 0]

rule 3612 | Int[((A_.) + cos[(d_.) + (e_.)*(x_)I*(B_.) + (C_.)*sin[(d_.) + (e_.)*(x_)1)
/((a_.) + cos[(d_.) + (e_.)*(x_)I*(b_.) + (c_.)*sin[(d_.) + (e_.)*(x_)1), x
_Symbol] :> Simp[(b*B + c*C)*(x/(b”2 + c~2)), x] + Simp[(c*B - b*C)*(Logla

+ b*Cos[d + e*x] + c*Sin[d + exx]]1/(ex(b~2 + ¢~2))), x] /; FreeQ[{a, b, c,

d, e, A, B, C}, x] &% NeQ[b~2 + c~2, 0] && EqQ[A*(b"2 + c~2) - a*x(b*B + c*C
), 0]

N\

3.10.4 Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.31

method result size
aln 1 _aln( =% cos(z)—bsin(x) +ab
parallelrisch (serm) a2(+b2 ) 46
In(a-+b ain(iHen@?) et (tan(z))
—+b ta: R S arctan(tan(z
default —uhle bl 2 47
. . In ezm—w)
: T 2iax a ( ib—a
rlSCh ib—a + a2+b2 a2+b2 67

2
a2fb2+bwza;;(b%2) aln<1+tan(%)2) aln(tan(%)za—2btan(%)—a)

1+tan(§)2 aZ+b2 - a2+b2

norman 96

inputLint(sin(x)/(a*cos(x)+b*sin(x)),x,method=_RETURNVERBOSE)

e

outputt(a*ln(l/(cos(x)+1))-a*ln((-a*cos(x)—b*sin(x))/(cos(x)+1))+x*b)/(a‘2+b‘2)

~—

sin(z)
3.10. f a cos(z)+bsin(z) dzx
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3.10.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.31

/ sin(z) o — 2bx — alog (2abcos (z) sin (z) + (a® — b?) cos (z)” + b?)
acos(z) + bsin(z) 2 (a2 +b?)

inputLintegrate(sin(x)/(a*cos(x)+b*sin(x)),x, algorithm="fricas")

output‘1/2*(2*b*x - a*log(2*axb*cos(x)*sin(x) + (2”2 - b"2)*cos(x)"2 + b~2))/(a"2
‘ + b~2)

3.10.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.32 (sec) , antiderivative size = 165, normalized size of antiderivative = 4.71

sin(z)
/ acos(z) + bsin(x) dz

(

T fora=0Ab=0
__log(cos (=) forb =0
iz sin (x) z cos () sin () .
— { 2ibsin (z)+2bcos (z) + 2ibsin (z)+2bcos (x)  2ibsin (z)+2bcos (z) for a = —ib

iz sin (z) z cos () sin (z) o

" “2ibsin (z)+2bcos (z) + —2ibsin (z)+2bcos (z)  —2dbsin (x)+2bcos (z) for a = ib
alog M+sin (z) .

— ( ag+b2 ) a;’fw otherwise

input[integrate(sin(x)/(a*cos(x)+b*sin(x)),X)

-/

output Piecewise((zoo*x, Eq(a, 0) & Eq(b, 0)), (-log(cos(x))/a, Eq(b, 0)), (I*x*s
in(x)/(2*xIxbxsin(x) + 2%b*cos(x)) + x*cos(x)/(2*I*b*sin(x) + 2*b*cos(x)) -

sin(x)/(2*I*b*sin(x) + 2*b*cos(x)), Eq(a, -I*b)), (-I*x*sin(x)/(-2*I*b*si
n(x) + 2*%bxcos(x)) + x*cos(x)/(-2*xI*b*sin(x) + 2%b*cos(x)) - sin(x)/(-2*Ix
b*sin(x) + 2xb*cos(x)), Eq(a, I*b)), (-a*log(a*cos(x)/b + sin(x))/(ax*2 +
b**2) + bxx/(a**2 + b*x2), True))

sin(z)
3.10. f a cos(z)+bsin(z) dzx
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3.10.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 88 vs. 2(35) = 70.

Time = 0.29 (sec) , antiderivative size = 88, normalized size of antiderivative = 2.51

sin(z) 2 bsin(x) asin(z)?
/ sin(w) dr — 2barctan (cos(a:)+1) a’log <_a - cos(z)+1 + (cos(x)+1)2>
acos(z) + bsin(z) = a? + b? a? + b?
sin(z)? >
+ alog <<cos<ac)+1)2 +1
a? + b?

inputLintegrate(sin(x)/(a*cos(x)+b*sin(x)),x, algorithm="maxima")

~—

output (Q*b*arctan(sin(x)/(cos(x) +1))/(a”2 + b™2) - a*log(-a - 2*bxsin(x)/(cos(x
‘) + 1) + a*sin(x)~2/(cos(x) + 1)72)/(a"2 + b72) + axlog(sin(x)~2/(cos(x) +
L 1)72 + 1)/(@™2 + b"2)

~

3.10.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.57

/ sin(z) dp — __ablog (|btan (z) + al) bx alog (tan (z)? + 1)
acos(x) + bsin(x) a’b+ b3 a? + b? 2(a®+0?)

input Lintegrate (sin(x)/(a*xcos(x)+b*sin(x)),x, algorithm="giac")

.
output -axb*log(abs(bxtan(x) + a))/(a”2¥%b + b3) + b¥x/(a”2 + b™2) + 1/2*axlog(ta
n(x)72 + 1)/(@2 + b72)

sin(z)
3.10. f a cos(z)+bsin(z) dzx
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3.10.9 Mupad [B] (verification not implemented)

Time = 23.05 (sec) , antiderivative size = 970, normalized size of antiderivative = 27.71

dr =

/ a cos(;;n-l(—xlz

2batan

sin(x)

(a*+202 b2+b%)

_aln(a cos(z) + bsin (z))

tan(3)

a? + b?

(4 a%—1342 b2 +b4)

b|64ab2+

3,2 4
a(96a” b“+96ad
a 32a2b2764a4+(*rh)
a“+b

a2+b2

b3 (96 a3 2496 ab4) L

a2+b2

()’

4a445a2 b2 4b4 2
( )

input Lint(sin(x)/(a*cos (x) + b*sin(x)),x)

sin(z) dz

310. [ cerrten@



output
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- (axlog(axcos(x) + b*sin(x)))/(a”2 + b~2) - (2%b*atan(((a”4 + b4 + 2*a”~2

*b~2) % (tan(x/2)*(((4*a~4 + b™4 - 13*%a"2xb~2) *((b*(64*a*xb~2 + (a*(32*a"~2*b~
2 - 64*a~4 + (ax(96*a*b”4 + 96*a~3*b"2))/(a"2 + b72)))/(a"2 + b~2)))/(a"2
+ b~2) - (b"3*(96*a*b”"4 + 96*a~3*b"2))/(a"2 + b~2)"3 + (ax((b*(32*xa~2*b"2
- 64*xa~4 + (a*x(96*a*b~4 + 96*a~3*b"2))/(a"2 + b72)))/(a"2 + b~2) + (axbx(9
6xa*b~4 + 96*xa”3*b"2))/(a"2 + b72)72))/(a"2 + b”2)))/(4*¥a"4 + b~4 + b*a~2%*
b~2) "2 - (6*a*b*(2*%a”2 - b~2)*(64*a"2 + (a*x(64*a*b”2 + (ax(32*xa"2*xb"2 - 64
*a~4 + (ax(96*a*xb™4 + 96*a~3%b"2))/(a"2 + b"2)))/(a"2 + b72)))/(a"2 + b~2)
- (b*x((b*x(32*%a~2*xb~2 - 64%*a~4 + (a*x(96%a*b~4 + 96%a~3*b~2))/(a"2 + b~2)))
/(@”2 + b72) + (a*bx(96*a*b~4 + 96%a~3*b~2))/(a"2 + b~2)"2))/(a"2 + b~2) -
(axb~2%(96*a*b~4 + 96%a~3*b~2))/(a"2 + b~2)"3))/(4*xa"4 + b~4 + 5*a"2xb~2)
~2) - ((4*xa”4 + b™4 - 13*%a~2%b"2)*((b*(32*xa~2*b - (a*x(64*a~3*b - 32*xa*xb~3
+ (a*x(96*%a"4*xb + 96*%a”"2*xb~3))/(a"2 + b~2)))/(a"2 + b"2)))/(a"2 + b™2) + (b
~3*%(96*a~4xb + 96*xa~2*%b~3))/(a"2 + b"2)"3 - (a*((b*x(64*a~3*%b - 32*a*b~3 +
(ax(96*a~4*b + 96*a~2*xb~3))/(a"2 + b72)))/(a"2 + b~"2) + (a*b*x(96*a~4*b + 9
6*xa~2%b"3))/(a"2 + b72)72))/(a"2 + b"2)))/(4*¥a"4 + b~4 + 5*a~2x%b"2)"2 + (6
*axbx (2*xa~2 — b~2) *((a*(32*%a~2*b (ax(64*a~3%b - 32*a*xb”~3 + (a*x(96*a”4+*b
+ 96%a"2+%b"3))/(a"2 + b72)))/(a”2 + b72)))/(a”2 + b~2) + (b*x((b*x(64*a"3%*b
- 32%axb~3 + (a*x(96*a~4*b + 96+%a~2+%b~3))/(a"2 + b~2)))/(a”2 + b~2) + (axb*
(96*%a~4%b + 96*xa~2xb~3))/(a"2 + b72)72))/(a"2 + b"2) + (a*xb”2x(96*a~4x*b...

sin(z)
3.10. f a cos(z)+bsin(z) dzx
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3.11 [ L dx

a cos(x)+bsin(z)
3.11.1 Optimal result . . . . . . . .. . ... 173l
3.11.2 Mathematica [A] (verified) . . . . . . . . ... ... . L 173
3.11.3 Rubi [A] (verified) . . . . . . . . .. Ive!
3.11.4 Maple [A] (verified) . . . ... . ... ... 1751
3.11.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ..... 1751
3.11.6 Sympy [C] (verification not implemented) . . ... ... ... ... ..... 176
3.11.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 176
3.11.8 Giac [A] (verification not implemented) . . . ... ... ... ... .. ..., 17
3.11.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... .. 177

3.11.1 Optimal result

Integrand size = 11, antiderivative size = 36

1 arctanh <—b Cos(xxiiz_ fbszin(z) >
dx = —
/ a cos(z) + bsin(z) a? + b?
outputL—arctanh((b*cos(x)—a*sin(x))/(a‘2+b‘2)‘(1/2))/(a“2+b‘2)‘(1/2) J

3.11.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.06

—b+atan(%)
/ 1 i 2arctanh<W>
acos(z) + bsin(z) Va2 + b2

input [Integrate [(axCos[x] + b*Sin[x])~(-1),x]

\ J

-

output L(2*ArcTa.nh [(-b + a*Tan[x/2]1)/Sqrt[a~2 + b~2]]1)/Sqrt[a~2 + b~2]

~—

3.11. dz



input

output

rule 219

rule 3042
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3.11.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 973 Ry jeq ysed = {3042,

integrand size
3553, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 dz
acos(z) + bsin(z)
| 3042

| e roama
acos(z) + bsin(z) v
l’3553

1 .
_/ aZ + b2 — (beos(z) — asin(x))zd(bcos(x) — asin(z))

arctanh ( beos(z)—asin(z) )

-

LInt [(a*Cos[x] + b*Sin[x])~(-1),x]

-/

L— (ArcTanh[(b*Cos[x] - a*Sin[x])/Sqrt[a”2 + b~2]]/Sqrt[a~2 + b~2])

-/

3.11.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

1
3.11. f a cos(z)+bsin(z) dzx
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ruk33553‘Int[(cos[(c_.) + (d_)*(x)I*(a_.) + (b_.)*sin[(c_.) + (d_.)*x_)1)"(-1), x
‘_Symbol] :> Simp[-d~(-1) Subst[Int[1/(a"2 + b"2 - x72), x], x, b*xCos[c +
\d*x] - a*Sin[c + d*x]], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 + b2, 0]

3.11.4 Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.97

method | result size
2 arctanh <2a2tana(2%)b; 2b >
default N/ERvE: 35

iz ia—b iz _ __ia—b
risch ‘“(e +\/W> B ln(e m) 74
Va2+b2 Va2+b2

-

input Lint (1/ (a*cos (x)+b*sin(x)) ,x,method=_RETURNVERBOSE)

-/

output L2/ (2”2+b72) " (1/2) *arctanh (1/2* (2*a*tan(1/2*x)-2*b) /(a"2+b~2) " (1/2))

3.11.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 96 vs. 2(32) = 64.

Time = 0.26 (sec) , antiderivative size = 96, normalized size of antiderivative = 2.67

lOg <_ 2 ab cos(z) sin(z)+ (a?—b?) cos(x)?—2 a®—b242 vaZ+b2(b cos(z) —asin(z)) )

/ L dx = 2 ab cos(z) sin(z)+(a?—b2) cos(z) *+b2
acos(z)

+ bsin(z) 2vVa? +b?

inputLintegrate(1/(a*cos(x)+b*sin(x)),x, algorithm="fricas")

output‘1/2*log(-(2*a*b*cos(x)*sin(x) + (2”2 - b™2)*cos(x)"2 - 2*%a”2 - b"2 + 2*sqr
‘t(a‘2 + b™2)*(b*cos(x) - a*sin(x)))/(2*a*b*cos(x)*sin(x) + (a"2 - b~2)*cos
()72 + b™2))/sqrt(a”2 + b72)

1
3.11. f a cos(z)+bsin(z) dzx
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3.11.6 Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 1.57 (sec) , antiderivative size = 112, normalized size of antiderivative = 3.11

/ acos(z) —1|- bsin(z) *

(oblog(tan(”—z”)) fora=0Ab=0
log (ta; () fora — 0
- _m fora = —ib
~ Zibsin (ac)l-l—b cos (2) fora=1ib
log (tan (%)—3—@) log (tan(g)_ng@) .
L VaZ+b2 + Vo otherwise

input Lintegrate (1/(axcos(x)+b*sin(x)) ,x)

~—

output | Piecewise((zoo*log(tan(x/2)), Eq(a, 0) & Eq(b, 0)), (log(tan(x/2))/b, Eq(a
, 0)), (-1/(Ixb*sin(x) + b*cos(x)), Eq(a, -I*b)), (-1/(-I*b*sin(x) + bxcos
(x)), Eq(a, I*b)), (-log(tan(x/2) - b/a - sqrt(a**2 + b**2)/a)/sqrt(a*x*2 +
b*x2) + log(tan(x/2) - b/a + sqrt(a*x*2 + b*x2)/a)/sqrt(ax*2 + b*x2), True
)

3.11.7 Maxima [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.69

g ([ B
asin(z)
b— cos(z)+1 a?+b?

1
dr = —
/ acos(z) + bsin(z) v Vaz + b2

input

integrate(1/(a*cos(x)+b*sin(x)) ,x, algorithm="maxima")

N\ J

output‘—log((b - a*sin(x)/(cos(x) + 1) + sqrt(a™2 + b72))/(b - a*sin(x)/(cos(x) +
‘ 1) - sqrt(a™2 + b72)))/sqrt(a”2 + b~2) ‘

1
3.11. f a cos(z)+bsin(z) dzx
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3.11.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.69

1 2atan(%m)—2b—2 Va2+b2
1 d 08 2atan(% z)—2b+2va?+b?
/ acos(z) + bsin(z) v Va2 + b?

input Lintegrate (1/ (a*cos (x) +b*sin(x)) ,x, algorithm="giac")

output‘ -log(abs(2*a*tan(1/2*x) - 2*b - 2*sqrt(a”2 + b~2))/abs(2*axtan(1/2%x) - 2x
b+ 2#sqrt(a™2 + b™2)))/sqrt(a™2 + b2)

3.11.9 Mupad [B] (verification not implemented)

Time = 21.37 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.86

b—atan(%)
/ 1 dr — _2&tanh(W>
acos(z) + bsin(z) Va2 + b2

input Lint(l/(a*cos (x) + b*sin(x)),x)

output L—(2*atanh((b - a*xtan(x/2))/(@"2 + b™2)"(1/2)))/(a"2 + b~2)"(1/2)

1
3.11. f a cos(z)+bsin(z) dzx
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CSC\T
3.12 | @) ___ gy
a cos(z)+bsin(z)
3.12.1 Optimal result . . . . . . .. . .. 178
3.12.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 178
3.12.3 Rubi [A] (verified) . . . . . ... .. 179
3.12.4 Maple [A] (verified) . ... ... ... ... 180

3.12.5 Fricas [A] (verification not implemented)
3.12.6 Sympy [F]

3.12.1 Optimal result

3.12.7 Maxima [B] (verification not implemented)
3.12.8 Giac [A] (verification not implemented)
3.12.9 Mupad [B] (verification not implemented)

Integrand size = 14, antiderivative size = 23

dp — log(sin(z))  log(acos(z) + bsin(z))

/ a cos(a(jc—l(-xb) sin(z)

a 4

[181]
[181]
[I&T]
182
182

output Lln(sin(x) )/a-1n(a*cos(x)+b*sin(x))/a

3.12.2 Mathematica [A] (verified)

Time = 0.37 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.87

dz =

_ log(sin(z)) — log(a cos(x) 4 bsin(z))

/ a cos(;;:(-xb) sin(z)

a

input LIntegrate [Csc[x]/(a*Cos[x] + b*Sin[x]),x]

output

~—

-

N\

(Log[Sin[x]] - Logla*Cos[x] + b*Sin[x]])/a

i

3.12.

J

csc(zx)

a cos(z)+bsin(z)

dz
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3.12.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 499 Ryjles used = {3042,

integrand size
3580, 3042, 25, 3612, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

csc(x)
/ acos(z) + bsin(z) dz
| 3042

1
/ sin(z)(a cos(z) + bsin(x)) de

l 3580
b —a sin
J cot(z)dz J %dw
a a
l 3042

bcos(z)—asin(z
[—tan(e+5)de [ cempisome)d®

a a

| 25

J %dfﬂ [tan (z+ %) dz
a a
| 3612
_Jtan(z+%)dz  log(acos(x) + bsin(z))
a a
| 3956

log(sin(z))  log(acos(z) + bsin(z))

-

input LInt [Csc[x]/(a*Cos[x] + b*Sin[x]),x]

~—

output LLog [Sin[x]]1/a - Logla*Cos[x] + b*Sin[x]]/a

~—

csc(zx)
3.12. f m d.’L'



rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1]

rule 3042

rule 3580

rule 3612

rule 3956

CHAPTER 3. LISTING OF INTEGRALS

180

3.12.3.1 Defintions of rubi rules used

Int[Fx, x], x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[1/(sin[(c_.) + (d_.)*(x_)]*(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*sin[(
c_.) + (d_.)*(x_)1)), x_Symbol]l :> Simp[1/a  Int[Cot[c + d*x], x], x] - Si
mp[1/a Int[(b*Cos[c + d*x] - a*Sin[c + d*x])/(a*Cos[c + d*x] + b*Sin[c +
d*x]), x1, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

Int[((A_.) + cos[(d_.) + (e_.)*(x_)1*(B_.) + (C_.)*sin[(d_.) + (e_.)*(x_)1)
/((a_.) + cos[(d_.) + (e_.)*(x_)I*(b_.) + (c_.)*sin[(d_.) + (e_.)*(x_)1), x
_Symbol] :> Simp[(b*B + c*C)*(x/(b"2 + c~2)), x] + Simp[(c*B - bxC)*(Logl[a
+ b*Cos[d + e*x] + c*Sin[d + e*x]]/(ex(d"2 + ¢c~2))), x] /; FreeQ[{a, b, c,
d, e, A, B, C}, x] &% NeQ[b~2 + c~2, 0] &% EqQ[A*x(b"2 + c~2) - ax(b*B + c*C
), 0]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]11/d, x] /; FreeQl[{c, d}, x]

3.12.4 Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.91

method result Size
default Intan(z)) _ In(a+bten(z) o1
parallelrisch ln(tan(%))_ln(tan(f);)a_man(%)—a) 33
norman ln(taz(%)) _ ln(tan(%)zafl’tan(%)_“> 36
risch _1“(82”;35%3) | (=) "

input Lint (csc(x)/ (axcos(x)+b*sin(x)) ,x,method=_RETURNVERBOSE)

~—

csc(zx)

3.12. acos(z)+bsin(z)

dz

J
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output ‘ 1/a*1n(tan(x))-1/a*1ln(a+b*tan(x))

3.12.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.91

/ csc(x) i
acos(z) + bsin(x)
_ _log (2 abcos (z) sin (z) + (a2 — b%) cos () + b?) — log (1 cos (z)? + 1)
2a

input Lintegrate (csc(x)/(axcos(x)+b*sin(x) ) ,x, algorithm="fricas")

;
output‘—1/2*(log(2*a*b*cos(x)*sin(x) + (2”2 - b"2)*cos(x)"2 + b"2) - log(-1/4*cos
(072 + 1/4)/a

3.12.6 Sympy [F]

csc(x) - csc () .
/ a cos(z) + bsin(z) d / acos (x) + bsin (z) d

input Lintegrate (csc(x)/(a*cos(x)+b*sin(x)) ,x)

output LIntegral(csc(x)/(a*cos(x) + b*sin(x)), x)

-/

3.12.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 48 vs. 2(23) = 46.

Time = 0.22 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.09

2 bsin(zx) asin(z)? sin(z)
/ CSC(CL’) dr — _log <_a'  cos(z)+1 + (cos(z)+1)2) 4 log (cos(z)—f-l)
acos(z) + bsin(z) a a

csc(zx)
3.12. f a cos(z)+bsin(z) dzx
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inputLintegrate(csc(x)/(a*cos(x)+b*sin(x)),x, algorithm="maxima")

output‘-log(-a - 2xb*sin(x)/(cos(x) + 1) + axsin(x)~2/(cos(x) + 1)72)/a + log(sin
(x)/(cos(x) + 1))/a

3.12.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.96

csc(@) _ _log(|btan () +a|)  log(|tan (z)])
/ acos(z) + bsin(x) do = a + a

inputLintegrate(csc(x)/(a*cos(x)+b*sin(x)),x, algorithm="giac")

output L—log(abs(b*tan(x) + a))/a + log(abs(tan(x)))/a

3.12.9 Mupad [B] (verification not implemented)

Time = 21.42 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.39

cse(z) o _ln (—atan(%)2 +2btan(%) + a) —In (tan(%))
/ acos(z) + bsin(z) = a

-

input Lint(l/(sin(x)*(a*cos(x) + b*sin(x))),x)

-/

output L—(log(a + 2xbxtan(x/2) - a*tan(x/2)72) - log(tan(x/2)))/a

csc(zx)
3.12. f a cos(z)+bsin(z) dzx
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3.13  [-—_=c@ gy
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3.13.1 Optimal result . . . . . . ... ... .. 183l
3.13.2 Mathematica [A] (verified) . . . . . . ... ... ..o oL 183
3.13.3 Rubi [A] (verified) . . . . . . . . . . . 184
3.13.4 Maple [A] (verified) . .. . ... . ... .. 185
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3.13.1 Optimal result

Integrand size = 16, antiderivative size = 55

/ b cos(z)—a sin(z)
/ csc?(x) dr — barctanh(cos(x)) a? + b2arctanh< Va2 152 ) csc(z)
a cos(z) + bsin(z) a? a? a

output‘b*arctanh(cos(x))/a“2—csc(x)/a—arctanh((b*cos(x)-a*sin(x))/(a“2+b‘2)‘(1/2)
)*(a"2+b72)7(1/2)/a"2

3.13.2 Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.22

/ csc?(x) i
acos(z) + bsin(x) ]
B 2v/a? + b%rctanh(%an(f)) — acsc(z) + b(log (cos (3)) —log (sin (3)))

a2+b2

a2

input

Integrate[Csc[x]~2/(a*Cos[x] + b*Sin[x]),x]

N J

output ‘ (2xSqrt[a”2 + b~2]*ArcTanh[(-b + a*Tan[x/2])/Sqrt[a”2 + b~2]] - a*Csc[x] +
L b* (Log[Cos[x/2]1]1 - LoglSin[x/211))/a~2 J

csc?(z)
3.13. f a cos(z)+bsin(z) dzx
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3.13.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 375 Ry jaq ysed = {3042,

integrand size
3582, 3042, 3553, 219, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

csc?(z)
/ acos(z) + bsin(x) dz
| 3042

1
/ sin(z)?(a cos(z) + bsin(z)) d

l 3582
(a2 +82) [ mdx b fcesc(z)dz  csc(x)
a2 a? a
l 3042
(0% +8) [ sossiorspome 4 _ bfesc(z)dz  cse(x)
a2 a? a
l 3553

(@ +9) | s esterasmap A0 cos@) — asin@) b [ esc(a)de _ esc(z)
a2 a2 a

l 219

5 T 19 bcos(z)—asin(z
b [ csc(z)dz a? + b2arctanh( E/i"'W : )) csc(z)
B a? B a? a

l 4257

/ b )—asin(
a’ + b2arctanh< COS% m)> 4 barctanh(cos(z))  csc(x)
a? a? a

input ‘ Int [Csc[x]~2/(a*Cos[x] + b*Sin[x]),x]

output ‘ (b*ArcTanh[Cos[x]])/a~2 - (Sqrt[a~2 + b~2]*ArcTanh[(b*Cos[x] - a*Sin[x])/S

Lqrt [a”2 + b~"2]]1)/a"2 - Csc[x]/a

csc?(z)
3.13. f m d.’L'



rule 219

rule 3042

rule 3553

rule 3582

rule 4257
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3.13.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

/

Int[(cos[(c_.) + (d_.)*(x_)1*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x
_Symbol] :> Simp[-d~(-1) Subst[Int[1/(a"2 + b"2 - x72), x], x, b*xCos[c +
d*x] - a*Sin[c + d*x]], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

Int[sin[(c_.) + (A_D)*x_)]1"(m_)/(cosl(c_.) + (A_.)*(x_)1*(a_.) + (b_.)*sin
[(c_.) + (d_.)*(x_)1), x_Symbol] :> Simp[Sin[c + d*x]"(m + 1)/(a*d*(m + 1))
, x] + (-Simp[b/a”2 Int[Sin[c + d*x]"(m + 1), x], x] + Simp[(a”2 + b~2)/a
"2  Int[Sin[c + d*x]~(m + 2)/(a*Cos[c + d*x] + b*Sin[c + d*x]), x], x]1) /;
FreeQ[{a, b, ¢, d}, x] && NeQ[a"2 + b~2, 0] && LtQ[m, -1]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

3.13.4 Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.47

method | result size
2atan( Z ) —2b
(—4a2 —4b2) arctanh <(272>
tan(%) 2Va“+b 1 bln(tan(Z))
default - 2a2 - 2a2+v/a2+b? T 2 tan(Z) - a? ? 81
) ; ; VaZ+b2 In( et — —ta=b VaZ+b? In( eic —ta=b
. 2ieiT bln(e*®—1) bln(e*®+1) ( \/a2+b2) ( \/a2+b2)
risch ~ a(eie=T) — — + — — — + p 127
input tint (csc(x) "2/ (a*cos (x)+b*sin(x)) ,x,method=_RETURNVERBOSE) J
csc?(z)
3.13. f a cos(z)+bsin(z) dzx
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output \ -1/2/a*tan(1/2%x)-1/2/a"2*(-4*a~2-4*b~2) /(a~2+b~2) " (1/2) *arctanh (1/2* (2*a* \
‘tan(1/2*x)-2*b)/(a“2+b“2)“(1/2))-1/2/a/tan(1/2*x)-b/a“2*1n(tan(1/2*x))

3.13.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 133 vs. 2(51) = 102.

Time = 0.28 (sec) , antiderivative size = 133, normalized size of antiderivative = 2.42

csc?(x)
/ acos(x) + bsin(x) dz

. 2
blog (3 cos(z) + 3) sin (z) — blog (—31 cos (z) + 1) sin (z) + Va? + b2 log (—Mbcos(m) Sm(z)g(i:::()xjosﬁl);

2a?sin (z)

inputLintegrate(csc(x)‘2/(a*cos(x)+b*sin(x)),x, algorithm="fricas") J

output‘1/2*(b*log(1/2*cos(x) + 1/2)*sin(x) - bxlog(-1/2*cos(x) + 1/2)*sin(x) + sq
‘rt(a‘2 + b72)*log(-(2*a*bxcos(x)*sin(x) + (a”2 - b"2)*cos(x)72 - 2*%a"2 - b
‘“2 + 2xsqrt(a”2 + b~2)*(b*cos(x) - a*sin(x)))/(2*a*bxcos(x)*sin(x) + (a~2
‘- b~2)*cos(x)"2 + b~2))*sin(x) - 2*a)/(a"2*sin(x)) ‘

3.13.6 Sympy [F]

csc?(z) B csc? () .
/ acos(x) + bsin(x) de = / acos (z) + bsin (z) d

inputLintegrate(csc(x)**2/(a*cos(x)+b*sin(x)),x) J

outputLIntegral(csc(x)**2/(a*cos(x) + bxsin(x)), x) J

csc?(z)
3.13. f a cos(z)+bsin(z) dzx
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3.13.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 107 vs. 2(51) = 102.

Time = 0.30 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.95

_asin(z) _'_W
b log ( sin(z) ) vV Clz + b2 log (b— Czifﬁz;f)l Zz+b2)

/ csc? (.’IJ) _ cos(z)+1 cos(z)+1
acos(x) + bsin(x) v a? a?
cos(z) +1 sin (z)
~ 2asin(z) 2a(cos(z) + 1)

input  integrate(csc(x)~2/(a*cos(x)+b*sin(x)),x, algorithm="maxima")

N

output‘—b*log(sin(x)/(cos(x) + 1))/a"2 - sqrt(a™2 + b72)*1log((b - a*sin(x)/(cos(x
‘) + 1) + sqrt(a”2 + b72))/(b - a*sin(x)/(cos(x) + 1) - sqrt(a”2 + b~2)))/a
‘“2 - 1/2x(cos(x) + 1)/(a*sin(x)) - 1/2*sin(x)/(a*x(cos(x) + 1))

3.13.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 108 vs. 2(51) = 102.

Time = 0.32 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.96

r) + bsin(z) a? 2a
‘2atan(§ z)—2b—2+a2+b2
‘2 tan(% z)—2b+2 va2+b? 2btan ( )

/ (cscz(x) o — _blog (Jtan (3 z)|) _ tan (3z)

Va2 +b?log (

a? 2a?tan (3 x)

input Lintegrate (csc(x) "2/ (a*cos(x)+b*sin(x)) ,x, algorithm="giac")

OU-tPUt‘ -bxlog(abs(tan(1/2*x)))/a"2 - 1/2*tan(1/2*x)/a - sqrt(a”2 + b~2)*log(abs(2
 *axtan(1/2xx) - 2xb - 2xsqrt(a”2 + b72))/abs(2*a*tan(1/2%x) - 2%b + 2%sqrt
(2”2 + 72)))/a™2 + 1/2x(2*b¥tan(1/2%x) - a)/(a~2xtan(1/2xx))

csc?(z)
3.13. f a cos(z)+bsin(z) dzx
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3.13.9 Mupad [B] (verification not implemented)
Time = 22.96 (sec) , antiderivative size = 170, normalized size of antiderivative = 3.09
2
/ csc?(z) . d
acos(x) + bsin(x)

2) Va2+b2+4 b3 sin(%) \/m+3a2bsin(%) Va2+b2+42ab? cos(%) \/W) \/m

9 atanh a3 cos(2
atan sin(%) at+42 cos(%) a3 b+5 sin(%) a2 b24-2 COS(%) ab3+4 sin(%) b4

)

z

1 bln (Sin(i)

cos 3)

~ asin(z) a?

~—

inputLint(l/(sin(x)“2*(a*cos(x) + b*sin(x))),x)

output | (2*atanh((a~3*cos(x/2)*(a"2 + b~2)"(1/2) + 4%b~3*sin(x/2)*(a"2 + b~2)~(1/2
) + 3*a~2%b*sin(x/2)*(a”2 + b~2)"(1/2) + 2*a*b~2*cos(x/2)*(a"2 + b~2)~(1/2
))/(a~4*sin(x/2) + 4xb~4xsin(x/2) + 5*a~2%b~2*sin(x/2) + 2*axb~3*cos(x/2)

+ 2%a”3*bxcos(x/2)))*(a"2 + b"2)"(1/2))/a"2 - 1/(a*sin(x)) - (bxlog(sin(x/

2)/cos(x/2)))/a~2

csc?(z)
3.13. f a cos(z)+bsin(z) dzx
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3.14.1 Optimal result

Integrand size = 16, antiderivative size = 55

/ a cos((;s)cj-( :Z)Sin(x)

dz

_ b cot(z)

csc?(x)

(a? + b?) log(sin(z))

a2

2a

a3

_ (a® 4 b*) log(acos(z) + bsin(z))

a3

p
output ‘ bxcot (x) /a~2-1/2*csc(x)"2/a+(a"2+b"2) *1n(sin(x))/a~3-(a~2+b"2) *1n(a*cos(x)

‘+b*sin(x))/a‘3

3.14.

Time = 1.30 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.87

2

Mathematica [A] (verified)

/ acos(zs)cj-(f))sin(z) v

_ 2abcot(z) — a? csc?(z) + 2(a? + v?) (log(sin(z)) — log(a cos(z) + bsin(x)))

2a3

input LIntegrate [Csc[x]~3/(a*Cos[x] + b*Sin[x]),x]

0utput‘(2*a*b*Cot[x] - a”2#Csc[x]"2 + 2%(a"2 + b~2)*(Log[Sin[x]] - Logla*Cos[x] +

‘ b*Sin[x]1]))/(2%a"3)
csc3(z)
3.14. f a cos(z)+bsin(z) dzx
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3.14.3 Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.96, number

of steps used = 11, number of rules used = 10, Bumber of rules _  go5 Ryles used =
integrand size

{3042, 3582, 3042, 3580, 3042, 25, 3612, 3956, 4254, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ csc3(z) .
acos(z) + bsin(x)
| 3042

1
/ sin(z)3(a cos(z) + bsin(x)) d

l 3582
(a2 + b2) J ﬁf&n(m)dﬂ” B b [ csc?(z)dzx 3 csc?(z)
a2 0,2 2a
l 3042
1
(a’2 + b2) f sin(z)(acos(z)-l—bsin(w))dm _ beSC(I)2dI _ CSC2(‘T")
a2 a? 2a
l 3580
9 9 Jcot(z)dz f%dm
(a® +b°) ( a a b [csc(z)?dz  csc?(x)
l_3042

(a2 T b2) J—tan(z+5)dz f%dﬁ
a a b [csc(z)?dz  csc?(z)

a? a? 2a

| 25

f bcos(:v)—asin(m) dx ftan(z-l—l)da:
2 2 _J acos(z)+bsin(z) _ P)
(a® +5%) ( a @ b [csc(z)?dz  csc?(x)
a2 a? 2a
l 3612
ftan(z-l—l)da: 1 +bsi
(a® +b?) (‘ a T og(aCOS(za? Sm(xn) 3 b [ csc(z)?dz s (x)
a? a? 2a
l 3956

csc3(z)
3.14. f a cos(z)+bsin(z) dzx
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1 in(z log(a cos(x)+bsin(x
b [ csc(z)?dz (a® +0?) (Og(sa( ) _ loglac S(a) oind ))> csc?(z)
_ + _
a? a? 2a
l»4254
1 in ! bsin
bf 1d cot(z) N (a2 + b2) (og(sa (=) og(acos(aca)+ s (ﬂc))) B CSC2(£E)

a? 2a

a2
l 24

(a2 + b2) <log(sin(x)) _ log(acos(x)—i-bsin(x)))

a

beot(z)  csc?(x)
+— -
a 2a

a2

inputLInt[Csc[x]“S/(a*Cos[x] + b*Sin[x]),x]

output ‘((b*Cot [x])/a"2 - Csc[x]~2/(2%a) + ((a”2 + b~2)*(Log[Sin[x]]1/a - Logl[a*Cos[
Lx] + b*Sin[x]]/a)) /a2

~

3.14.3.1 Defintions of rubi rules used

ruk324tlnt[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3580 | Int[1/(sin[(c_.) + (d_.)*(x_)]*(cos[(c_.) + (d_.)*(x_)1*(a_.) + (b_.)*sinl[(
c_.) + (d_.)*(x_)1)), x_Symbol] :> Simp[i/a Int[Cotl[c + d*x], x], x] - Si
mp[1/a  Int[(b*Cos[c + d*x] - a*Sin[c + d*x])/(a*Cos[c + d*x] + b*Sin[c +
d*x]), x], x] /; FreeQ[{a, b, ¢, d}, x] && NeQ[a"2 + b~2, 0]

rule 3582 Int[sin[(c_.) + (d_.)*(x_)]1"(m_)/(cos[(c_.) + (d_.)*(x_)]1*(a_.) + (b_.)*sin
[(c_.) + (d_.)*(x_)1), x_Symbol] :> Simp[Sin[c + d*x]~(m + 1)/(a*d*(m + 1))
, x] + (-Simp[b/a~"2 Int[Sin[c + d*x]"(m + 1), x], x] + Simp[(a~2 + b~2)/a
2 Int[Sin[c + d*x]"(m + 2)/(a*Cos[c + d*x] + b*Sin[c + d*x]), x]1, x]) /;
FreeQ[{a, b, c, d}, x] && NeQ[a~2 + b~2, 0] && LtQ[m, -1]

csc3(z)
3.14. f a cos(z)+bsin(z) dzx
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rule 3612 | Int[((A_.) + cos[(d_.) + (e_.)*(x_)I*(B_.) + (C_.)*sin[(d_.) + (e_.)*(x_)1)
/((a_.) + cos[(d_.) + (e_.)*(x_)1*(b_.) + (c_.)*sin[(d_.) + (e_.)*(x_)1), x
_Symbol] :> Simp[(b*B + c*C)*(x/(b~2 + ¢~2)), x] + Simp[(c*B - b*C)*(Log[a

+ bxCos[d + exx] + c#Sin[d + e*x]]/(ex(b"2 + ¢~2))), x] /; FreeQ[{a, b, c,

d, e, A, B, C}, x] && NeQ[b~2 + c™2, 0] && EqQ[A*(b"2 + c~2) - ax(bxB + c*C
), 0]

rule 3956 | Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl[{c, d}, x]

rule 4254 Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1)  Subst[Int[Exp
andIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

3.14.4 Maple [A] (verified)

Time = 0.56 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.96

method result
1 (a?+b?) In(tan(z)) b _ (a24b?) In(a+btan(z))
default " 2atan(z)? ad + a? tan(z) a3
4 3
tan( £ btan( Z btan( £ z .
—=- £f> +— (22) — 2(22) (a?+b%) In(tan(%)) (a®+0%) ln(tan(§)2a—2btan(§)—a)
norman %5 a + 3 - 3
tan(Z) a a
. — csc(z)2a—cot(x)%a2+4 cot(z)ab—4a? In ( W) —4b2 In ( W) +41n(csc(z)—cot(z))a?+4 In(
parallelrisch 123
<ch 2i(—ia e +be2—b) | In(e2®—1) In(e?"—1)62 ln<e2”—§g%2) _ ln<e2i"’—ﬁ)’%‘;>b2
risc (@ 1)a2 PR e a a®
inputLint(csc(x)“3/(a*cos(x)+b*sin(x)),x,method=_RETURNVERBOSE) J

output | -1/2/a/tan(x)~2+(a"2+b~2) /a~3*1n(tan(x))+b/a~2/tan(x) - (a~2+b~2) /a~31n(a+b |
+tan(x) |

csc3(z)
3.14. f a cos(z)+bsin(z) dzx
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3.14.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 117 vs. 2(53) = 106.

Time = 0.27 (sec) , antiderivative size = 117, normalized size of antiderivative = 2.13

/ csc3(x) i —
acos(z) + bsin(x)
2 abcos (z) sin (z) — a® + ((a? + %) cos (z)® — a® — b?) log (2 abcos (z) sin (z) + (a — b?) cos (z)* + H?

2 (a? cos (x)® — a?)

N

~—

input  integrate(csc(x)~3/(a*cos(x)+b*sin(x)),x, algorithm="fricas")

u——

B

Output‘—1/2*(2*a*b*cos(x)*sin(x) - a"2 + ((a”2 + b™2)*cos(x)"2 - a”2 - b~2)*log(2
‘*a*b*cos(x)*sin(x) + (2”2 - b™2)*cos(x)"2 + b™2) - ((a”2 + b~2)*cos(x)"2 -
L a”2 - b~2)*log(-1/4*cos(x)"2 + 1/4))/(a"3*cos(x)"2 - a~3)

~

3.14.6 Sympy [F]

csc3(x) B csc3 (z) .
/ a cos(z) + bsin(z) de = / acos (x) + bsin (z) d

—

inputLintegrate(csc(x)**3/(a*cos(x)+b*sin(x)),x)

-

OutputLIntegral(csc(x)**3/(a*cos(x) + b*sin(x)), x)

~—

3.14.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 119 vs. 2(53) = 106.

Time = 0.20 (sec) , antiderivative size = 119, normalized size of antiderivative = 2.16

4 bsin(z) + asin(x)? (a2+b2) 10g (_a_ 2 bsin(z) + asin(z)? )

/ csc? (CI?) dr— — cos(z)+1 (cos(z)+1)? . cos(z)+1 (cos(z)+1)*
acos(z) + bsin(z) 8 a? ad
(a® + b?) log (cfi?iﬁl) (a - jof;j;gg) (cos (z) + 1)
+ 3 - 2 2
a 8a?sin (x)

csc3(z)
3.14. f a cos(z)+bsin(z) dzx
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input‘integrate(csc(x)“3/(a*cos(x)+b*sin(x)),x, algorithm="maxima")

output(—1/8*(4*b*sin(x)/(cos(x) + 1) + a*sin(x)"2/(cos(x) + 1)"2)/a"2 - (a2 + b~
‘2)*log(—a - 2+b*sin(x)/(cos(x) + 1) + a*sin(x)"2/(cos(x) + 1)72)/a"3 + (a~
‘2 + b72)*log(sin(x)/(cos(x) + 1))/a"3 - 1/8x(a - 4*b*sin(x)/(cos(x) + 1))=*
(cos(x) + 1)72/(a"2*sin(x)"2)

|

3.14.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.42

z) + bsin(z) a? adb
_ 3d’tan (z)® + 3b?tan (z)* — 2abtan () + a2

2 a3 tan (z)°

/ csc3(x) dp — (a® +b°)log (Jtan (z)|)  (a®b+b*)log (|btan (z) + al)
a cos(

p
inputLintegrate(csc(x)‘3/(a*cos(x)+b*sin(x)),x, algorithm="giac")

-/

output‘(a‘Z + b~2)*log(abs(tan(x)))/a~3 - (a~2*b + b~3)*log(abs(b*tan(x) + a))/(a
“3*b) - 1/2%(3*a"2*tan(x) "2 + 3*b~2*tan(x) "2 - 2*a*b*tan(x) + a~2)/(a"3*ta
n(x)~2)

N\

3.14.9 Mupad [B] (verification not implemented)

Time = 21.32 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.65

acos(z) + bsin(z) v ad

/ csc3(z) p In (tan(%)) (a®+b)
In (—atan(§)2 +2btan(Z) + a) (a® + b?)
tan(§)2 btan(Z) (i ¢ _2btan(%)

8a 2a® 4 a? tan (%)2

inputLint(l/(sin(x)‘3*(a*cos(x) + b*sin(x))),x)

csc3(z)
3.14. f a cos(z)+bsin(z) dzx
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output‘(1og(tan(x/2))*(a“2 + b72))/a"3 - (log(a + 2*b*tan(x/2) - axtan(x/2)"2)*(a
‘“2 + b72))/a"3 - tan(x/2)"2/(8*a) - (bxtan(x/2))/(2*a"2) - (a/2 - 2*bxtan(
‘x/2))/(4*a“2*tan(x/2)“2)

csc3(z)
3.14. f a cos(z)+bsin(z) dzx
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315 [ i) ds

)+bsin(z))
3.15.1 Optimalresult . . .. .. ... .. ... .. . 196
3.15.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 1961
3.15.3 Rubi [B] (verified) . . ... ... ... . ... 197
3.15.4 Maple [A] (verified) . ... ... ... . ... 198
3.15.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 199
3.15.6 Sympy [F(-1)] . . . . o o 199
3.15.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 2001
3.15.8 Giac [A] (verification not implemented) . . . .. ... ... ... ...... 200
3.15.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... .... 20Tl

3.15.1 Optimal result

Integrand size = 16, antiderivative size = 107

—b+atan(Z
6a2 barctanh <Tb§2) )

/ (acos(z) + bsm(x)) de = (a2 + b2)%/?
3a(a? — b?) + a(a? + b?) cos(2x) — b(a? + b?) sin(2x)
2 (a2 4 b2)* (a cos(x) + bsin(x))

output \ 6*a”~2%b*arctanh ((-b+a*tan(1/2*x))/(a~2+b"2)~(1/2))/(a~2+b~2)~(5/2)+1/2% (3*
‘a*(a‘2—b‘2)+a*(a‘2+b‘2)*cos(2*x)—b*(a‘2+b‘2)*sin(2*x))/(a‘2+b“2)‘2/(a*cos(
x)+b*sin(x))

N\ J

3.15.2 Mathematica [A] (verified)

Time = 0.60 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.00

—b+atan(Z
6a2barctanh (ngz) >

/ (acos(z) + bsm(m)) dz (a2 + 52)%?
N 3a(a® — b*) + a(a® + b?) cos(2z) — b(a® + b?) sin(2x)
2 (a2 + b)? (a cos(z) + bsin(z))

p
input LIntegrate [Sin[x]~3/(a*Cos[x] + b*Sin[x])~2,x]

| —

sin3(x)
3.15. f (a cos(z)+bsin(z))? dx
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output‘ (6xa~2xbxArcTanh[(-b + axTan[x/2])/Sqrt[a”2 + b~2]])/(a"2 + b~2)"(5/2) + (
\s*a*(a“z - b72) + ax(a”2 + b"2)*Cos[2*%x] - bx(a~2 + b~2)*Sin[2*x])/(2*(a~2
‘ + b~2) 2% (a*Cos[x] + b*Sin[x]))

3.15.3 Rubi [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 283 vs. 2(107) = 214.

Time = 1.23 (sec) , antiderivative size = 283, normalized size of antiderivative = 2.64,

number of steps used = 3, number of rules used = 3, number of rules _ 0.188, Rules used

integrand size
= {3042, 4901, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

sin3(x)
/ (acos(@) 1 bsin(z))2 2

| 3042
sin(z)3
(acos(z) + bsin(z))?
| 4901
/ B a? cos3(z) 3a? cos?(x) _ 2acos(z) 4 sin(x) di
b3(acos(z) + bsin(z))?2  b3(acos(z) + bsin(z)) b3 b2
| 2009
b—atan(Z b—atan(Z b —asi
a?(3a® + b?) arctanh(Wl(;)) - 2a2barctanh(ﬁéj)) ~ 3a2arctanh(%> .
b (a2 + b2)>/? (a2 + b2)°/2 b (a2 + b2)/2
3a? cos(z) 2a”(a + btan (%)) 3a3sin(z)

b2 (a2 +02) (a2 + b2)? (—atan? (£) + a + 2btan (%)) b (a2 +b2)
2a® cos?® (2) ((a® — b?) tan (% ) +2ab)  2asin(z)  cos(z)
b3 (a2 + b2)? b3 b?

input [Int [Sin[x]"3/(a*Cos[x] + b*Sin[x])~2,x]

~—

sin3(x)
3.15. f (a cos(z)+bsin(z))? dx
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output | (-3*a~2*ArcTanh[(b*Cos[x] - a*Sin[x])/Sqrt[a~2 + b~2]])/(bx(a"2 + b~2)~(3/

2)) - (2xa”2*bxArcTanh[(b - axTan[x/2])/Sqrt[a”2 + b~2]])/(a"2 + b~2)"(5/2
) + (2%a"2x(3*a"2 + b~2)*ArcTanh[(b - a*Tan[x/2])/Sqrt[a~2 + b~2]])/(b*(a”

2 + b72)7(5/2)) - Cos[x]/b~2 + (3*a~2*Cos[x])/(b"2*%(a"2 + b~2)) - (2*a*Sin
[x]1)/b"3 + (3*a~3*Sin[x])/(b"3*(a"2 + b~2)) - (2*a~3*Cos[x/2] "2*(2*a*b + (
a”2 - b 2)*Tan[x/2]))/(b"3*(a"2 + b~2)"2) + (2*a~2+(a + bx*Tan[x/2]))/((a"2
+ b™2)"2x(a + 2*b*Tan[x/2] - a*Tan[x/2]72))

3.15.3.1 Defintions of rubi rules used

rukaQOOQLInt[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 4901 Int[u_, x_Symbol] :> With[{v = ExpandTriglu, x1}, Int[v, x] /; SumQ[v]] /;
!InertTrigFreeqQ[u]

3.15.4 Maple [A] (verified)

Time = 0.61 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.31

method | result
a n(Z)—2b
btan(%) 3b arctanh %
4q2 - 7% i 2va2+b
© W2 52 tan(%)za—than(%)—a 2v/a2 412
default A(n(Rab-5+5)
(a4+2a2b2+b4)<1+tan(%) ) a2 124202152
b a2 i ib+ L 2 .
risch e'® + e~ i@ + 2a3ei® _ 3iba 1n<ew+\/%) N 3iba ln(emc
—4iba+2a2 262 | 4iba+20°—2b% T (—ibe?i%+ae?i@+ibta)(ib+a)’(—ib+a)’ V—aZ b2 (a24b2)? V—a2—b’

—

p
inputLint(sin(x)“3/(a*cos(x)+b*sin(x))“2,x,method=_RETURNVERBDSE)

sin3(x)
3.15. f (a cos(z)+bsin(z))? dx
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output‘—4/(a‘4+2*a“2*b“2+b”4)*(tan(1/2*x)*a*b—1/2*a“2+1/2*b“2)/(1+tan(1/2*x)“2)+4
\*a‘2/(a“4+2*a“2*b‘2+b“4)*((-1/2*b*tan(1/2*x)-1/2*a)/(tan(1/2*x)‘2*a—2*b*ta
'n(1/2%x)-a)+3/2¥b/ (a~2+b~2) ~ (1/2) *arctanh (1/2% (2*axtan (1/2%x)-2+b) / (a~2+b" |
‘2)“(1/2))) ‘

3.15.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 240 vs. 2(99) = 198.

Time = 0.27 (sec) , antiderivative size = 240, normalized size of antiderivative = 2.24

/ sm3(x
dz
(acos(z) + bsin(z))?
2a° — 2a3b? — 4ab* + 2 (a® + 2% + ab*) cos (2)* — 2 (a*b + 2 a®b® + b°) cos (z) sin (z) + 3 (a®b cos (z)
2((a™ + 3a®b? + 3a?b* + ab®) cos (x) + (abb +

input‘integrate(sin(x)“3/(a*cos(x)+b*sin(x))“2,x, algorithm="fricas") ‘

output | 1/2%(2*%a~5 - 2*a”~3%xb~2 - 4xa*xb~4 + 2%(a”~5 + 2*a"3*%b"2 + a*b”4)*cos(x)"2 -
2% (a”4%b + 2*xa~2*xb"3 + b~5)*cos(x)*sin(x) + 3*(a"3*b*cos(x) + a”2¥b~2*sin(
x))*sqrt(a™2 + b~2)*log(-(2*a*b*cos(x)*sin(x) + (a"2 - b~2)*cos(x) "2 - 2*a
"2 - b™2 + 2xsqrt(a”2 + b"2)*(b*cos(x) - a*sin(x)))/(2*ax*b*cos(x)*sin(x) +

(a”2 - b™2)*cos(x)"2 + b72)))/((a”7 + 3*a~5*b"2 + 3*a~3*b"4 + axb~6)*cos(
x) + (a"6xb + 3*%a"4#b”3 + 3*¥a"2*b”5 + b~7)*sin(x))

3.15.6 Sympy [F(-1)]

Timed out.
sin®(z) ,
- dz = Timed out
(acos(z) + bsin(z))?
input Lintegrate (sin(x)**3/ (a*cos(x)+b*sin(x))**2,x) J
output LTimed out J

sin3(x)
3.15. f (a cos(z)+bsin(z))? dx
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3.15.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 253 vs. 2(99) = 198.

Time = 0.31 (sec) , antiderivative size = 253, normalized size of antiderivative = 2.36

/ sin® d
(acos(z) + bsm(m)) v

b— asin(x) +\/m
3a2b10g( cos(z) 41

b= conay 1 — Va2
(a* 4+ 2a%b? + b*)Va? + b2
3 32  3ab? sin(z)? 3a2bsin(z)3 (a?b—2b%) sin(z)
2 <2 a ab (cos(z)+1)? (cos(z)+1)3 + cos(z)+1 >

2 (a*b+2 a2b3+b5) sin(z) 2 (a*b+2a2b3+b5)sin(z)®  (a®+2a3b2+ab?)sin(z)*
cos(z)+1 (cos(z)+1)3 (cos(z)+1)*

+

a® +2a3b% + ab* +

+

input Lintegrate (sin(x) "3/ (a*cos(x)+b*sin(x))~2,x, algorithm="maxima")

~—

output -3*a~2xbxlog((b - a*sin(x)/(cos(x) + 1) + sqrt(a™2 + b72))/(b - a*sin(x)/(
cos(x) + 1) - sqrt(a™2 + b72)))/((a"4 + 2%a"2%b~2 + b~4)*sqrt(a”2 + b~2))
+ 2%(2*a”~3 - a*xb~2 - 3*axb~2*sin(x)"2/(cos(x) + 1)72 + 3*a~2*b*sin(x)"3/(c
os(x) + 1)73 + (a"2%b - 2*%b~3)*sin(x)/(cos(x) + 1))/(a”5 + 2*xa"3%b~2 + a*b
4 + 2x(a”4%b + 2*%a"2*xb"3 + b"5)*sin(x)/(cos(x) + 1) + 2*%(a~4*b + 2*a~2xb~
3 + b"5)*sin(x)"3/(cos(x) + 1)73 - (a”5 + 2*a~3*b"2 + a*b”4)*sin(x)~4/(cos
(x) + 1)74)

3.15.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 186, normalized size of antiderivative = 1.74

/ sin®(z)
(acos(z) + bsin(x ))
(

3 2b1 2atan% z)—2b—2va?+b?
a-0708 2atan(§ z)—2b+2va?+b?

(a* + 2a?b? + b4)\/m
2 (3 a’btan (1 m)?’ — 3ab*tan (1 x)2 +a®btan (3 z) —2b%tan (3 z) + 2a® — ab2>

<atan (%x)4 — 2btan (3 z)3 —2btan (3 z) — a) (a* 4 2 a?b? + b4)

inputLintegrate(sin(x)“3/(a*cos(x)+b*sin(x))“2,x, algorithm="giac")

sin3(x)
3.15. f (a cos(z)+bsin(z))? dx
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output | -3*a~2+bxlog(abs(2*axtan(1/2*x) - 2xb - 2*sqrt(a”2 + b~2))/abs(2*a*tan(1/2
*x) - 2%b + 2xsqrt(a”2 + b72)))/((a"4 + 2%¥a"2*b"2 + b~4)*sqrt(a”2 + b~2))
- 2% (3*%a"2*bxtan(1/2*x) "3 - 3*axb”~2*tan(1/2*x)~"2 + a~2*bxtan(1/2*x) - 2xb~
3xtan(1/2*x) + 2*xa~3 - a*b~2)/((a*tan(1/2*x) "4 - 2*bxtan(1/2*x)~3 - 2%bxta
n(1/2*x) - a)*(a”4 + 2*¥a"2*xb"2 + b~4))

3.15.9 Mupad [B] (verification not implemented)

Time = 21.87 (sec) , antiderivative size = 224, normalized size of antiderivative = 2.09

2(ab2—2a3) 2tan(%) (a2 b—2b3) 6ab2tan(%)2 6a2btan(%)3

/ﬁ sin’ () dp — — @202t o +2a2 0240 A 12a202+b% ~ ai+2a2 b2 +bt
(acos(x) + bsin(x))? —atan ( ) + 2btan ( ) + 2btan ( ) +a
2 2a%b+2b5+44a2 b3— 2ata.n( )( 4492q2 b2+b4)>
6a batanh( @)

(a2-+—b2)5/2

e

inputLint(sin(x)“S/(a*cos(x) + b*sin(x))"2,x)

~—

output - ((2*(a*xb”2 - 2*a"3))/(a"4 + b4 + 2*a~2*xb"2) - (2*tan(x/2)*(a"2xb - 2xb~
3))/(a”4 + b™4 + 2%a~2*b~2) + (6*a*xb~2*tan(x/2)"2)/(a"4 + b4 + 2%a~2*b~2)
- (6*xa~2xbxtan(x/2)"3)/(a”4 + b™4 + 2xa~2xb~2))/(a + 2*b*tan(x/2) - axtan
(x/2)"4 + 2%bxtan(x/2)"3) - (6*a~2*b*atanh((2*a~4*b + 2%xb~5 + 4*xa~2xb~3 -

2xaxtan(x/2)*(a"4 + b™4 + 2*xa~2xb~2))/(2*%(a"2 + b~2)7(5/2))))/(a"2 + b~2)"
(5/2)

sin3(x)
3.15. f (a cos(z)+bsin(z))? dx
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3.16

sin?(z)
f (a cos(z)+bsin(z))? dx

3.16.1 Optimalresult . . .. ... ... ... ... .. 202
3.16.2 Mathematica [C] (verified) . . . . . . ... .. ... Lo 2021
3.16.3 Rubi [A] (verified) . . . . . . ... ... 203
3.16.4 Maple [A] (verified) . ... ... ... ... 205
3.16.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .....
3.16.6 Sympy [F(-2)] . . . . .
3.16.7 Maxima [A] (verification not implemented) . ... .. ... ... ...... 2061
3.16.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 207
3.16.9 Mupad [B] (verification not implemented) . . . . ... .. ... ... ..... 207

3.16.1 Optimal result

Integrand size = 16, antiderivative size = 64

/ sin?(z) dp — — (a®> — %)z N a
(acos(z) + bsin(z))? (a2 +b2)*  (a®+b?) (b+ acot(z))
_ 2ablog(acos(z) + bsin(z))

(a? + 2)°

output‘—(a“2—b“2)*x/(a‘2+b“2)‘2+a/(a“2+b“2)/(b+a*cot(x))—2*a*b*ln(a*cos(x)+b*sin(
%))/ (a"2+b72)"2 |

3.16.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.42 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.89

sin?(z)
/(acos ) + bsin(z))? dz
_ —acos(z) ((a + ib)*x + ablog ((a cos(x) + bsin(x))?)) + (a® + ab®(1 — 2iz) — a’bz + b’z — ab®log ((aco
(a2 4 b2)? (a cos(z) + bsin(z))

p
inputLIntegrate[Sin[x]‘2/(a*Cos[x] + b*Sin[x])~2,x]

-/

sin?(x)
3.16. f (a cos(z)+bsin(z))? dx
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output‘ (-(a*Cos[x]*((a + I*b)~"2xx + a*b*Log[(axCos[x] + b*Sin[x])"2])) + (a"3 + a

‘*b"2*(1 - (2%I)*x) - a"2xb*x + b~3*x - axb~2+Logl[(a*Cos[x] + b*Sin[x])~2])
‘*Sin[x] + (2*I)*axbxArcTan[Tan[x]]*(a*Cos[x] + b*Sin[x]))/((a"2 + b~2) ~2x%(
‘a*Cos [x] + bxSin[x]))

3.16.3 Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.17, number

_ _ o humber of rules _ _
of steps used = 9, number of rules used = 9, integrand size — 0.562, Rules used = {3042,

3564, 3042, 3964, 3042, 4014, 25, 3042, 4013}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

sin?(x)
(acos(z) + bsin(x))?

l 3042

sin(x) i
/ (acos(z) + bsin(z))? d

l 3564
1
/ (acot(z) + b)2 dz
l 3042
/ 1 3 dr
(b — atan (m + %))
l.3964
b—
I
a? + b? (a2 4+ b?) (acot(z) + b)
l 3042
b+atan(:c+ )d
b— atan(z—i— ) n a
a? +b? (a2 4 b2) (acot(z) + b)
l 4014

b cot(x)
_20b [ — e z(a®-b?)
d2+b2 a2+b2 a

a? +b? + (a? + b2) (acot(z) + b)

sin?(x)
3.16. f (a cos(z)+bsin(z))? dx




input

output

rule 25

rule 3042

rule 3564

rule 3964
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| 25

2ab [ Ziiﬁigii dz  z(a2-b?)

aZ+b2 T T a2+b2 + a
a? + b2 (a2 + b2) (acot(z) + b)
| 3042
a+btan(z+%)
2] (o1 5) ™ a(a?—1)
a2+b2 - a2+b2 + a
a? + b? (a? + b2) (acot(z) + b)
| 4013

_x(a2—b2) __ 2ablog(a cos(x)+bsin(x))
a + a2+b2 a2+b2
(a2 4 b2) (acot(z) + b) a? + b2

[Int [Sin[x]~2/(a*Cos[x] + b*Sin[x])~2,x]

-/

‘a/((a‘2 + b72)*(b + axCot[x])) + (-(((a”2 - b™2)*x)/(a"2 + b72)) - (2xaxbx
LLog[a*Cos [x] + bxSin[x]])/(a"2 + b™2))/(a"2 + b~2)

~

3.16.3.1 Defintions of rubi rules used

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

/Int[sin[(c_.) + (@_D)*)D] " )*(cos[(c_.) + (A_)*(x_)]1*(a_.) + (b_.)*sin
[(c_.) + (@_)*(x_)1)"(n_.), x_Symbol] :> Int[(b + a*Cot[c + d*x])~"n, x] /;
FreeQ[{a, b, c, d}, x] && EqQ[m + n, 0] && IntegerQ[n] && NeQ[a"2 + b~2, 0

]

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((a +
b*Tan[c + d*x])~(n + 1)/(d*(n + 1)*(a"2 + b72))), x] + Simp[1/(a”2 + b~2)
Int[(a - bxTan[c + d*x])*(a + bxTan[c + d*x])~(n + 1), x], x] /; FreeQ[{a,
b, c, d}, x] && NeQ[a~2 + b~2, 0] && LtQ[n, -1]

sin?(x)
3.16. f (a cos(z)+bsin(z))? dx
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rule 4013 | Int[((c_) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_) + (b_.)*tan[(e_.) + (f_.)*
(x_)1), x_Symbol] :> Simp[(c/(b*f))*Log[RemoveContent[a*xCos[e + f*x] + b#*Si
nle + £*x], x]1, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] &&
NeQ[a~2 + b2, 0] && EqQ[a*c + bxd, 0]

rule 4014 Int[((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (f_.
)*(x_)]1), x_Symbol] :> Simp[(a*c + b*d)*(x/(a"2 + b~2)), x] + Simp[(b*c - a
*d)/(a”2 + b™2) Int[(b - axTanl[e + f*x])/(a + b*Tan[e + f*x]), x], x] /;
FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2, 0] && N
eQ[axc + bxd, 0]

3.16.4 Maple [A] (verified)

Time = 0.54 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.27

method result
2
default _ a2 _ 2abIn(a+btan()) n abln(1+tan(m) )+(—a2+b2) arctan(tan(z))
(a?+b?)b(a+btan(z)) (a2+b2)2 (a2+b2)?
Helrisch (—2a2b cos(z)—2sin(z)a b?) 1n(%) +(2a%b cos(z)+2sin(xz)a b?) ln(W) +(—z a?b+x b3+a3+a b?) sin(z
parallelr1sc (acos(z)+bsin(z))(a2+b2)>
i bt
I'iSCh + 43abx + 2ia? _ 2abln (e2m_ ;b—g )
2iba— (1.2—i-b2 a*+2a2b%+b* (—ibe2i® +q e2i® +ib+a)(ib+a)(—ib+a)? a*4+2a2b%+b
a(a?2-b2)z a(a?-b2)ztan( L 2 2atan( % 4atan( % 8 2atan( % 5 a(a?2-b2)ztan( L 4 a(a?-b2)ztan( & 6 2b(a2-
n 2) 2) 2) 2) 2) 2) |
a%4+2a2p2 +b4 a%+2a2p2+p4 a2+b2 a2+b2 a2+b2 a%4+2a2p2 b4 a%+2a2p2 +p4 at
norman REIT — .
(1+tan(§) ) (tan(f) a—2btan(§)—a)
inputLint(sin(x)“2/(a*cos(x)+b*sin(x))“2,x,method=_RETURNVERBUSE) J

output‘-a“2/(a“2+b“2)/b/(a+b*tan(x))-2*a*b/(a“2+b“2)“2*1n(a+b*tan(x))+1/(a“2+b‘2)
| ~2%(a*bxln(1+tan(x) "2)+(-a"2+b"2)*arctan(tan(x))) |

sin?(x)
3.16. f (a cos(z)+bsin(z))? dx
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3.16.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 132 vs. 2(64) = 128.

Time = 0.26 (sec) , antiderivative size = 132, normalized size of antiderivative = 2.06

sin?
/ (acos(z) + bsm( ))? de =
(a®b + (a® — ab?)z) cos () + (a2bcos (z) + ab? sin (z)) log (2 abcos (z) sin (z) + (a? — b?) cos () + b?
(a® + 2a3b? + ab*) cos (z) + (a*b + 2 a2b3 + b5) sin (z)

N
inputLintegrate(sin(x)‘2/(a*cos(x)+b*sin(x))‘2,x, algorithm="fricas") J

Outpu'ﬁ‘-((a?*b + (a3 - axb~2)*x)*cos(x) + (a"2xb*cos(x) + axb~2xsin(x))*log(2+*a ‘
(*bxcos(x)*sin(x) + (™2 - b™2)*cos(x)"2 + b™2) - (273 - (a”2%b - b"3)*x)*s |
in(x))/((a76 + 2%a™3%b™2 + a¥b™4)*cos(x) + (a”4*b + 2xa”2%b™3 + b 5)*sin(x |
» |

3.16.6 Sympy [F(-2)]

Exception generated.

dx = Exception raised: AttributeError

/ (a cos( Sln+ bsin(z))?2

~—

p
input Lintegrate (sin(x)**2/ (a*cos(x) +b*xsin(x))**2,x)

output‘Exception raised: AttributeError >> 'NoneType' object has no attribute 'pr

\ imitive' \

3.16.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.83

/ sin?(z) dp = — 2ablog (btan (z) +a) = ablog (tan (z)® + 1)
(acos(x) + bsin(z))2 a*+2a?b? + b4 a*+2a%b? + b4
a? (a® — )z

 a3b+ab® + (a2 + b tan (z)  at + 2a2b? + bt

sin?(x)
3.16. f (a cos(z)+bsin(z))? dx
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input‘integrate(sin(x)“2/(a*cos(x)+b*sin(x))“2,x, algorithm="maxima") ‘

\a‘4 + 2*%a"2%b"2 + b~4) - a~2/(a"3*%b + a*b~3 + (a"2*b"2 + b"4)*tan(x)) - (a

e B
output -2*a¥bxlog(bxtan(x) + a)/(a™4 + 2%a”2¥b™2 + b~4) + axbxlog(tan(x)"2 + 1)/(
72 - bT2)*x/(a”4 + 2%a"2%b"2 + b4) |

3.16.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 139 vs. 2(64) = 128.

Time = 0.28 (sec) , antiderivative size = 139, normalized size of antiderivative = 2.17

/ sin? o 2 ab?log (|btan (z) +a|)  ablog (tan (z)* +1)
(acos(z) + bsm(z)) N a*b + 2a?b3 + b° a*+2a?b? + b*
(a2 — b))z 2 ab® tan (z) — a* + a?b?

Cat 42222+ ' (ab+ 2a2b% + b5)(btan (z) + a)

inputLintegrate(sin(x)‘2/(a*cos(x)+b*sin(x))‘2,x, algorithm="giac") J

output‘ -2*axb~2*log(abs(b*tan(x) + a))/(a”4*b + 2*a~2xb~3 + b~5) + a*bxlog(tan(x) ‘
"2+ 1)/(a™4 + 2%a™2%b™2 + b™4) - (a2 - b 2)*x/(a™4 + 2%a"2+b"2 + b74) + |
\ (2%a*b~3*tan(x) - a”4 + a~2+b~2)/((a"4*b + 2*xa~2*b~3 + b~5)*(b*tan(x) + a) \
) |

3.16.9 Mupad [B] (verification not implemented)

Time = 27.72 (sec) , antiderivative size = 626, normalized size of antiderivative = 9.78

/ sin? 4
(acos(z +bsm( ))?
a® sin (z) + ab? sin (z) — 2a® atan(sm(%)) cos (z) + 25 a‘can(sin

cos(%)

input‘ int (sin(x) "2/ (a*cos(x) + b*sin(x))~2,x)

sin?(x)
3.16. f (a cos(z)+bsin(z))? dx




output
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(a~3*sin(x) + a*b~2*sin(x) - 2*a~3*atan(sin(x/2)/cos(x/2))*cos(x) + 2%xb~3x%

atan(sin(x/2) /cos(x/2))*sin(x) + 2*a*b~2*atan(sin(x/2)/cos(x/2))*cos(x) -
2xa”2xb*atan(sin(x/2)/cos(x/2))*sin(x) + 2*a~2*b*cos(x)*log((1024*a~14 + 1
024*%a~2*%b"12 + 26624*a”4*%b~10 + 146432%a"6*xb~8 - 348160*a"8*%b"6 + 146432*a
~10*%b"4 + 26624*a”~12*%b"2)/(a"16/2 + b"16/2 + 4*a~2*xb~14 + 14*xa~4xb~12 + 28
*a"6xb~10 + 35%a”"8*b~8 + 28*a~10%b"6 + 14*a”~12*b"4 + 4*a~14%b"2 + (a~16*co
s(x))/2 + (b~ 16*cos(x))/2 + 4*a~2xb~14*cos(x) + 14*a~4*b~12*cos(x) + 28*a”
6*%b~10*cos(x) + 35*a~8*xb~8*cos(x) + 28*a~10*b"6*cos(x) + 14*a”~12*b~4*cos(x
) + 4xa~14xb~2%cos(x))) + 2%a*b"2x1log((1024*a~14 + 1024*a”2xb~12 + 26624*a
“4xb710 + 146432%a"6*%b"8 - 348160*%a"8%b"6 + 146432*%a~10%b"4 + 26624*a”12%b
~2)/(a"16/2 + b"16/2 + 4*%a~2%b~14 + 14*xa~4*xb~12 + 28*a"6%b~10 + 35*xa~8*xb~8
+ 28%a~10%b"6 + 14*a~12%b"4 + 4*a”14*b~2 + (a~16*cos(x))/2 + (b~ 16*cos(x)
)/2 + 4*a~2*%b~14*cos(x) + 14*a~4xb~12*cos(x) + 28*a~6*b~10*cos(x) + 35*%a”8
*b~8*xcos(x) + 28*a”~10*%b~6*cos(x) + 14*a”~12*b"4*cos(x) + 4*a~14*xb~2*cos(x))
)*sin(x) - 2*a~2*b*log((a*cos(x) + b*sin(x))/cos(x/2) 2)*cos(x) - 2*axb~2x
log((a*xcos(x) + b*sin(x))/cos(x/2)"2)*sin(x))/(b"b*sin(x) + a~5xcos(x) + a
*b~4*cos(x) + a"4*b*sin(x) + 2*a~3*b"2*cos(x) + 2*a~2*xb"3*sin(x))

sin?(x)
3.16. f (a cos(z)+bsin(z))? dx
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3.17

sin(x)
f (a cos(z)+bsin(z))? dx

3.17.1 Optimal result . . . . . . . . . . ... 209
3.17.2 Mathematica [A] (verified) . . . . . . . ... .. .. L L 209
3.17.3 Rubi [A] (verified) . . . . ... .. . ... 2101
3.17.4 Maple [A] (verified) . .. .. ... ... .. 2111
3.17.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 212
3.17.6 Sympy [F(-2)] . . . . o 212
3.17.7 Maxima [B] (verification not implemented) . . . . . ... ... ... .. ... 212
3.17.8 Giac [A] (verification not implemented) . . . ... .. ... ... ...... 2131
3.17.9 Mupad [B] (verification not implemented) . . . . ... ... ... .. ... .. 213

3.17.1 Optimal result

Integrand size = 14, antiderivative size = 60

b cos(z)—asin(z)
/ sin(z) o _%Ictanh(%) ) )
(@ cos(z) +bsin(z))" (a2 + b2)3/2 (a? + b?) (a cos(z) + bsin(z))

output| ~bxarctanh((bxcos (x)-a*sin(x))/(a~2+b"2)~(1/2))/(a~2+b"2) "~ (3/2) +a/ (a~2+b"2
)/ (a*cos (x)+b*sin(x)) |

3.17.2 Mathematica [A] (verified)

Time = 0.26 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.03

—b+atan(3
/ sin(z) e — 2barctanh<%bg)> .
(acos(z) +bsin(z))? = (a2 + b2)*? (a® + b%) (a cos(z) + bsin(z))

N

input | Integrate[Sin[x]/(a*Cos[x] + b*Sin[x])~2,x]

~—

output‘{(2*b*ArcTanh[(—b + a*Tan[x/2])/Sqrt[a”2 + b~2]]1)/(a”2 + b"2)7(3/2) + a/((a
"2 + b"2)*(a*Cos[x] + b*Sin[x]))

~

sin(z)
317. [ (acos(z)+bsin(z))? dx
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3.17.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 357 Ry jaq ysed = {3042,

integrand size
3633, 3042, 3553, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

sin(z)
(acos(z) + bsin(x))?
| 3042
sin(x)
(acos(z) + bsin(z))?
| 3633
b [ aeos@) rran) 4% N a
a? + b2 (a? 4 b2) (acos(z) + bsin(z))
| 3042
bf;a@giaaad$+_ a
a? + b? (a2 + b2) (acos(z) + bsin(z))
| 3553
a _ b f a?+b2—(b cos%x)—a sin(x))2 d(b cos(ac) —a Sin(w))
(a2 + b2) (acos(z) + bsin(z)) a? + b2
| 219
a barctanh(éfgﬂ%%%%%ﬂgﬁ)
(a2 + b2) (acos(z) + bsin(z)) (a2 + b2)3/2

inputLInt[Sin[x]/(a*Cos[x] + b*Sin[x])"2,x]

/—((b*ArcTanh[(b*Cos [x] - a*Sin[x])/Sqrt[a~2 + b~2]]1)/(a"2 + b~2)"(3/2)) +
\a/((a*z + b~2)*(a*Cos[x] + b*Sin[x]))

sin(z)
3.17. f (a cos(z)+bsin(z))? dx




rule 219

rule 3042

rule 3553

rule 3633
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3.17.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

/

Int[(cos[(c_.) + (d_.)*(x_)1*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x
_Symbol] :> Simp[-d~(-1) Subst[Int[1/(a"2 + b"2 - x72), x], x, b*xCos[c +
d*x] - a*Sin[c + d*x]], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

211

Int[((A_.) + (C_.)*sin[(d_.) + (e_.)*(x_)1)/((a_.) + cos[(d_.) + (e_.)*(x_)
I*x(b_.) + (c_.)*sin[(d_.) + (e_.)*(x_)]1)"2, x_Symbol] :> Simp[-(b*C + (a*C
- c*A)*Cos[d + exx] + bxA*Sin[d + exx])/(ex(a”2 - b™2 - c”2)*(a + bxCos[d +
exx] + c*Sin[d + e*x])), x] + Simp[(a*A - c*C)/(a”2 - b™2 - ¢™2) Int[1/(
a + bxCos[d + exx] + c#Sin[d + e*x]), x], x] /; FreeQ[{a, b, c, d, e, A, C}
, x] && NeQ[a"2 - b™2 - ¢c~2, 0] && NeQ[a*xA - c*C, O]

3.17.4 Maple [A] (verified)

Time = 0.39 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.62

method | result size
2atan( % )—2b
Sbt ( z ) 48 8b arctanh <a2an(27+12
=z a
default iy L e — 97
(—4a2—4b2) <tan(%)2a—2b tan(£) —a) (—4a2—4b2)Va2+b?
94 6% ibln (eiz — “"g“ = ) ibln (e"-i— “"ga = )
risch . ‘ e + — 157
(ib+a)(—ib+a)(—ibe?**+a e2'T+ib+a) vV—a2—b2 (a2+b2) V—a2—b2 (a2+b2)

input ‘ int (sin(x)/(a*cos(x)+b*sin(x))~2,x,method=_RETURNVERBOSE)

output \ 4% (2xbxtan (1/2*x)+2*a) / (-4*a~2-4*b~2) / (tan(1/2*x) “2*a-2*xb*tan(1/2*x)-a) -8*
‘b/(—4*a‘2—4*b‘2)/(a“2+b‘2)‘(1/2)*arctanh(1/2*(2*a*tan(1/2*x)—2*b)/(a‘2+b“2
)7(1/2))

sin(z)

il (acos(z)+bsin(z))? dx

3.17.
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3.17.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 164 vs. 2(56) = 112.

Time = 0.26 (sec) , antiderivative size = 164, normalized size of antiderivative = 2.73

/ sin(z d
(acos(z +bsm( ))? v

. 2 / .
2a® + 2ab® + (abcos (z) + b%sin (x))\/m log (— 2abeos(®) Sm(w)+2(Zj,:ﬁ:();)ossigil):_2(;22__522;33(;;2?:2@ cos(e) oo

2((a® +2ab? + ab*) cos (z) + (a%b + 2 a?b® + b%) sin (x))

N
input Lintegrate (sin(x)/(a*xcos(x)+b*sin(x))~2,x, algorithm="fricas") J

output‘ 1/2%(2*a”~3 + 2*a*b~2 + (a*xb*cos(x) + b~2*sin(x))*sqrt(a”™2 + b~2)*log(-(2*a ‘
‘*b*cos(x)*sin(x) + (2”2 - b™2)*cos(x)72 - 2*a"2 - b"2 + 2xsqrt(a”2 + b"2)* ‘
‘(b*cos(x) - a*sin(x)))/(2*axb*cos(x)*sin(x) + (a"2 - b~2)*cos(x)"2 + b~2)) ‘
1)/((a™5 + 2%a”3¥b™2 + a¥b~4)*cos(x) + (a~4%b + 2¥a"2%b"3 + b 5)*sin(x)) |

3.17.6 Sympy [F(-2)]

Exception generated.

/ sin(z) . dr = Exception raised: AttributeError
(acos(z) + bsin(z))?
input (integrate (sin(x)/(a*cos(x) +b*sin(x))**2,x) J

N\ J

output‘Exception raised: AttributeError >> 'NoneType' object has no attribute 'pr ‘
‘ imitive' ‘

3.17.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 128 vs. 2(56) = 112.
Time = 0.31 (sec) , antiderivative size = 128, normalized size of antiderivative = 2.13
b— asin(xz) +\/m
bl cos(z)+1
/ sin(x) 08 (b—c‘;:y;gfl \/a2+b2>
- de = —
(acos(z) + bsin(z))? (a2 b2) 2
bsin(z)
2 (a+ 2 )
2 (a2b4-b3)sin(z) _ (a®4ab?) sin(z)?
cos(z)+1 (cos(z)+1)?

+

a® + ab? +

sin(z)
3.17. f (a cos(z)+bsin(z))? dx
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input‘integrate(sin(x)/(a*cos(x)+b*sin(x))“2,x, algorithm="maxima")

output(-b*log((b - axsin(x)/(cos(x) + 1) + sqrt(a™2 + b~2))/(b - a*sin(x)/(cos(x)
‘ + 1) - sqrt(a™2 + b2)))/(a"2 + b"2)"(3/2) + 2x(a + b*sin(x)/(cos(x) + 1)
‘)/(a‘3 + a*b”2 + 2%(a”2%b + b~3)*sin(x)/(cos(x) + 1) - (a”3 + a*b"2)*sin(x
)72/ (cos(x) + 1)72)

|

3.17.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.72

bl )2atan(% x)—2b—2\/m
/ Sin(:l,') . 08 ’2 atan(% ac) —2b+2+va2+b2

(acos(z) + bsin(z))? = (a2 + b2)?
2 (btan (3 z) + a)

inputtintegrate(sin(x)/(a*cos(x)+b*sin(x))‘2,x, algorithm="giac")

output‘—b*log(abs(2*a*tan(1/2*x) - 2%¥b - 2*sqrt(a”2 + b~2))/abs(2*a*xtan(1/2*x) -
\2*b + 2%sqrt(a”2 + b72)))/(a"2 + b~2)"(3/2) - 2*(b*tan(1/2*x) + a)/((a*tan
L(1/2*x)‘2 - 2%b*tan(1/2*x) - a)*(a”2 + b~2))

3.17.9 Mupad [B] (verification not implemented)

Time = 21.69 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.43

a 2btan(§ 2b—2atan(§)
/ Sin(l') dr = ¢122—i-b2 + az—HS2 : . 2batanh( 2va2+b% )
(acos(z) + bsin(z))? —atan (%)2 +2btan (%) +a (a2 + b2)%/?

inputLint(sin(x)/(a*cos(x) + bxsin(x))~2,x)

-/

output‘((2*a)/(a‘2 + b72) + (2+bxtan(x/2))/(a”2 + b~2))/(a + 2¥bxtan(x/2) - a*tan
\(x/2)‘2) - (2*b*atanh((2*b - 2*axtan(x/2))/(2*x(a"2 + b~2)~(1/2))))/(a"2 +
\b*2)*(3/2)

sin(z)
317. [ (acos(z)+bsin(z))? dx
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3.18.3 Rubi [A] (verified) . . . . . . ... .. 215
3.18.4 Maple [A] (verified) . . . .. .. ... ...
3.18.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 216
3.18.6 Sympy [B] (verification not implemented) . . .. .. ... ... ... .... 276l
3.18.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... AR
3.18.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 218
3.18.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 218

3.18.1 Optimal result

Integrand size = 11, antiderivative size = 17

/ 1 dp — sin(z)
(acos(z) + bsin(zx))? a(acos(z) + bsin(z))

output [sin (x)/a/ (axcos(x)+b*sin(x))

~—

3.18.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

/ 1 dp — sin(z)
(acos(z) + bsin(z))? a(acos(z) + bsin(z))

input LIntegrate [(axCos[x] + b*Sin[x])~(-2),x]

~—

-

i

output | Sin[x]/(a*(a*Cos[x] + b*Sin[x]))

N\ J

1
318. [ (acos(z)+bsin(z))? dx



input LInt [(a*xCos[x] + b*Sin[x])~(-2),x]
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3.18.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 199 Ryjeg used = {3042,
integrand size
3554}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (acos(@) 1 bsin(z))2 22
l 3042

1
/ (acos(@) + bsin(z))2
l’3554

sin(z)
a(acos(z) + bsin(x))

-/

output LSin [x]/(a*x(axCos[x] + b*Sin[x])) J

rule 3042

rule 3554

3.18.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cos[(c_.) + (d_.)*(x_)1*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-2), x
_Symbol] :> Simp[Sin[c + d*x]/(a*d*(axCos[c + d*x] + b*Sin[c + d*x])), x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a~2 + b~2, 0]

1
318. [ (acos(z)+bsin(z))? dx
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3.18.4 Maple [A] (verified)

Time = 0.37 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

method result size
1
default — W 14
. sin(z)
parallelrisch a(acos(z) +bsm(@)) 18
2tan ( %)
norman — 31
a(tan(%)Qa—than(%) —a)
. 21
risch (—ibe?**+q e?®+ib+a)(—ib+a) 36

inputLint(1/(a*cos(x)+b*sin(x))“2,x,method=_RETURNVERBDSE)

e

output t—l/b/ (a+b*tan(x))

~—

3.18.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 39 vs. 2(17) = 34.

Time = 0.24 (sec) , antiderivative size = 39, normalized size of antiderivative = 2.29

/ 1 i bcos (z) — asin (x)
(acos(z) + bsin(z))? (a® + ab?) cos (x) + (a?b + b%) sin (x)

inputLintegrate(1/(a*cos(x)+b*sin(x))“2,x, algorithm="fricas")

outputt—(b*cos(x) - axsin(x))/((a"3 + a*xb"2)*cos(x) + (a~2*%b + b~3)*sin(x))

3.18.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 605 vs. 2(14) = 28.

1
318. [ (acos(z)+bsin(z))? dx



input | integrate(1/(a*cos(x)+b*sin(x))**2,x)

output
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Time = 157.81 (sec) , antiderivative size = 605, normalized size of antiderivative = 35.59

J/ 1
(acos(z) + bsin(z))?

ztan? (%)

2b2 sin? (z) tan? (£)—4b? sin? (z) tan? (Z)+2b2 sin? (z)+8b2 sin (z) cos () tan® (£)—8b2 sin (z) cos () tan (£)+8b2 cos? (x) tan? (£
2tan (%)
L " a2 tan? (£)—a?—2abtan (£)

Piecewise((zoo*(tan(x/2)/2 - 1/(2*tan(x/2))), Eq(a, 0) & Eq(b, 0)), ((tan(
x/2)/2 - 1/(2xtan(x/2)))/b**2, Eq(a, 0)), (x*tan(x/2)**4/(2*b**2*sin(x)**2
*tan (x/2)**4 - 4xb**2*sin(x)**2*%tan(x/2)**2 + 2xb**2*xsin(x)**2 + 8xb**2*si
n(x)*cos(x)*tan(x/2)**3 - 8*b**2*xsin(x)*cos(x)*tan(x/2) + 8*b**2*xcos(x) **2
*tan(x/2) **2) + 2*kx*tan(x/2)**2/(2xbx*2xsin(x) **2*tan(x/2)**4 — 4xb**2*sin
(x)**x2xtan (x/2) **2 + 2¥b**2*sin(x)**2 + 8*b**2*sin(x)*cos(x)*tan(x/2)**3 -
8*b**2*sin(x)*cos(x)*tan(x/2) + 8*b**2*cos(x)**2xtan(x/2)**2) + x/(2¥b**2
*3in(x) **2xtan (x/2) **4 — 4*b**2*sin(x)**2xtan(x/2) **2 + 2*b**2*sin(x)**2 +
8*b**2*sin (x) *cos (x) *tan(x/2) **3 — 8xb**2*sin(x)*cos(x)*tan(x/2) + 8*b*x*2
*cos (x) **2*xtan (x/2) **x2) - 2xtan(x/2) **3/ (2*b**2*sin(x)**2*tan(x/2) **4 - 4x*
b**2%sin (x) **2%tan (x/2) **2 + 2%b*x*2%sin(x)**2 + 8*b**2%sin(x)*cos(x)*tan(x
/2)**3 - 8*b**2*sin(x)*cos(x)*tan(x/2) + 8xb**2xcos(x)**2+tan(x/2)**2) + 2
*tan (x/2)/ (2*%b**2*sin (x) **2*xtan (x/2) **4 — 4*b**x2*xsin(x)**2*xtan(x/2)**2 + 2
*b*x*x2xsin (x) **2 + 8*b**2*sin(x)*cos(x)*tan(x/2)**3 - 8*b**2*sin(x)*cos(x)*
tan(x/2) + 8*b**2xcos(x)**2xtan(x/2)**2), Eq(a, 2*b*tan(x/2)/((tan(x/2) -

D) *x(tan(x/2) + 1)))), (-2xtan(x/2)/(a**2*xtan(x/2)**2 - a*x*x2 — 2*xaxbktan(x/
2)), True))

1
318. [ (acos(z)+bsin(z))? dx
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3.18.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

/ 1 dr — — 1
(acos(x) + bsin(z))2 ~  b2tan(z)+ ab

inputLintegrate(1/(a*cos(x)+b*sin(x))‘2,x, algorithm="maxima")

—

-

output L—l/(b‘2*tan(x) + ax*b)

-/

3.18.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/ 1 do — 1
(acos(z) +bsin(z))2 ~  (btan(z) +a)b

inputLintegrate(1/(a*cos(x)+b*sin(x))“2,x, algorithm="giac")

output‘ -1/((b*tan(x) + a)*b)

3.18.9 Mupad [B] (verification not implemented)

Time = 21.08 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.71

(acos(z) + bsin(z))? = a (—atan (%)2 +2btan (%) + a)

/ 1 2tan(§)

input Lint(l/(a*cos (x) + b*sin(x))"2,x)

e

outputt(2*tan(x/2))/(a*(a + 2*bxtan(x/2) - a*tan(x/2)72))

p J

1
318. [ (acos(z)+bsin(z))? dx
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csc(x)

3.19 f (a cos(z)+bsin(z))? dx

3.19.1 Optimal result . . . . . . . . . ... 219
3.19.2 Mathematica [A] (verified) . . . . . . . ... .. .. Lo 219
3.19.3 Rubi [A] (verified) . . . . . ... .. 220
3.19.4 Maple [A] (verified) . . . . ... .. ... 22T
3.19.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ....
3.19.6 Sympy [F] . . . . . o
3.19.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 223
3.19.8 Giac [A] (verification not implemented) . . . ... ... ... ... ..... 223
3.19.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 2241

3.19.1 Optimal result

Integrand size = 14, antiderivative size = 63

b cos(z)—asin(z)
/ csc(x) e = _ arctanh(cos(z)) N barctanh( VaZ 102 )
(acos(z) + bsin(x))2 ~ a? N
1

+ a(acos(z) + bsin(z))

output‘-arctanh(cos(x))/a“2+1/a/(a*cos(x)+b*sin(x))+b*arctanh((b*cos(x)-a*sin(x))
/(a”2+b72)"(1/2)) /a"2/ (a™2+b72) " (1/2)

3.19.2 Mathematica [A] (verified)

Time = 0.61 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.14

csc(z)
/ (acos(@) + bsin(z)2
2varctanh <_b+‘”a“(%)>
VaZ+b? acsc(z z s (T
_ e + b+aco(t(l) — log (cos (%)) + log (sin (%))

a2

input LIntegrate [Csc[x]/(a*Cos[x] + b*Sin[x])~2,x]

output ‘ ((-2*%b*ArcTanh[(-b + a*Tan[x/2])/Sqrt[a”2 + b~2]])/Sqrt[a”2 + b~2] + (a*Cs
‘ clx])/(b + a*Cot[x]) - LoglCos[x/2]] + Logl[Sin[x/2]1]1)/a"2

csc(x)
319. [ (acos(z)+bsin(z))? dx
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3.19.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 499 Ryjles used = {3042,

integrand size
3572, 3042, 3553, 219, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

csc(x)
/ (acos(@) + bsin(z))2 22
| 3042

1
/ sin(z)(a cos(x) + bsm(z))?

| 3572
b acos(@) Thain() 4% N [ csc(z)dz 1
a? a? a(acos(z) + bsin(z))
| 3042
Rrcrrron | Jese(@)dz | 1
a? a? a(acos(z) + bsin(x))
| 3553
bf a2+b2—(bcos%x)—asin(z))2 d(bcos(x) — asin(z)) n f csc(z)dx 1
a? a? a(acos(z) + bsin(x))
| 219
b —asin
[ ese(z)da +_barctanh(cmf2;;$;(x)) . 1
a? a2va? + b? a(acos(z) + bsin(z))
| 4257
bcos(z)—asin(z)
barctanh(— Va2 +b? ) __ arctanh(cos(z)) + 1
a?va? + b2 a? a(acos(z) + bsin(z))

input LInt [Csc[x]/(a*Cos[x] + b*Sin[x])"2,x]

output ‘ -(ArcTanh[Cos[x]]/a"2) + (b*ArcTanh[(b*Cos[x] - a*Sin[x])/Sqrt[a”2 + b~2]]

L)/(a“2*Sqrt [a”2 + b~2]) + 1/(ax(a*Cos[x] + b*Sin[x]))

csc(x)
319. [ (acos(z)+bsin(z))? dx




rule 219

rule 3042

rule 3553

rule 3572

rule 4257
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3.19.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

/

Int[(cos[(c_.) + (d_.)*(x_)1*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x
_Symbol] :> Simp[-d~(-1) Subst[Int[1/(a"2 + b"2 - x72), x], x, b*xCos[c +
d*x] - a*Sin[c + d*x]], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

Int[(cos[(c_.) + (d_.)*(x_)1*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)])"(n_)/si
nl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-(a*Cos[c + d*x] + b*Sin[c + d*x])
“(n + 1)/(a*xd*(n + 1)), x] + (Simp[1/a~2 Int[(a*Cos[c + d*x] + b*Sin[c +
d*x])~(n + 2)/Sin[c + d*x], x], x] - Simp[b/a”2 Int[(a*Cos[c + d*x] + Db*S
infc + d*x])"(m + 1), x], x]1) /; FreeQ[{a, b, c, d}, x] && NeQ[2"2 + b~2, 0
] && LtQ[n, -1]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, xI]

3.19.4 Maple [A] (verified)

Time = 0.56 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.35

method | result size
btan(%) 2atan(%)—2b
4 <— 5 — %) 2b arctanh <W
2 - 212
tan % a—2btan % —a a“+b ln(tan(ﬂ))
default | Cn(E (i) 4 Inftan(s 85
: iT_ ib4a . iz ib+a ) )
isch 2¢™ _ ibln (e 7a27b2) + ibln (e + 71127172) N In(e?*+1) + In(e?*—1) 156
T8¢ a(—ibe?® +q e2'T+ib+a) V—a2—b2 g2 V—a2—b2 a? a2 a2

input Lint (csc(x)/(a*xcos(x)+b*sin(x))~2,x,method=_RETURNVERBOSE)

csc(x)
319. [ (acos(z)+bsin(z))? dx




output‘
|
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4/a~2x((-1/2*xbxtan(1/2*x)-1/2*a)/ (tan(1/2*x) ~2%a-2xbxtan(1/2%x)-a)-1/2%b/ (
a~2+b"2) " (1/2) *arctanh(1/2%(2*a*xtan(1/2*x)-2%b)/(a~2+b"2)~(1/2)))+1/a"2%1n
(tan(1/2*x))

3.19.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 220 vs. 2(59) = 118.

Time = 0.29 (sec) , antiderivative size = 220, normalized size of antiderivative = 3.49

/(acos CSj—bsm( ))? dz

2p?) cos(z)?—2 a2 —b2—2 Va2 +b2(bcos(x) —asin(:

. 5 T 19 2ab x) sin(x)+(a
2a® +2 (lb2 (ab Cos (',I’.) + b?sin (Z')) a® + b log ( cosle)snle) 2(a,bcos(a:) sin(z)+(a2—b2) cos(x)?+b2

2((a®+a3

inputLintegrate(csc(x)/(a*cos(x)+b*sin(x))‘2,x, algorithm="fricas")

output

input

N\

~—

1/2%(2*a~3 + 2*a*b~2 + (a*bxcos(x) + b~2xsin(x))*sqrt(a”2 + b~2)*log((2*ax*
b*cos(x)*sin(x) + (a”2 - b"2)*cos(x)”"2 - 2*%a"2 - b™2 - 2xsqrt(a”2 + b~2)*(
bxcos(x) - a*sin(x)))/(2*axb*cos(x)*sin(x) + (a”2 - b~2)*cos(x)"2 + b~2))

- ((a”3 + axb"2)*cos(x) + (a"2*b + b~3)*sin(x))*log(1l/2xcos(x) + 1/2) + ((
a~3 + a*b"2)*cos(x) + (a"2*b + b~3)*sin(x))*log(-1/2*cos(x) + 1/2))/((a"5

+ a"3*%b”"2)*cos(x) + (a"4xb + a"2*xb"3)*sin(x))

3.19.6 Sympy [F]

csc (x)

/ (acos(z Csi bsin(z))? = / (acos (z) + bsin (z))* dz

integrate(csc(x)/(a*cos(x)+b*sin(x))**2,x)

outputLIntegral(csc(x)/(a*cos(x) + b*sin(x))**2, x)

csc(x)
3.19. f (a cos(z)+bsin(z))? dx
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3.19.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 128 vs. 2(59) = 118.

Time = 0.30 (sec) , antiderivative size = 128, normalized size of antiderivative = 2.03

acos(z) + bsin(z))2 .3, 2absin(z) _  a3sin(z)?
(acos(z) (2)) ad 4 20D — e

b asin(z) 21 p2
blog cos(:c)-ﬁ-l—i_\/aT 1 sin(x)
p—asin(@ _ /9o 0og cos(z)+1

cos(z)+1

Va? + b2a? * a?

bsin(z)
/ CSC(J?) dr — 2 (a + cos(z)-l—l)

_|_

inputLintegrate(csc(x)/(a*cos(x)+b*sin(x))*2,x, algorithm="maxima")

output‘2*(a + b*sin(x)/(cos(x) + 1))/(a”3 + 2*a~2*b*sin(x)/(cos(x) + 1) - a"3*sin
‘(x)“2/(cos(x) + 1)72) + b*log((b - a*sin(x)/(cos(x) + 1) + sqrt(a”2 + b~2)
‘)/(b - a*sin(x)/(cos(x) + 1) - sqrt(a™2 + b72)))/(sqrt(a™2 + b"2)*a"2) + 1
‘og(sin(x)/(cos(x) + 1))/a™2

3.19.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.73

bl (‘2atan(%m)—2b—2m‘)
/ csc(z) = 8 [2atan(} 2)-2b+2 Va?+?| N log (’tan (3z) |)
(acos(z) + bsin(z))? v Va2 + b2a? a?
B 2 (btan (3 z) + a)
(atan (3 a:)2 —2btan (3 ) — a>a2

-

input  integrate(csc(x)/(axcos(x)+b*sin(x))~2,x, algorithm="giac")

N\

output‘b*log(abs(2*a*tan(1/2*x) - 2*%b - 2*sqrt(a”2 + b72))/abs(2*%axtan(1/2%x) - 2
‘*b + 2xsqrt(a”2 + b~2)))/(sqrt(a”2 + b~2)*a"2) + log(abs(tan(1/2*x)))/a"~2
‘- 2% (bxtan(1/2*x) + a)/((axtan(1/2*x)"2 - 2%b*tan(1/2*x) - a)*a~2)

csc(x)
319. [ (acos(z)+bsin(z))? dx
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3.19.9 Mupad [B] (verification not implemented)

Time = 21.95 (sec) , antiderivative size = 492, normalized size of antiderivative = 7.81

csc(z) 24 ) In (tan(3))
/ : 5 dr = 2 + 2
(acos(x) + bsin(x)) —atan (£)"+2btan (%) +a a

2tan(%) (3aa4+4 a,2 b2) ) \/m

b|2a%b+ b(z 2 py
bva2+b2 4b+2tan(%) (a2+4b2)+ (“ L bVa2+b2 4b+2ta“(%) (“2+4b2)_ ‘

a aAra2 b2 a
batan atta? b2 + a2V
2 2tan(%) (3a4+4a2 b2) 5 9
2tan(g) (a2+a82) " \*7 Y @ Ve 2ean(§) (a2+ae2) "\*°
bvVa2+b2 | 4b+ 2 + 1252 bvVa2+b2 | 4b+ 2 -
a a
ab _
+ a2 atta2p2 ad4a?

(1,4 + a2 b2

input  int(1/(sin(x)*(a*cos(x) + b*sin(x))~2),x)

output| (2/a + (2*b*tan(x/2))/a~2)/(a + 2*bxtan(x/2) - a*tan(x/2)7°2) + log(tan(x/2
))/a”2 + (b*xatan(((b*x(a™2 + b~2)~(1/2)*(4%b + (2*tan(x/2)*(a"2 + 4%b~2))/a
+ (b*(2*a"2%b + (2*xtan(x/2)*(3*a"4 + 4*a~2%b"2))/a)*(a"2 + b"2)"(1/2))/(a
~4 + a”2xb"2))*1i)/(a”4 + a~2xb"2) + (bx(a”2 + b"2)"(1/2)*(4xb + (2*tan(x/
2)*%(a”2 + 4xb~2))/a - (b*(2*%a"2%b + (2*xtan(x/2)*(3*a"4 + 4*a~2%b~2))/a)*(a
T2 + b72)7(1/2)) /(a4 + a”2%b"2))*1i)/(a”4 + a"2%b~2))/((4*b)/a"2 + (b*x(a”
2 + b™2)"(1/2)%(4xb + (2xtan(x/2)*(a"2 + 4xb~2))/a + (b*(2*a~2%b + (2xtan(
x/2)*(3*%a~4 + 4*a~2%b~2))/a)*(a”2 + b"2)"(1/2))/(a™4 + a~2*b~2)))/(a"4 + a
~2%b"2) - (b*(a"2 + b~2)"(1/2)*(4%b + (2xtan(x/2)*(a~2 + 4*b~2))/a - (b*(2
*a~2xb + (2*tan(x/2)*(3*a~4 + 4*a~2*b~2))/a)*(a"2 + b~2)"(1/2))/(a"4 + a~2
*b~2))) /(a4 + a~2%b"2)))*(a"2 + b~2)"(1/2)%2i)/(a"4 + a~2%b"2)

csc(x)
319. [ (acos(z)+bsin(z))? dx
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csc?(z) ; dx

3.20 f (acos(z)+bsin(x))

3.20.1 Optimalresult . . .. . ... . . ... .. 225
3.20.2 Mathematica [A] (verified) . . . . . . ... ... Lo 2251
3.20.3 Rubi [A] (verified) . . . . ... .. .. 226
3.20.4 Maple [A] (verified) . . . . ... .. ...
3.20.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 228
3.20.6 Sympy [F] . . . . . 228
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3.20.1 Optimal result

Integrand size = 16, antiderivative size = 49

/ csc? cot(z) 2blog(tan(z)) 2blog(a+ btan(z)) % + a%
dr=— — + _
(acos(z) + bsm( ))? a? a? a? a + btan(z)

output(—cot(x)/a“2-2*b*1n(tan(x))/a“3+2*b*1n(a+b*tan(x))/a”3+(-1/b-b/a“2)/(a+b*ta
‘n(x)) ‘

3.20.2 Mathematica [A] (verified)

Time = 2.43 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.55

/ csc? de

(a cos(z) + bsm( ))?

_ a? + b? — a? cot?(z) — 2b? log(sin(z)) — abcot(x)(1 + 2log(sin(z)) — 2log(a cos(z) + bsin(z))) + 2b% log
a3(b+ acot(x))

inputkIntegrate[Csc[x]‘2/(a*Cos[x] + b*Sin[x])~2,x] J

output‘(a‘z + b72 - a"2*Cot[x]~2 - 2%b~2*Log[Sin[x]] - a*b*Cot[x]*(1 + 2*Log[Sin[
‘x]] - 2xLog[a*Cos[x] + b*Sin[x]]) + 2xb~2xLog[a*Cos[x] + b*Sin[x]1])/(a~3x*(
Lb + axCot[x])) J

csc?(z)
3.20. f (a cos(z)+bsin(z))? dx
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3.20.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , 954 Ryjleg used = {3042,

integrand size
3566, 522, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

csc?(z)
(acos(z) + bsin(z))?

l 3042

1
/ sin(z)2(a cos(z) + bsin(z))? dz

| 3366
(tan?(z) + 1) cot?(z)
// (a+btan(@)? 2 tan@)
| 522
2b? 2b cot(x) a2+ b2 cot?(z)
/ <a3(a +btan(z))  ad + a?(a + btan(z))? + a2 > dtan(z)
l 2009
_2b log(tan(z)) 4 2blog(a + btan(x)) B a% + % B cot(z)
a? a’ a + btan(z) a2

input ‘ Int [Csc[x]"2/(a*Cos[x] + bxSin[x])~2,x]

output ‘/- (Cot[x]/a"2) - (2*b*Log[Tan[x]])/a~3 + (2+b*Logl[a + b*Tan[x]])/a"3 - (b~ (
\-1) + b/a~2)/(a + b*Tan[x])

csc?(z)
3.20. f (a cos(z)+bsin(z))? dx
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3.20.3.1 Defintions of rubi rules used

ruk3522‘Int[((e_.)*(x_))”(m_.)*((c_) + (d_)*(x))"(@_D)*((a)) + (b_.)*(x_)"2)"(p_.
‘), x_Symbol] :> Int[ExpandIntegrand[(e*x) “m*(c + d*x) n*(a + b*xx~2)"p, x],
'x] /; FreeQl{a, b, c, d, e, m, n}, x] & IGtQ[p, O] |

ruka2009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3566 | Int[sin[(c_.) + (d_.)*(x_)]1 " (m_.)*(cos[(c_.) + (d_.)*(x_)1*(a_.) + (b_.)*si
nl(c_.) + (A_)*(x_)1)"(n_), x_Symbol] :> Simp[1/d  Subst[Int[x"m*((a + b*
x)°n/(1 + x72)"((m + n + 2)/2)), x], x, Tanl[c + d*x]], x] /; FreeQ[{a, b, c
, d}, x] && IntegerQ[n] && IntegerQ[(m + n)/2] && NeQ[n, -1] && !'(GtQ[n, O
] && GtQ[m, 1])

3.20.4 Maple [A] (verified)

Time = 0.64 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.14

method result
. a24-b2 2bIn(a+btan(z)) 1 __ 2bIn(tan(z))
default Thatbtan(@) T a3 a?tan(z) a?
. i ib+a .
risch _ ' 4(b6214z—b+7;0j) + 2bln<e21z_ibta> _ 2b1n(e21z_1)
(e?*z—1)(—1ibe?'T+qa 2 +ib+a)a? a3 a3

4 2
1 tn(8) (3“2“”2)3“‘“(%) %bln(tan(2)) , 2bWn(tan(%)’a—2btan(%)—a)

2a 2a a

norman

tan(%)(tan(%) a—2btan(%)- a) N a3 a’
. —2 cot(z) cos(z)a?+2ab cos(x) In (W) —21n(csc(z)—cot(x))ab cos(z)+2 sin(x)b? In ( %) -2
parallelrisch (@ cos(@) Fhsn(@)a?
inputLint(csc(x)“2/(a*cos(x)+b*sin(x))“2,x,method=_RETURNVERBOSE) J

output ‘ -(a~2+b"2)/a~2/b/ (at+b*tan(x) ) +2xb*1n(a+b*tan(x))/a~3-1/a~2/tan(x) -2*b*x1n(t
‘an(x))/a"3 |

csc?(z)
3.20. f (a cos(z)+bsin(z))? dx
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3.20.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 134 vs. 2(49) = 98.

Time = 0.27 (sec) , antiderivative size = 134, normalized size of antiderivative = 2.73

/ csc? 4
(acos + bsm( ))?
_2 a?cos (z)® + 2 abcos () sin (z) — a? + (b? cos (z)* — abcos (z) sin (z) — b?) log (2 abcos (z) sin (z) + (a

a3bcos (z)* — at cos (z) sin (z

~—

1nputLlntegrate(csc(x)‘2/(a*cos(x)+b*sin(x))‘2,x, algorithm="fricas")

Output((2*a‘2*cos(x)‘2 + 2kaxbkcos(x)*sin(x) - a”2 + (b"2*cos(x) "2 - a*bxcos(x)*s
‘in(x) - b~2)*log(2*a*bxcos(x)*sin(x) + (a”2 - b"2)*cos(x)"2 + b"2) - (b~2x
‘cos(x)‘2 - axbxcos(x)*sin(x) - b~2)*log(-1/4*cos(x)"2 + 1/4))/(a"3*bxcos(x

)72 - a4*cos(x)*sin(x) - a~3%b)

N J

E——

3.20.6 Sympy [F]

csc2(x . csc” (z) "
/ (acos(z) + bsin(z))? do = / (acos () + bsin (z))* ;

-/

§
input Lintegrate (csc(x)**2/ (a*cos (x) +b*sin (x)) **2,x)

~—

output LIntegral(csc(x)**2/(a*cos(x) + b*sin(x))**2, x)

3.20.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.27

/ csc?(x) e ab + (a® + 2b?) tan (z)
(acos(z) + bsin(z))? a2b? tan (z)° + adbtan (z)
+ 2blog (btan (z) +a) 2blog (tan (z))

csc?(z)
3.20. f (a cos(z)+bsin(z))? dx
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input‘integrate(csc(x)“2/(a*cos(x)+b*sin(x))“2,x, algorithm="maxima")

output‘-(a*b + (a”2 + 2*b~2)*tan(x))/(a"2*b~2*tan(x) "2 + a~3*b*tan(x)) + 2xb*log(
‘b*tan(x) + a)/a"~3 - 2«b*log(tan(x))/a"3

3.20.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.29

/ csc?(x) s = 2blog (|btan (z) +a|)  2blog (Jtan (z)))
(acos(z) + bsin(z))? a? a?
_ a’tan (z) +2b” tan (z) + ab
(btan () + atan (z))a2b

inputLintegrate(csc(x)“2/(a*cos(x)+b*sin(x))“2,x, algorithm="giac")

output‘2*b*1og(abs(b*tan(x) + a))/a"3 - 2%b*log(abs(tan(x)))/a~3 - (a"2*tan(x) +
'2%b~2+tan(x) + a*b)/((bxtan(x)~2 + a*tan(x))*a~2+b)

3.20.9 Mupad [B] (verification not implemented)

Time = 21.71 (sec) , antiderivative size = 114, normalized size of antiderivative = 2.33

tan(%)2 (5 a2+4b2)

/ csc?(x) o — tan(§) a+2btan(%) — 2
(acos(x) + bsin(x))? 2a? —2a3tan (£ ) +2a3tan (£) + 4ba?tan (%)
+2bln< atan( ) —|—2btan( )—l—a) 2bln(tan(§))

asd a3

input Lint(l/(sin(x) ~2x(a*cos(x) + bxsin(x))~2),x)

output‘tan(x/2)/(2*a”2) - (a + 2xbxtan(x/2) - (tan(x/2)"2*(5*%a~2 + 4%*b~2))/a)/ (2%
‘a“B*tan(x/2) - 2xa”3*tan(x/2) "3 + 4*a~2+b*tan(x/2)"2) + (2xbxlog(a + 2%b*t
‘an(x/2) - a*tan(x/2)72))/a"3 - (2#b*log(tan(x/2)))/a"3

csc?(z)
3.20. f (a cos(z)+bsin(z))? dx



CHAPTER 3. LISTING OF INTEGRALS 230

csc3(z)
3.21 f (a cos(z)+bsin(z))? dx

3.21.1 Optimal result . . . . . . . .. . ... . 230
3.21.2 Mathematica [B] (verified) . . . . . .. ... ... L Lo 230
3.21.3 Rubi [A] (verified) . . . . . . .. .. 231
3.21.4 Maple [A] (verified) . ... ... ... . ... Lo 235
3.21.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ..... 2361
3.21.6 Sympy [F] . . . . . 230
3.21.7 Maxima [B] (verification not implemented) . . . . . . ... ... ... .. .. 237
3.21.8 Giac [A] (verification not implemented) . . . ... ... ... .. ....... 237
3.21.9 Mupad [B] (verification not implemented) . . . . ... ... ... .. ... .. 238
3.21.1 Optimal result
Integrand size = 16, antiderivative size = 118
/ csc3(x) arctanh(cos(z))  2b%arctanh(cos(z))
- dr = — —
(acos(z) + bsin(z))? 2a? a*
(a® + b?) arctanh(cos(z))
P
. 3bva? + b%rctanh(%\/%n(z))
P
2bcsc(z)  cot(x) ese(x) a® + b
Tt T 2a? a®(acos(z) + bsin(z))
output ‘ -1/2*%arctanh(cos(x))/a"~2-2*%b~2*arctanh(cos(x))/a"4-(a"2+b~2) *arctanh(cos(x ‘
1)) /a4+2¥bxcsc(x) /a~3-1/2%cot (x) *csc(x) /a~2+(a~2+b~2) /a”3/ (a*cos (x) +b*sin( |
Lx))+3*b*arctan.h((b*cos(x) -—axsin(x))/(a™2+b72) " (1/2)) *(a~2+b~2) " (1/2) /a™4 J

3.21.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 270 vs. 2(118) = 236.

Time = 2.42 (sec) , antiderivative size = 270, normalized size of antiderivative = 2.29

/ csc? I
(acos(x) + bsm( ))?
—48b\/ a?+ bzarctanh< bi;a;% ) (b+ acot(z)) + 8a® csc(x) + 8ab? csc(z) — 12a%blog (cos (£)) — 24b°

csc3(z)
3.2L. f (a cos(z)+bsin(z))? dx
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input ‘ Integrate[Csc[x]~3/(a*Cos[x] + b*Sin[x])~2,x]

output | (-48xb*Sqrt[a”2 + b~2]*ArcTanh[(-b + a*Tan[x/2])/Sqrt[a~2 + b~2]]1*(b + a*C
ot[x]) + 8*a~3*Csc[x] + 8*axb~2xCsc[x] - 12*a~2*b*Log[Cos[x/2]] - 24*b~3*L
ogl[Cos[x/2]] - 12*a~3x*Cot[x]*Logl[Cos[x/2]] - 24*a*b~2*Cot [x]*Log[Cos[x/2]]
+ 12%a~2*b*Log[Sin[x/2]] + 24*b~3*Log[Sin[x/2]] + 12*a~3*Cot [x]*Log[Sin[x
/2]]1 + 24*axb~2*Cot [x]*Log[Sin[x/2]] + a~2xb*Sec[x/2]"2 + a~3*Cot[x]*Sec[x
/2172 - a*Csc[x/2] 2% (-4*a*xb*Cos[x] + a~2*Cot[x] + b*(a - 4*bxSin[x])) + 8
*axb~2xTan[x/2] + 8*a~2*b*Cot [x]*Tan[x/2])/(8*a"4x(b + a*Cot[x]))

3.21.3 Rubi [A] (verified)

Time = 0.94 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.32,

number of steps used = 15, number of rules used = 14, number of rules _ 875, Rules
integrand size

used = {3042, 3584, 3042, 3572, 3042, 3553, 219, 3582, 3042, 3553, 219, 4255, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

csc3(x)
(acos(z) + bsin(z))?

l 3042

1
/ sin(z)3(a cos(z) + bsin(z))>? dx

| 3584
csc(z)
(a + b2) f (acos(z)+bsin(z))? dzx 2bf ﬁ—l—%&n(@ f csc?
a? a? a?
| 3042
1
(@ +¥) | seeaemmer® %] seresmmae® |, [ osca)ds
a2 (12 a2
| 3572
2, 12 b [ oo irem@ e | [ esc(z)dx 1
(a +b ) <_ a; + a2 + a(a cos(x)+bsin(x)) 2bf 51n(z)2(acos(w)+681n(.’v))d
a? a2
J esc(z)’dz
2
| 3042

csc3(z)
3.2L. f (a cos(z)+bsin(z))? dx




CHAPTER 3. LISTING OF INTEGRALS 232

[ P ;) (z)dz
a2 + b2 <_ a cos(z)+bsin(x) + fCSC + 1 . )
( ) a2 a2 a(a cos(z)+bsin(x)) 3 2bf Sin(@)2(a cos(2) +b5m (@) dx N
a? a2
J esc(z)’dz
az
| 3553
b 55 1 - 5 d(bcos(z)—asin(z))
2 2 a —(bcos(z)—asin(z)) fCSC(.’IJ)dCl! 1
(a +b ) ( e a2 + a2 + a(acos(w)—{—bsin(w)))
a? B
2b f sin(x) 2(a,cos(x)+bsm :E) f CSC 3d-’13
a? a?
| 219
bal‘ctanh b cos(z)—asin(x)
2 9 J csc(z)dz ( Va24p2 > 1
(CL +b ) a? + a2v/a2+b2 + a(a cos(z)+bsin(z))
a? B
2b f sin(z) 2(ac0s(a:)+bs1n :t) f CSC 3d-’L‘
a? a?
| 3582
barctanh bcos(z)—asin(z)
2 2 J csc(z)dz ( Va2+b2 ) 1
(a‘ +0b ) a? + a2v/a2+b2 + a(acos(z)+bsin(z))
a2
2 (a®+%) [ mdw _ b fesc(x)dr csc(m)
o a’ f csc(z)3dx
a? a2
| 3042
barctanh bcos(z)—asin(z)
9 9 J esc(z)dz ( Va2+b2 ) 1
(a +b ) a? + a2v/a2+b2 + a(a cos(z)+bsin(z))
a2
2 (a®+0%) [ mdm _ bfesc(z)dz  csc(z)
o a* a [ ese(z)3dzx
a? a2
| 3553
barctanh bcos(z)—asin(z)
9 9 J csc(z)dz ( Va2+b2 ) 1
(0’ +0b ) a? + a2v/a2+b2 + a(acos(z)+bsin(z))
a? B
2 — (a®+b?) [ a2+b2—(bcostz)—asin(z))2 d(bcos(z)—asin(z)) _ bfesc(z)dz csc(z)
a a’ f csc(z)3dx
a? a2

csc3(z)
3.21. f (acos(z)+bsin(z))? dx
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l 219

barctanll(é£2%£L41§ggg)
_|_

2 9 J csc(z)dz Va2+b2 1
(a +0b ) a2 + a2v/a2+b2 a(a cos(z)+bsin(x))
a?
beos(z)—asin(z)
op [ _bSescla)ds \/m arctanh( s ) cse(x)
- a2 a2 - a
csc(z)3dx
+
a? a?
| 4255
b cos(z)—asin(x)
( 2 p2 J csc(z)dz bar(ﬁlanh(ﬁ) + 1
a® + ) a2 + a2v/a2+b2 a(a cos(z)+bsin(x))
a? -
/a2 b2 bcos(z)—asin(z)
% b [ csc(z)dz a®+b% arctanh( Va2+b2 ) csc(z)
- 2 - 2 T Ta
“ ¢ [ese(@)de _ %cot(x) csc(z)
a? + a?
| 3042
b cos(z)—asin(x)
2 p2 J csc(z)dz barCtanh<7 Va2+b2 ) 1
((l + ) a2 + 2V a2 +b2 + a(a cos(z)+bsin(x))
a? -
/a2 52 bcos(z) —asin(z)
% b [ csc(z)dz a?+b% arctanh( Va2+b2 ) csc(z)
— 5 p— 5 —_
“ ¢ ¢ [escl@)dz _ %cot(:r) csc(z)
a? * a?
| 4257
bcos(z) —asin(z)
(a b barCtanh( Va2+b2 ) _ arctanh(cos(z)) + 1
a2/a21b? a? a(acos(z)+bsin(z))
a? -
beos(z)—asin(z)
o Va?+b? arCtanh< VaZ4b2 ) . tarctanh(cos(@)) _ ose(x)
- a? a? a
3 +

—%arctanh(cos(m)) — % cot(z) csc(x)

a’

input LInt [Csc[x]~3/(a*Cos[x] + b*Sin[x])~2,x]

csc3(z)
3.21. f (a cos(z)+bsin(z))? dx



output

rule 219

rule 3042

rule 3553

rule 3572

rule 3582
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(-2xb* ((b*ArcTanh[Cos[x]])/a"2 - (Sqrt[a”2 + b~2]*ArcTanh[(b*Cos[x] - a*Si
n[x])/Sqrtl[a~2 + b~2]])/a~2 - Csc[x]/a))/a"2 + (-1/2*ArcTanh[Cos[x]] - (Co
t[x]*Csc[x])/2)/a"2 + ((a”2 + b~2)*(-(ArcTanh[Cos[x]]/a"2) + (b*ArcTanh[(b
*Cos [x] - a*Sin[x])/Sqrt[a~2 + b~2]])/(a"2*Sqrt[a~2 + b~2]) + 1/(a*(a*Cos[
x] + b*Sin[x]))))/a"2

3.21.3.1 Defintions of rubi rules used

Int[((a) + (b_)*(x)"2)~(-1), x_Symbol] :> Simp[(1/(Rt[a, 21*Rt[-b, 21))
(ArcTanh[Rt[-b, 21*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il Ltalb, 01)

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cos[(c_.) + (d_.)*(x_)1*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x
_Symbol] :> Simp[-d~(-1) Subst[Int[1/(a"2 + b2 - x72), x], x, b*xCos[c +
d*x] - a*Sin[c + d*x]], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 + b~2, 0]

Int[(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)])"(n_)/si
nl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-(a*Cos[c + d*x] + b*Sin[c + d*x])
“(n + 1)/(a*d*(n + 1)), x] + (Simp[1/2a~2 Int[(a*Cos[c + d*x] + b*Sin[c +
d*x])~(n + 2)/Sin[c + d*x], x], x] - Simp[b/a”2 Int[(a*Cos[c + d*x] + b*S
in[c + d*x])~(n + 1), x], x]) /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 + b~2, O
] && LtQ[n, -1]

Int[sinl[(c_.) + (d_)*(x )1 (m_)/(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*sin
[(c_.) + (@_.)*(x_)]), x_Symbol] :> Simp[Sin[c + d*x]"(m + 1)/(a*d*(m + 1))
,» x] + (-Simp[b/a~2 Int[Sin[c + d*x]"(m + 1), x], x] + Simp[(a”™2 + b~2)/a
~2 Int[Sin[c + d*x]~(m + 2)/(a*Cos[c + d*x] + b*Sin[c + d*x]), x], x]) /;
FreeQ[{a, b, c, d}, x] & NeQ[a~2 + b~2, 0] && LtQ[m, -1]

csc3(z)
3.2L. f (a cos(z)+bsin(z))? dx
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rule 3584 | Int [sin[(c_.) + (d_.)*(x_)]1 " (m_)*(cos[(c_.) + (d_.)*(x_)1*(a_.) + (b_.)*sin
[Cc_.) + (@_.)*(x_)1)"(n_), x_Symbol] :> Simp[(a™2 + b"2)/a"2 Int[Sin[c +
d*x]"(m + 2)*(a*Cos[c + d*x] + bxSin[c + d*x])"n, x], x] + (Simp[1/a~2 I
nt[Sin[c + d*x] "m*(a*Cos[c + d*x] + b*Sin[c + d*x])"(n + 2), x], x] - Simp[
2% (b/a~2) Int[Sin[c + d*x]"(m + 1)*(a*Cos[c + d*x] + b*Sin[c + d*x])"(n +
1), x]1, x]) /; FreeQ[{a, b, c, d}, x] && NeQ[a~"2 + b~2, 0] && LtQ[n, -1] &
& LtQ[m, -1]

rule 4255 Int[(cscl[(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])~"(n - 1)/(d*(n - 1))), x] + Simp[b~2*x((n - 2)/(n - 1))

Int[(b*Csclc + d*x])~"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&% IntegerQ[2#n]

rule 4257 Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

3.21.4 Maple [A] (verified)

Time = 0.71 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.34

method | result

4<(_%a2b_%b3)tan(%)_ (“22"2)“)
6b

tan(%)2a+4btan(£) tan(m)2a—2btan(z)—a
+ : )+ ? 4a3 2+ . - a

default | — 1 (6a%4+12b) In(tan(%)) —
adtan(g

8a? tan(%)2 4a*

31'\/—a2—b2b1n(em—7v‘“i;i;(“’+")) 3iv/—a—b?

e'® (3iab e +3a%e*"” 4-6b?e*i” —2a%e?** —12b%e?** —3iba+3a>+6b%) +

(e2iz—1)? (—ib e2i®+a e2i®+ib+a)ad ot

risch

inputLint(csc(x)“3/(a*cos(x)+b*sin(x))“2,x,method=_RETURNVERBOSE) J

output‘—1/8/a“2/tan(1/2*x)“2+1/4/a“4*(6*a“2+12*b“2)*1n(tan(1/2*x))+b/a“3/tan(1/2*
‘ x)+1/4/a" 3% (1/2*xtan(1/2*x) ~2*a+d*xb*xtan(1/2*x))+4/a~4*(((-1/2*a~2*%b-1/2%b"3 ‘
)¥tan(1/2%x)-1/2% (a~2+b"2) *a) / (tan(1/2+x) “2*a-2¢bxtan (1/2%x) -a) -3/2+b* (a~2
‘+b‘2)‘(1/2)*arctanh(1/2*(2*a*tan(1/2*x)—2*b)/(a“2+b‘2)‘(1/2))) \

csc3(z)
3.2L. f (a cos(z)+bsin(z))? dx
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3.21.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 345 vs. 2(110) = 220.

Time = 0.32 (sec) , antiderivative size = 345, normalized size of antiderivative = 2.92

/ csc? 4
(acos(z +bsm( ))?
6 a2bcos (z) sin (z) + 4a® + 12ab® — 6 (a® + 2 ab?) cos () — 6 (ab cos (z)* — abcos (z) + (b? cos (z)” -

-/

inputLintegrate(csc(x)‘3/(a*cos(x)+b*sin(x))‘2,x, algorithm="fricas")

output | —1/4*(6*a~2*b*cos(x)*sin(x) + 4*a~3 + 12*a*xb~2 - 6%(a”3 + 2*a*b~2)*cos(x)”
2 - 6%(a*bxcos(x)"3 - axb*cos(x) + (b~2*cos(x)"2 - b~2)*sin(x))*sqrt(a~2 +
b~2) *log((2*a*bxcos (x)*sin(x) + (2”2 - b™2)*cos(x)"2 - 2%a”2 - b™2 - 2*sq
rt(a”2 + b~2)*(b*xcos(x) - a*sin(x)))/(2*a*b*cos(x)*sin(x) + (a~2 - b~2)*co
s(x)72 + b72)) + 3*%((a”3 + 2*a*b~2)*cos(x)"3 - (a3 + 2*a*b~2)*cos(x) - (a
“2%b + 2*¥b~3 - (a”2*%b + 2%b~3)*cos(x)"2)*sin(x))*log(1/2*cos(x) + 1/2) - 3
*((a~3 + 2xa*xb"2)*cos(x)"3 - (a”3 + 2*xaxb"2)*cos(x) - (a™2%b + 2*xb"3 - (a~
2¥b + 2*¥b~3)*cos(x)~2)*sin(x))*log(-1/2*cos(x) + 1/2))/(a"b*cos(x)~3 - a~b
*cos(x) + (a"4xb*xcos(x)”2 - a"4#b)*sin(x))

3.21.6 Sympy [F]

csc3(x) _ csc (z) .
/ (acos(z) + bsin(z))? do = / (acos () + bsin (z))” .

inputLintegrate(csc(x)**3/(a*cos(x)+b*sin(x))**2,x) J

outputLIntegral(csc(x)**3/(a*cos(x) + b*sin(x))**2, x) J

csc3(z)
3.2L. f (a cos(z)+bsin(z))? dx
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3.21.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 242 vs. 2(110) = 220.

Time = 0.31 (sec) , antiderivative size = 242, normalized size of antiderivative = 2.05

3 6a2bsin(x) (17 a3+32 ab?) sin(z)? 8 (a?b+25%) sin(z)?

/ CSC3(£I7) doe — _a T Tcos(m)+1 (cos(z)+1)2 - (cos(z)+1)3
acos(z) + bsin(z))2 ( asin(z)® | 2a%bsin(@)® _ dSsin(z)* >
( ( ) ( )) 8 (cos(z)+1)2 + (cos(z)+1)3 (cos(z)+1)*

cos(z)+1 ' (cos(z)+1)* cos(z)+1
8a3 . 2 g4
2p 4 13 b— ey pr TV
3 (a/ b + b ) lOg <b— a.sin(:—)1 _\/m

cos(z)+1

Va2 + b2a4

8 bsin(x) + asin(z)? 3(a2+2b2) 10g< sin(z) >
+

_|_

B
input Lintegrate (csc(x) "3/ (a*cos(x)+b*sin(x))~2,x, algorithm="maxima")

~—

output | -1/8%(a~3 - 6*a”~2*bxsin(x)/(cos(x) + 1) - (17*a"3 + 32*a*b~2)*sin(x) "2/ (co
s(x) + 1)72 - 8%(a™2*b + 2xb~3)*sin(x)~3/(cos(x) + 1)73)/(a"b*sin(x)~2/(co
s(x) + 1)72 + 2*xa~4xb*sin(x)~3/(cos(x) + 1)°3 - a~5*sin(x)~4/(cos(x) + 1)~
4) + 1/8%(8+b*sin(x)/(cos(x) + 1) + a*sin(x)"2/(cos(x) + 1)72)/a"3 + 3/2x*(
a”2 + 2¥b"2)*log(sin(x)/(cos(x) + 1))/a~4 + 3x(a"2xb + b~3)*log((b - a*sin
(x)/(cos(x) + 1) + sqrt(a™2 + b~2))/(b - a*sin(x)/(cos(x) + 1) - sqrt(a”2

+ b72)))/(sqrt(a™2 + b"2)*a"4)

3.21.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 215, normalized size of antiderivative = 1.82

/ csc?(x) e — 3(a® +2b?)log (|tan (3 z)|)
(acos(z) + bsin(z))? 2a*
2atan(i z)—2b-2+va2+b2
3(a’b + %) log <}2atan§2 m;—2b+2 \/WD
" N
a®tan (3 x)2 + 8abtan (3 z)
8at
2 (a’btan (3 z) + b tan (3 z) + a® + ab?)

(3
(atan(% ) —2btan(5z)—a>a4
18 a®tan (3 x)2 + 36 b tan (1 x)2 — 8abtan (5 z) + a?
8 a4 tan (%x)z

csc3(z)
3.2L. f (a cos(z)+bsin(z))? dx
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input‘integrate(csc(x)“3/(a*cos(x)+b*sin(x))“2,x, algorithm="giac")

output | 3/2*%(a"2 + 2xb~2)*log(abs(tan(1/2*x)))/a~4 + 3x(a"2xb + b~3)*log(abs(2*axt
an(1/2*x) - 2*b - 2xsqrt(a”2 + b~2))/abs(2*a*xtan(1/2*x) - 2xb + 2*sqrt(a”2
+ b72)))/(sqrt(a”2 + b~2)*a~4) + 1/8*%(a"2*tan(1/2*x)~2 + 8xa*b*tan(1/2*x)
)/a"4 - 2*%(a”2*b*tan(1/2*x) + b~ 3*xtan(1/2*x) + a3 + a*b~2)/((a*xtan(1/2*x)
2 - 2%bxtan(1/2*x) - a)*a~4) - 1/8%(18*a”~2+tan(1/2*x)"2 + 36%b~2*tan(1/2*
X)"2 - 8*axbxtan(1/2*x) + a~2)/(a"4xtan(1/2*x)"2)

3.21.9 Mupad [B] (verification not implemented)

Time = 22.09 (sec) , antiderivative size = 511, normalized size of antiderivative = 4.33

4tan(%)3 (a2 b+2 b3)

tan(g)2 <% + 16b2> — ﬁ + 3abtan(§) +

/ csc3(x) e :
(acos(x) + bsin(z))? —4a*tan (£ ) +4a*tan (£ ) + 8badtan (%)
2
+_tan(§) ln(tan(%))(3a24—6b2)4_btan(5)
8 a? 2a* a’
6 batanh 540% Va?4b2 + 72b* Va2 452 \
T T 6 tan( Z
18 a2 b+90b3+%§+216b4:}n(§)+144b6:;n(7) +72ab2tan(%) 18 a4 b+72 15490 a2 b3+72 a3 b2tan(%)+w
input  int(1/(sin(x)~3*(a*cos(x) + b*sin(x))~2),x) J

output | (tan(x/2) "2+ ((17*%a~2)/2 + 16*b~2) - a~2/2 + 3*a*b*tan(x/2) + (4*tan(x/2)"3
*(a~2%b + 2xb~3))/a)/(4*a~4*xtan(x/2) "2 - 4*a~4*tan(x/2)"4 + 8*a~3*b*tan(x/
2)"3) + tan(x/2)"2/(8*a"2) + (log(tan(x/2))*(3*a~2 + 6%b~2))/(2*xa~4) + (bx
tan(x/2))/a"3 - (6xbxatanh((54*b~2%(a”2 + b~2)~(1/2))/(18*a"2*b + 90%b~3 +

(72%b"5)/a~2 + (216*b~4*tan(x/2))/a + (144xb~6*tan(x/2))/a"3 + 72*a*b~2x*t
an(x/2)) + (72*xb~4x(a"2 + b~2)"(1/2))/(18*%a"4*xb + 72*%b~5 + 90*a~2*%b~3 + 72
*a~3xb~2xtan(x/2) + (144%b~6*tan(x/2))/a + 216*a*b~4*tan(x/2)) + (144*xb~3x*
tan(x/2)*(a"2 + b72)"(1/2))/(216*b"4*xtan(x/2) + 90*a*b~3 + 18*a~3*b + (72*
b~5)/a + 72*%a”2%b~2*tan(x/2) + (144*xb~6*tan(x/2))/a"2) + (144*b~5*xtan(x/2)
x(a”2 + b72)7(1/2))/(144*b~6*tan(x/2) + 72*axb~5 + 18*a~bxb + 90*%a~3*b~3 +
216*%a”~2*b~4*tan(x/2) + 72*a~4*b~2*xtan(x/2)) + (18xbxtan(x/2)*(a"2 + b~2)~
(1/2))/(18*axb + 72*b~2*tan(x/2) + (90%b~3)/a + (72*b~5)/a~3 + (216*b~4*ta
n(x/2))/a~2 + (144xb~6*tan(x/2))/a"~4))*(a~2 + b~2)"(1/2))/a~4

csc3(z)
3.2L. f (a cos(z)+bsin(z))? dx
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3.22.6 Sympy [F(-2)] . . . . . 247
3.22.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 244
3.22.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 245
3.22.9 Mupad [B] (verification not implemented) . . . . . .. ... ... ... ... 246

3.22.1 Optimal result

Integrand size = 16, antiderivative size = 98

/ sin®(x) dp — _b(3a® =)z N a
(acos(x) + bsin(z))3 (a2 + b2)3 2(a?+b%) (b+ acot(z))?
2ab
* (a2 + b2)? (b + a cot(z))
N a(a? — 3b%) log(a cos(z) + bsin(z))
(a2 + b2)°

output ‘ -b*(3*a~2-b"2) *x/(a~2+b~2) “3+1/2*a/ (a~2+b"2) / (b+a*cot (x)) ~2+2*a*b/(a”~2+b"2
~2+b~2)"3

3.22.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.05 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.16

/ sin?(x) i — b(—3a® +b?) z N a(a? — 3b%) log(a cos(z) + bsin(z))
(acos@) +bsm@) " (@ 43y (@ + )
T 2(@a—ib)2(a + ib)(a cos(a) + bsin(a))?
3absin(z)

(a? + b2)? (a cos(z) + bsin(z))

sin3(x)
3.22. f (a cos(z)+bsin(zx))3 dx
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input ‘ Integrate[Sin[x]~3/(axCos[x] + b*Sin[x])~3,x] ‘

‘ [x]1)/(a"2 + b™2)"3 + a~3/(2x(a - I*b)~2%(a + I*b) " 2x(axCos[x] + b*Sin[x])

e B
output (b*(-3%a™2 + b~2)*x)/(a”2 + b72)"3 + (ax(a™2 - 3%b~2)*Log[a*Cos[x] + b*Sin |
172) + (3*a*b*Sin[x])/((a~2 + b~2)"2*(a*Cos[x] + b*Sin[x])) |

3.22.3 Rubi [A] (verified)

Time = 0.65 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.23,

_ _ number of rules
number of steps used = 12, number of rules used = 12, integrand size = 0.750, Rules

used = {3042, 3564, 3042, 3964, 3042, 4012, 25, 3042, 4014, 25, 3042, 4013}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

sin3(x)
(acos(z) + bsin(zx))3

l 3042

sin(z) "
/ (acos(z) + bsin(z))3 d

l 3564
1
/ (acot(@) + 0P
l 3042
/ 1 3dm
(b — atan (m + %))
l 3964
b—a cot(z
J +a coti((m))ﬁ dzx L a
a? + b? 2 (a? + b2) (acot(z) + b)?
l,3042
b—l—atan(w—l— )
f (b ata,n(.'z:+ )) d:L' n a
a? + b2 2 (a2 + b2) (a cot(z) + b)?
l 4012

sin3(x)
3.22. f (a cos(z)+bsin(zx))3 dx
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24 2b cot(z)a—b2
) T + 2ab
a?+b2 (a?+b?)(a cot(x)+b) a

a? + b2 2 (a2 + b2) (acot(z) + b)?

l 25

a?+2b cot(z)a—b2
2ab _ f b+a cot(x) dzx
(a2+b2)(a cot(x)+b) a?+b? a

a? + b2 ta (a? + b?) (acot(z) + b)?

l 3042

a272b tan (z+%)a7b2
2ab b—a tan(w+%)
(a240%)(acot(z)+b) a?+b2 a

a? + b2 + 2 (a? 4 b2) (acot(x) + b)?
| 4014
bo(s0247) _a(s2=r?) [ —grbesladan
2ab _ aZ1b2 2162
(a?+b2)(a cot(z)+b) a?+b2 + a
a? + b? 2 (a? 4+ b?) (acot(z) + b)?
| 25
(o292 S (2 17)
2ab _ a2+b2 2+b2
(a2+b2)(a cot(z)+b) a2+b2 n a
a? + b? 2 (a? + b?) (a cot(x) + b)?
| 3042
a-}-btan(:t-}-%)
a(a2—3b2) [ b—a tan(w-ﬂ—%) da bx (3a2—b2)
2ab a2+b2 + 2
(a2402)(acot(z)+b) a?+b2 n a
a? + b? 2 (a? + b2) (acot(z) + b)?
| 4013
bx (3a2—b2) a(a2—3b2) log(a cos(z)+bsin(zx))
2ab _ 02162 @212
a (a?+b2%)(a cot(x)+b) a?+b2

2 (a? 4 b?) (acot(z) + b)? a? + b?

input {Int [Sin[x]~3/(a*Cos[x] + b*Sin[x])~3,x]

\ /

output‘ a/(2%¥(a”2 + b"2)*(b + a*xCot[x])"2) + ((2*axb)/((a"2 + b~2)*(b + a*Cot[x]))
‘ - ((b*(3*¥a"2 - b"2)*x)/(a"2 + b™2) - (ax(a”2 - 3*b~2)*Logla*Cos[x] + b*Si
Ln[X]])/(a‘Z +b°2))/(a”2 + b°2))/(a™2 + b™2)

sin3(x)
3.22. f (a cos(z)+bsin(zx))3 dx
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3.22.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 3042

rule 3564

rule 3964

rule 4012

rule 4013

rule 4014

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

N\

Int[sin[(c_.) + (A_.)*(x_ )] " (m_)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*sin
[(c_.) + (@_.)*(x_)]1)"(n_.), x_Symbol] :> Int[(b + a*Cot[c + d*x])"n, x] /;
FreeQ[{a, b, c, d}, x] && EqQ[m + n, 0] && IntegerQ[n] && NeQ[a"2 + b~2, 0
]

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((a +
b*Tan[c + d*x])"(n + 1)/(d*(n + 1)*(a"2 + b~2))), x] + Simp[1/(a”2 + b~2)
Int[(a - bxTan[c + d*x])*(a + bxTan[c + d*x])~(n + 1), x], x] /; FreeQ[{a,
b, c, d}, x] && NeQ[a"2 + b~2, 0] && LtQ[n, -1]

Int[((a_.) + (b_.)*tan[(e_.) + (£_)*(x_)1)"(m_)*((c_.) + (d_.)*tan[(e_.) +
(£_.)*(x_)]1), x_Symbol] :> Simp[(b*c - a*xd)*((a + b*Tan[e + f*x])~(m + 1)/
(fx(m + 1)*(@”2 + b72))), x] + Simp[1/(a”2 + b™2) Int[(a + bxTan[e + f*x]
)~ (m + 1)*Simp[a*c + b*d - (b*c - a*xd)*Tan[e + f*x], x], x], x] /; FreeQ[{a
, b, c, d, e, £}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2, 0] && LtQ[m, -1
]

Int[((c_) + (d_.)*tanl(e_.) + (£_.)*(x_)1)/((a_) + (b_.)*tan[(e_.) + (£_.)*

(x_)1), x_Symbol]l :> Simp[(c/(b*f))*Logl[RemoveContent[a*Cos[e + f*x] + b*Si
nle + £*x], x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - axd, 0] &&
NeQ[a"2 + b~2, 0] && EqQ[a*c + bxd, 0]

Int[((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (f_.
)*(x_)]), x_Symbol] :> Simp[(a*c + bxd)*(x/(a"2 + b"2)), x] + Simp[(b*c - a
*d)/(a”2 + b™2) Int[(b - a*xTan[e + f*x])/(a + bxTanl[e + f£*x]), x], x] /;
FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2, 0] && N
eQ[axc + bxd, 0]

sin3(x)
3.22. f (a cos(z)+bsin(zx))3 dx
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3.22.4 Maple [A] (verified)

Time = 0.75 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.37

method result
—a%+3ab2) In(1+¢ 2
default a(a?—-3b?) In(a+btan(z)) a? (a?+3b?) + a3 n ( @ rea ) 2n( an(@) ) +(—3a2
(a2+b2)3 (a2+b2)%b2(a+btan(z)) = 2b2(a2+b2)(a+btan(z))? (a2+b2)3

lelrisch 2a(a%-3b?) ((a®—b?) cos(2x)+2ba sin(2z)+a?+b?) In (%}ﬁm(z)) —2a(a?—3b%) ((a2—b?) cos(2z)+2ba sin(2z)+a?+1

parallelrisc e
isch i iz i 2ia3 + 6iax b2 + 2a? (2iab eQiz+a2e2iz+3b2e2“+3iba—3b2)
iS¢ Biba?—ib3—a3+3ab?  ab+3a2b2+3a2b1 400 | aP+3a202+3a20% 400 | (_ibe?i®tq 62 +ibta)? (ibta)(—ibta)®
(2a5+10a3b2) tan(%)Q (2a5+10a3b2) tan(%)s 2(—3a5—15a3b2) tan(%)4 2(—3&5—15a3b2)tan(%)6 (30, —b2) 2ba:
a? (a4+2a2b2+b4) a2 (a4+2a2b2+b4) B a? (a4+2a2b2+b4) B a2 (a4+2a2b2 +b4) ab+3a%b2+3a2b%+6 +
norman
inputLint(sin(x)“3/(a*cos(x)+b*sin(x))“3,x,method=_RETURNVERBOSE) J

output ‘ a*(a~2-3%xb"2)/(a"2+b"2) "3*x1ln(at+b*tan(x))-a~2*(a~2+3*xb"2) /(a~2+b~2)"2/b"2/( ‘
‘atbxtan(x))+1/2%a~3/b~2/ (a”2+b~2) / (atb¥tan(x)) "2+1/(a”2+b~2) “3%(1/2% (-a~3+
‘3*a*b‘2)*1n(1+tan(x)‘2)+(-3*a‘2*b+b‘3)*arctan(tan(x))) \

3.22.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 282 vs. 2(96) = 192.

Time = 0.27 (sec) , antiderivative size = 282, normalized size of antiderivative = 2.88

/ sin®(z) i

(acos(z) + bsin(x))?

P+ 7% —2(6a°? + (3a’b — 4% + b)z) cos () + 2 (3a’b — 3aH® — 2 (3a®b? — ab?)z) cos (x) sin
a 2 (afb? + 3 atb* + 3 a2bS + b8 + (a

input Lintegrate (sin(x) "3/ (a*cos(x)+b*sin(x))~3,x, algorithm="fricas") J

sin3(x)
3.22. f (a cos(z)+bsin(zx))3 dx
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output | 1/2*%(a”5 + 7*a~3*%b”2 - 2%(6%a”3*b~2 + (3*a~4*b - 4%a”2*b~3 + b~5)*x)*cos(x
)72 + 2% (3*%a~4*b - 3*a"2*%b~3 - 2x(3*%a~3*b"2 - a*b~4)*x)*cos(x)*sin(x) - 2%
(3%¥a”2xb"3 - b"5)*x + (a”3%b"2 - 3*axb”4 + (2”5 - 4*a”3%b"2 + 3*xaxb~4)*cos
(x)"2 + 2x(a"4*b - 3*a~2*b~3)*cos(x)*sin(x))*1log(2*a*b*cos(x)*sin(x) + (a~

2 - b"2)*cos(x)"2 + b"2))/(a"6*%b"2 + 3*a~4*%b"4 + 3*%a"2*%b"6 + b8 + (a”8 +
2*a~6%b"2 - 2%¥a”~2*b~6 - b~8)*cos(x)”"2 + 2%(a”7*b + 3*a"5*b~3 + 3*a~3*b~5 +
a*b~7)*cos(x)*sin(x))

3.22.6 Sympy [F(-2)]

Exception generated.

/ sin’(z) dr = Exception raised: AttributeError
(acos(z) +b

sin(x))3

~—

inputLintegrate(sin(x)**3/(a*cos(x)+b*sin(x))**3,x)

p
output‘Exception raised: AttributeError >> 'NoneType' object has no attribute 'pr

—

‘imitive'

3.22.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 359 vs. 2(96) = 192.

Time = 0.29 (sec) , antiderivative size = 359, normalized size of antiderivative = 3.66

2 3 sin(z)
/ sin®(z) o _2 (3a%b — b®) arctan (cos(a:)+1)
(acos(z) + bsin(z))3 ab + 3 a*b? + 3 a?b* + b
2 2 bsin(x) asin(z)? 3 2 sin(z)?2
. (a® — 3ab?)log (—a — sl T (cos(w)+1)2> ~ (a®> — 3 ab*)log (—(cos(a:)—l—l)z + 1)
ab + 3 a*b? + 3 a?b* + 16 ab + 3 a*b? + 3 a?b* + b
2a%bsin(z)  2a2bsin(z)? (aB+5 ab?) sin(x)?
n cos(x)+1 (cos(z)+1)3 (cos(z)+1)2
6 412 274 | 4(a®b4+2a3b3+abd)sin(z) 2 (ab—3a2b%—206) sin(z)? _ 4(abb+2 a3b3+abd) sin(z)> (a8+2 a*b2+a2b*
a® +2a*® + a®b* + cos(@)+1 (cos(@)+1)° (cos(@)+1)° + (cos(@) 1
inputLintegrate(sin(x)‘3/(a*cos(x)+b*sin(x))‘B,X, algorithm="maxima") J

sin3(x)
3.22. f (a cos(z)+bsin(zx))3 dx
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output | -2x(3*a~2xb - b~3)*arctan(sin(x)/(cos(x) + 1))/(a"6 + 3*a"4xb~2 + 3*a~2%b~
4 + b°6) + (a”3 - 3*a*b”"2)*log(-a - 2*b*sin(x)/(cos(x) + 1) + a*sin(x)~2/(
cos(x) + 1)72)/(a"6 + 3*a~4*b~2 + 3*a~2+%b"4 + b"6) - (a”3 - 3*axb~2)*log(s
in(x)~"2/(cos(x) + 1)°2 + 1)/(a"6 + 3*a~4*xb~2 + 3*a~2*b"4 + b~6) + 2% (2*a”2
*b*xsin(x)/(cos(x) + 1) - 2*a~2xb*sin(x)~3/(cos(x) + 1)73 + (a~3 + 5*a*xb”2)
*sin(x)"2/(cos(x) + 1)72)/(a”6 + 2*a~4*xb"2 + a"2*%b"4 + 4*(a~5%b + 2*xa~3*b~
3 + a*xb~5)*sin(x)/(cos(x) + 1) - 2x(a"6 - 3*a~2*b~4 - 2%b~6)*sin(x) "2/ (cos
(x) + 1)72 - 4x(a"5*b + 2*¥a~3*b"3 + a*b~5)*sin(x)"3/(cos(x) + 1)°3 + (a”6
+ 2*a~4*b~2 + a~2xb~4)*sin(x)~4/(cos(x) + 1)74)

N\ J

3.22.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 242 vs. 2(96) = 192.

Time = 0.28 (sec) , antiderivative size = 242, normalized size of antiderivative = 2.47

/ sin?(x) dp = — (3a%b — b%)
(acos(z) + bsin(z))3 ab + 3 a*h? + 3 a?b* + b8
(a® — 3ab?)log (tan (z)* +1)  (a3b — 3ab®)log (|btan (z) + al)
2 (a% + 3 a*b? + 3a?b* + 19) abb + 3a*b® + 3 a?b® + b7
3a*b* tan (z)* — 9 ab® tan () + 2aSbtan (z) + 14 a*b® tan (z) — 12 a2 tan (z) + a” + 9 a®b% — 4a3b*
B 2 (abb? + 3 atb* + 3 a2b6 + b8)(btan (z) + a)’

~—

p
inputLintegrate(sin(x)‘3/(a*cos(x)+b*sin(x))‘3,x, algorithm="giac")

output | -(3*a~2*b - b~3)*x/(a”6 + 3*a~4*xb"2 + 3*a~2*b~4 + b"6) - 1/2x(a”3 - 3*axb”
2)xlog(tan(x)"2 + 1)/(a”6 + 3*a"4*b~2 + 3*a"2%b"4 + b76) + (a~3*b - 3*xaxb”
3)*log(abs(b*tan(x) + a))/(a"6*b + 3*a~4*b~3 + 3*a~2%b~5 + b~7) - 1/2%(3*a
~3*xb~4*tan(x) "2 - 9*a*xb”~6*tan(x) "2 + 2*a~6*b*tan(x) + 14*a~4*b~3*tan(x) -

12*a”~2*b"5*xtan(x) + a~7 + 9*a~bxb"2 - 4*a~3%b~4)/((a"6*b"2 + 3*a"4*b"4 + 3
*a"2%b"6 + b~8)*(bxtan(x) + a)~2)

sin3(x)
3.22. f (a cos(z)+bsin(zx))3 dx
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3.22.9 Mupad [B] (verification not implemented)

Time = 30.10 (sec) , antiderivative size = 5324, normalized size of antiderivative = 54.33

sin®(x)
dzx = Too 1 to displ
/ (acos(x) + bsin(z))3 z = Too large to display

input{int(sin(x)“B/(a*cos(x) + b*sin(x))~3,x)

output | ((2*tan(x/2) "2+ (5*xa*xb~2 + a~3))/(a™4 + b™4 + 2*a~2+%b"2) - (4*a"2*b*tan(x/2
)73)/(a"4 + b™4 + 2%a"2%b"2) + (4*xa~2*b*tan(x/2))/(a"4 + b~4 + 2*xa~2*b~2))
/(@a”2 - tan(x/2)"2*%(2*%a"2 - 4xb~2) + a~2*tan(x/2)"4 + 4*axbxtan(x/2) - 4*a
*b*tan(x/2)"3) - (log(a + 2xb*tan(x/2) - a*tan(x/2)"2)*(3*a*b”2 - a~3))/(a
"6 + b76 + 3*xa”2xb"4 + 3*a"4xb~2) + (log(1/(cos(x) + 1))*(6*axb~2 - 2*a~3)
)/ (2%(a”6 + b™6 + 3*a”"2%b~4 + 3*a"4%b"2)) + (2*xb*atan((tan(x/2)*(((((6*a*xb
~2 - 2%a”3)*x((b*x((32%(a"2%b~12 - 2*a~14 + 15%a"4%b~10 + 48*a~6*b~8 + 62*a”
8*%b~6 + 33*a”~10*%b"4 + 3*a~12*%b~2))/(a"12 + b"12 + 6*%a~2*xb~10 + 15*%a~4*b"8
+ 20*%a~6%b"6 + 15*%a”8*b~4 + 6*a~10%b~"2) - (16*(6*axb™2 - 2*a~3)*(3*axb~16
+ 21*%a"3%b"14 + 63*%a"bxb"12 + 105*%a”"7*b~10 + 105%a~9*b"8 + 63*%a~11*xb"6 + 2
1*%a~13*b~4 + 3*a~15%b"2))/((a”6 + b"6 + 3*a”~2*%b"4 + 3*a~4xb~2)*x(a"12 + b~1
2 + 6%a"2%b"10 + 15%a”4*b~8 + 20*a"6%b"6 + 15*xa~8*b"4 + 6*%a”~10%b"2)))*(3*a
"2 - b72))/(a”™6 + b"6 + 3*a"2*xb~4 + 3*a~4*b"2) - (16*b*(6*a*b”2 - 2*a~3)*(
3*a"2 - b"2)*(3*xa*xb”16 + 21*a~3*%b~14 + 63*%a"5*b~12 + 105%a”~7*b~10 + 105*a”
9%b~8 + 63*a"11*b"6 + 21*a”~13*%b"4 + 3*a~15%b"2))/((a"6 + b"6 + 3*a~2*%b~4 +
3*%a”~4%b"2) 2% (a”12 + b"12 + 6*%a”2%b~10 + 15%a~4*b"8 + 20*a"6*%b"6 + 15%a”8
*b~4 + 6*a~10%b~2))))/(2*x(a"6 + b~6 + 3*xa~2*%b~4 + 3*a~4xb~2)) - (b*((32*(2
*a*xb~10 - 24%a”~3*b~8 - 36%a~5*b~6 + 8*a~7*b~4 + 18*a~9%b"2))/(a"12 + b~12
+ 6%a”~2%b~10 + 15%a~4*b~8 + 20*%a”~6*%b”"6 + 15%a”8*b~4 + 6*xa~10*b”"2) - ((6*a*
b~2 - 2*a”3)*((32%(a”2%b~12 - 2*xa~14 + 156%a"4%b~10 + 48*a~6*xb~8 + 62*a”...

sin3(x)
3.22. f (a cos(z)+bsin(zx))3 dx
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3.28 [l _ds

)+bsin(z))
3.23.1 Optimalresult . . . . .. . . . . . . 247
3.23.2 Mathematica [A] (verified) . . . . . . . ... Lo 247
3.23.3 Rubi [B] (verified) . . ... ... ... . . ... 248
3.23.4 Maple [B] (verified) . .. . ... ... . ... 249
3.23.5 Fricas [B] (verification not implemented) . . . . . . .. ... .. ... .... 250
3.23.6 Sympy [F(-1)] . . . . o 250
3.23.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 2511
3.23.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 251]
3.23.9 Mupad [B] (verification not implemented) . . . . . .. ... ... ... ... 252

3.23.1 Optimal result

Integrand size = 16, antiderivative size = 92

2 2 —b—i—atan(%)
/ sin?(z) e (a* —2b )arctanh(W>
(acos(z) + bsin(z))3 (a2 + b2)%/?

a(3abcos(z) + (a* + 4b?) sin(z))
2 (a2 4 b2)* (a cos(x) + bsin(x))?

output‘—(a‘2—2*b‘2)*arctanh((-b+a*tan(1/2*x))/(a‘2+b‘2)‘(1/2))/(a‘2+b“2)‘(5/2)+1/
‘2*a*(S*a*b*cos(x)+(a‘2+4*b‘2)*sin(x))/(a“2+b‘2)“2/(a*cos(x)+b*sin(x))“2

3.23.2 Mathematica [A] (verified)

Time = 0.61 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.00

—b+atan(%
sin?(z) ; (a® — 2b%) arctanh(%ﬁ)
/ (acos(z) + bsin(x))3 TeT (a2 + b2)5/2

a(3abcos(z) + (a* + 4b*) sin(z))
2 (a? + b2) (acos(x) + bsin(z))?

input | Integrate[Sin[x]~2/(a*Cos[x] + b*Sin[x])~3,x]

sin?(x)
3.23. f (a cos(z)+bsin(zx))3 dx
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output‘ -(((a~2 - 2%b~2)*ArcTanh[(-b + a*Tan[x/2])/Sqrt[a~2 + b~2]]1)/(a"2 + b~2)"(
\5/2)) + (a*x(3*axbxCos[x] + (2”2 + 4xb~2)*Sin[x]))/(2*x(a"2 + b~2) 2% (a*xCos[
‘x] + b*Sin[x])"~2)

3.23.3 Rubi [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 300 vs. 2(92) = 184.

Time = 0.92 (sec) , antiderivative size = 300, normalized size of antiderivative = 3.26,

number of steps used = 3, number of rules used = 3, number of rules _ 0.188, Rules used

integrand size
= {3042, 4901, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

sin?(x)
/ (acos(@) 1 bsin(z))? 2
| 3042

sin(z)?
(acos(z) + bsin(z))3

l 4901

a? cos?(z 3 2a cos(z) 1 .
/ <b2(a cos(z) + bsin(z))3  b%(acos(z) + bsin(z))? + b2(a cos(z) + bsin(m))) d

| 2009
a?(2a* — b?) arctanh(%) 2a2arctanh(%¢%§;n($)) ~ arctanh(%) N
b2 (a2 +b2)5/2 b2 (a2 + b2)%/? b2vVa2 + b2
2((a® +2b%) tan (%) + ab) 2a

a(a? + b?) (—atan? ( )+a—|—2btan(2))2 +b(a2+b2) (acos(z) + bsin(z))
4a* +ab(5a + 2b?) tan (%) + 3a?b% + 2b*
ab(a? +b2)* (—atan? (2) +a+ 2btan (2))

input {Int [Sin[x]"2/(a*Cos[x] + b*Sin[x])"3,x]

| —

sin?(x)
3.23. f (a cos(z)+bsin(zx))3 dx
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output | (2xa~2*ArcTanh[(b*Cos[x] - a*Sin[x])/Sqrt[a~2 + b~2]]1)/(b"2*(a"2 + b~2)"(3
/2)) - ArcTanh[(b*Cos[x] - a*Sin[x])/Sqrtl[a”2 + b~2]]1/(b"2*Sqrt[a~2 + b~2]
) - (a72%(2*%a"2 - b"2)*ArcTanh[(b - a*Tan[x/2])/Sqrt[a~2 + b~2]1])/(b~2*(a”
2 + ©72)7(5/2)) + (2%a)/(b*(a”2 + b~2)*(a*Cos[x] + b*Sin[x])) + (2*(axb +
(a”2 + 2xb~2)*Tan[x/2]))/(a*x(a”2 + b~2)*(a + 2*b*Tan[x/2] - a*Tan[x/2]°2)"
2) - (4xa”4 + 3*a”2*b"2 + 2%b"4 + a*b*(5*xa”2 + 2*b~2)*Tan[x/2])/(axb*(a”2
+ b72)"2x(a + 2*bxTan[x/2] - a*Tan[x/2]72))

3.23.3.1 Defintions of rubi rules used

rukaQOOQLInt[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 4901 Int[u_, x_Symbol] :> With[{v = ExpandTriglu, x1}, Int[v, x] /; SumQ[v]] /;
!InertTrigFreeqQ[u]

3.23.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 211 vs. 2(84) = 168.

Time = 0.60 (sec) , antiderivative size = 212, normalized size of antiderivative = 2.30

method | result
3 xT 2 xT
N R P i C T R S R
default s(a4+2a2b2+b4) 8(a%+2a26245%) s(a4+2a2b2+b4) 8(a%+2a26245%) 2v/a2+b2
elau —
(tan(%)2a—2btan(%)—a>2 (a*+2a2b2+b*)Va?+b?
In eiz+ia5+2ia3b2+ia b4—a‘;b—2a2b3—b5 o2 In eiz+ia5+2ia3b2+iak
. iae'® (3iab e21% 4 q22i% 4 412624 4 3ibg—a? —4b2) (a2 +b2) 2 (a2~
risch - T E e Py My B 5 + ,
(—ibe?iT+q €2t +ib+a)” (ib+a)”(—ib+a) 2(a2+b2) 3 (a2+b
input Lint (sin(x)~2/(a*cos(x)+b*sin(x))"3,x,method=_RETURNVERBOSE) J

sin?(x)
3.23. f (a cos(z)+bsin(zx))3 dx
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output | -8x(-1/8*a*(a~2-2*b~2) / (a~4+2*a~2*¥b~2+b"4) *tan (1/2*x) ~3+3/8*b*x (a~2-2*xb"2) /
(a~4+2%a~2*xb"2+b"4) *tan (1/2*x) "2-1/8* (a~2+10%b~2) *a/ (a~4+2*a~2*%b~2+b"4) *ta
n(1/2*x)-3/8*a"2%b/ (a~4+2*xa~2xb~2+b"4) )/ (tan(1/2*x) “2*xa-2xbxtan(1/2*x)-a) "~
2-(a"2-2%b"2)/(a~4+2*a~2xb"2+b"4) /(a~2+b"2) “(1/2) *arctanh (1/2* (2*a*tan(1/2
*x)-2%b)/(a"2+b"2)~(1/2))

3.23.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 282 vs. 2(84) = 168.

Time = 0.25 (sec) , antiderivative size = 282, normalized size of antiderivative = 3.07

/ sm2 (z)
(acos(z) + bsin(x )

(a?b? — 2b* + (a* — 3a®b* + 2b*) cos (2)® + 2 (a3b — 2 ab®) cos (z) sin (z))Va2 + b2 log (——2 abos(x) sin(
4 (aSb? + 3ab* + 3a2b0 + b + (a® + 2adb® — 2 a6 — b9)

inputLintegrate(sin(x)“2/(a*cos(x)+b*sin(x))“3,x, algorithm="fricas") J

output | -1/4*((a~2*b"2 - 2*%b~4 + (a”4 - 3*a”~2*%b"2 + 2*b"4)*cos(x)"2 + 2*%(a"3*b - 2
*a*xb~3) *cos(x)*sin(x))*sqrt(a”2 + b~2)*log(-(2*a*b*cos(x)*sin(x) + (a2 -

b"2)*cos(x)”"2 - 2¥a"2 - b~2 + 2*sqrt(a”2 + b"2)*(b*cos(x) - a*sin(x)))/(2*
axbxcos(x)*sin(x) + (2”2 - b™2)*cos(x)”2 + b72)) - 6%(a~4*b + a~2%b"3)*cos
(x) - 2%x(a”5 + 5*a"3%b"2 + 4*axb~4)*sin(x))/(a"6*b~2 + 3*a~4*b~4 + 3*a~2xb
"6 + b"8 + (a”8 + 2*xa"6*b"2 - 2*a~2*b~6 - b"8)*cos(x)"2 + 2x(a~7*b + 3*a”5
*b~3 + 3%a~3*b"5 + axb~7)*cos(x)*sin(x))

3.23.6 Sympy [F(-1)]

Timed out.

sin?(z) '
/ (acos(z) + bsin(zx))3 dz = Timed out

A >

1nputtlntegrate(sin(x)**2/(a*cos(x)+b*sin(x))**3,x)

p
output LTimed out

-/

sin?(x)
3.23. f (a cos(z)+bsin(zx))3 dx




CHAPTER 3. LISTING OF INTEGRALS 251

3.23.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 299 vs. 2(84) = 168.

Time = 0.31 (sec) , antiderivative size = 299, normalized size of antiderivative = 3.25

(a* —2b%) log b costoy i TV
b— asin(z) \/m

cos(z)+1

sm
d
/ (acos(z) + bsm( )P 2(at 1 2020 + )V + B2

3a2b+ (a+10ab?) sin(z) 3 (a?b—20°) sin(z)? (a3—2ab?) sin(x)?

N cos(z)+1 (cos(z)+1)? (cos(z)+1)*
6 419 274 | 4(a%b42a3b3+ab®)sin(x) 2 (ab—3a2b%—209) sin(z)? _ 4(a®b42 a3b3+abd) sin(z)® (a8+2 a*b2+a2b*
a® + 2a*b? + a?b* + cos(@)+1 (cos(z)+1)2 (cos(z)+1)3 T (cos(z)+1
inputLintegrate(sin(x)‘2/(a*cos(x)+b*sin(x))‘3,x, algorithm="maxima") J

output | 1/2*%(a"2 - 2*xb~2)*1log((b - a*sin(x)/(cos(x) + 1) + sqrt(a™2 + b"2))/(b - a
*sin(x)/(cos(x) + 1) - sqrt(a”™2 + b72)))/((a”4 + 2*xa~2xb~2 + b~4)*sqrt(a”2
+ b"2)) + (3*a”2%b + (a~3 + 10*a*b~2)*sin(x)/(cos(x) + 1) - 3*(a"2xb - 2%
b~3)*sin(x)"2/(cos(x) + 1)°2 + (a”3 - 2*a*b~2)*sin(x) ~3/(cos(x) + 1)°3)/(a
~6 + 2*xa~4xb~2 + a~2xb~4 + 4x(a”b*b + 2*a~3*b~3 + a*b~5)*sin(x)/(cos(x) +
1) - 2%(a”6 - 3*a"2%b"4 - 2%b~6)*sin(x)~2/(cos(x) + 1)72 - 4x(a”b*b + 2*a”
3*%b~3 + a*b”5)*sin(x)"3/(cos(x) + 1)°3 + (a6 + 2*a"4*b~2 + a~2*%b~4)*sin(x
)~4/(cos(x) + 1)74)

3.23.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 197 vs. 2(84) = 168.

Time = 0.31 (sec) , antiderivative size = 197, normalized size of antiderivative = 2.14

‘Qatan(%
1

2 o0 2)-26-2vaZ+b?|
/ sin? d (a” = 26%) log ( €)—2b+2 \/af—i—b*z’
Tr =
() F S @ T 20 L I T
+a tan (3 ) — 2ab*tan (3 ) —3a’btan (3 z)2 + 6 b3 tan (3 x)2 + a®tan (1 z) + 10ab® tan (3 z) + ¢
(a* + 2a2b% + bY) (atan (3 x)2 —2btan (3 ) — a>2

‘Qatan(

input  integrate(sin(x)~2/(a*cos(x)+b*sin(x))~3,x, algorithm="giac")

sin?(x)
3.23. f (a cos(z)+bsin(zx))3 dx
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output | 1/2%(a”2 - 2xb~2)*log(abs(2*a*tan(1/2*x) - 2*b - 2*sqrt(a”2 + b~2))/abs(2*
axtan(1/2*x) - 2xb + 2*sqrt(a”2 + b72)))/((a”4 + 2*xa~2+%b"2 + b~4)*sqrt(a™2
+ b72)) + (a"3*tan(1/2+%x)~3 - 2*a*b~2xtan(1/2*x) "3 - 3*a~2*b*tan(1/2*x) "2
+ 6xb~3*tan(1/2+%x)”2 + a~3*tan(1/2+*x) + 10*a*b~2xtan(1/2*x) + 3*a~2xb)/((
a4 + 2¥a"2xb"2 + b74)*(axtan(1/2*x) "2 - 2xbxtan(1/2*x) - a)~2)

3.23.9 Mupad [B] (verification not implemented)

Time = 21.14 (sec) , antiderivative size = 263, normalized size of antiderivative = 2.86

sin®(z)
- 3 dz
(acos(x) + bsin(z))
3a2b atan(2) (a2+106%) ataun(%)3 (a2—202) 3btan(%)2 (a2—202)
a*+2a2b2+bt + a*+2a2b2+bt a*42a20240% a*+2a2 b2+t

a? —tan (2)” (2a? — 45?) + a?tan (2)* + 4abtan (Z) — 4abtan (2)°

2a%b44a2b3 4265 _ atan(%) (a®+2a2b%+b%) 2 12
atanh( 2(a2+b2)5/2 - (a2+b2)5/2 (a 2b )

(a2 4 b2)°*

+

input (int(sin(x) ~2/(a*cos(x) + b*sin(x))"3,x)

\

output | ((3*a~2*b)/(a"4 + b™4 + 2*xa~2+%b"2) + (a*tan(x/2)*(a~2 + 10%b~2))/(a"4 + b~
4 + 2%a"2%b"2) + (axtan(x/2)"3*(a"2 - 2%b"2))/(a”4 + b™4 + 2*a~2+%b"2) - (83
*bxtan(x/2) "2*(a"2 - 2%b"2))/(a”4 + b™4 + 2*xa~2*b"2))/(a"2 - tan(x/2) " 2*(2
*a"2 - 4xb~2) + a"2*tan(x/2)74 + 4xaxbxtan(x/2) - 4*a*bxtan(x/2)"3) + (ata
nh((2*xa"4%b + 2*%b~5 + 4*a~2*b"3)/(2*%(a"2 + b~2)"(5/2)) - (a*tan(x/2)*(a"4
+ D74 + 2xa"2*%b"2))/(a”2 + b72)7(5/2))*(a”2 - 2%b~2))/(a"2 + b"2)"(5/2)

sin?(x)
3.23. f (a cos(z)+bsin(zx))3 dx
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324 [ roriiammde

z)+bsin(z))
3.24.1 Optimal result . . . . . . . . . . ... 253]
3.24.2 Mathematica [B] (verified) . . . . . .. . ... . Lo 253
3.24.3 Rubi [A] (verified) . . . . . . .. . .. 2541
3.24.4 Maple [B] (verified) . ... ... ... . ... Lo 255
3.24.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .. 2551
3.24.6 Sympy [F(-1)] . . . . o 250
3.24.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ..
3.24.8 Giac [A] (verification not implemented) . . . . .. ... ... ... ...... 2571
3.24.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 257

3.24.1 Optimal result

Integrand size = 14, antiderivative size = 15

/ sin(z) dr — 1
(acos(z) + bsin(z))? 2a(b + acot(x))?

output L1/2/a/ (b+a*cot(x)) "2

~—

3.24.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 47 vs. 2(15) = 30.

Time = 0.17 (sec) , antiderivative size = 47, normalized size of antiderivative = 3.13

/ sin(z) d — 2b% sin’(z) + a(a + bsin(2z))
(acos(z) + bsin(z))3 2a (a? + b?) (a cos(z) + bsin(z))?

input LIntegrate [Sin[x]/(a*Cos[x] + b*Sin[x])"3,x]

~—

output‘ (2%b~2#8in[x] "2 + a*(a + b*Sin[2*x]))/(2*ax(a”2 + b~2)*(a*Cos[x] + b*Sin[x \
1N~2)

N J

sin(z)
324. [ (acos(z)+bsin(@))? dx




input

output

rule 48

rule 3042
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3.24.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.27, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 914 Ryjes used = {3042,
integrand size
3566, 48)

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

sin(z)
(acos(z) + bsin(x))3

l 3042

sin(z)
(acos(z) + bsin(zx))3

l 3566

tan(z)
/ (a+ btan(@)s’ 22 (@)

| 4

tan?(x)
2a(a + btan(z))?

-

lInt[Sin[x]/(a*Cos[x] + b*Sin[x])"3,x]

~—

[Tan [x]1°2/(2*ax(a + bxTan[x])"2)

—/

3.24.3.1 Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (A_.)*(x_))"(n_), x_Symbol] :> Simp
[(a + b*x)~(m + 1)*((c + d*x)~(n + 1)/((b*c - axd)*(m + 1))), x] /; FreeQ[{
a, b, ¢, d, m, n}, x] & EqQ[m + n + 2, 0] && NeQ[m, -1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

sin(z)
3.24. f (a cos(z)+bsin(zx))3 dx
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rule 3566 Int[sin[(c_.) + (d_.)*(x_)]1"(m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si
nl(c_.) + (A_)*(x_)1)"(n_), x_Symbol] :> Simp[1/d  Subst[Int[x"m*((a + b*
x)°n/(1 + x°2)"((m + n + 2)/2)), x], x, Tan[c + d*x]], x] /; FreeQ[{a, b, c
, d}, x] && IntegerQ[n] && IntegerQ[(m + n)/2] && NeQ[n, -1] && !'(GtQ[n, O
] && GtQ[m, 11)

3.24.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 28 vs. 2(13) = 26.

Time = 0.44 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.93

method result size
1 a

default T p2 (a+btan(z)) + 2b2(a+b ‘can(ac))2 29

parallelrisch 1=cos(2r) 45

2a((a?—b2) cos(2x)+2ba sin(2zx)+a2+b2)

2tan(%)2 2tan(%)4
J’_
norman s — > | 56
(1+tan(%) ) (tan(%) a—2btan(%) —a)
_ 2i(ia e2i$+beziw—b)
(be2i® +ia €21 —b+ia)> (ia+b)>

risch 58

inputLint(sin(x)/(a*cos(x)+b*sin(x))‘3,x,method=_RETURNVERBUSE) J

output{—1/b“2/(a+b*tan(x))+1/2*a/b‘2/(a+b*tan(x))“2

~—

3.24.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 116 vs. 2(13) = 26.

Time = 0.27 (sec) , antiderivative size = 116, normalized size of antiderivative = 7.73

/ sm(z dr —
(acos(z) + bsin(z))3 ~
4 ab? cos (x)? — a® — 3ab? — 2 (a2b — b®) cos (z) sin (z)

2 (a*b? + 2 a?b* + 1% + (ab + a*b® — a?b* — bS) cos (2)® + 2 (a®b + 2 a3b® + ab5) cos (z) sin (z))

inputLintegrate(sin(x)/(a*cos(x)+b*sin(x))‘3,x, algorithm="fricas") J

sin(z)
3.24. f (a cos(z)+bsin(zx))3 dx
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output‘-1/2*(4*a*b“2*cos(x)‘2 - a3 - 3*a*b”2 - 2*(a"2*b - b~3)*cos(x)*sin(x))/(a
‘”4*b“2 + 2%a"2%b"4 + b"6 + (2”6 + a~4%b"2 - a~2%b”"4 - b"6)*cos(x)"2 + 2*(a
‘“S*b + 2*a~3%b~3 + a*b~5)*cos(x)*sin(x))

3.24.6 Sympy [F(-1)]

Timed out.

gt = Timed ou
/(aCOS($)+bSin(;p))3 dz = Timed out

p
input Lintegrate (sin(x)/(a*cos(x)+b*sin(x))**3,x)

-/

output LTimed out

-/

3.24.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 84 vs. 2(13) = 26.

Time = 0.24 (sec) , antiderivative size = 84, normalized size of antiderivative = 5.60

/ (acos(z Slr—ll-(?) sin(zx))3 dz

2 sin (z)*
o 4 a?bsin(z) 4a2bsin(z)? a3 sin(z)* 2 (a3—2 ab?) sin(x)? 2
<(I3 + COS($)+1 - (COS($)+]_)3 (COS(CI))+1)4 - (COS($)+1)2 )(COS (CI?) + ].)

inputLintegrate(sin(x)/(a*cos(x)+b*sin(x))“3,x, algorithm="maxima")

0utput(2*sin(x)‘2/((a‘3 + 4xa~2*b*sin(x)/(cos(x) + 1) - 4*a~2xb*sin(x) "3/ (cos(x)
'+ 1)73 + a™3*sin(x)"4/(cos(x) + 1)74 - 2%(a”3 - 2xa*b~2)*sin(x) "2/ (cos(x)
\+ 1)"2)*(cos(x) + 1)°2)

~

sin(z)
3.24. f (a cos(z)+bsin(zx))3 dx
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3.24.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.33

/ sin(z) dp — 2btan (z) +a
(acos(z) + bsin(z))? 2 (btan (z) + a)’b?

input Lintegrate (sin(x)/(a*xcos(x)+b*sin(x))~3,x, algorithm="giac")

output L-1/2*(2*b*tan(x) + a)/((bxtan(x) + a)~2%b~2)

~—

3.24.9 Mupad [B] (verification not implemented)

Time = 21.08 (sec) , antiderivative size = 48, normalized size of antiderivative = 3.20

i ton(3)" (o= *52)
/ (a cos( dx

x) + bsin(z))3 a b2 (—atan (%)2 + 2btan (g) + a>2

input Lint(sin(x)/(a*cos (x) + b*sin(x))~3,x)

output}(tan(x/z)*z*(a - (2%a~2 - 4%b~2)/(2%a)))/ (b 2%(a + 2%b*tan(x/2) - a*tan(x/
Lz)*z)*z)

~—

sin(z)
324. [ (acos(z)+bsin(@))? dx
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1
3.25 f (a cos(z)+bsin(z))3 dx
3.25.1 Optimalresult . . . . .. .. ... ... 258]
3.25.2 Mathematica [C] (verified) . . . . . . . . ... .. Lo oL 258
3.25.3 Rubi [A] (verified) . . . . . ... .. 259
3.25.4 Maple [B] (verified) . . . ... ... . ... 260
3.25.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... 261]
3.25.6 Sympy [F(-2)] . . . . . 26T
3.25.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 2621
3.25.8 Giac [B] (verification not implemented) . . . ... ... ... ........ 262
3.25.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 263
3.25.1 Optimal result
Integrand size = 11, antiderivative size = 73
b cos(z)—asin(z)
/ 1 _ _arctanh( VaZ+b% ) B bcos(z) — asin(z)
(acos(z) + bsin(z))3 2 (a2 + b2)*? 2 (a? 4 b?) (acos(x) + bsin(x))?

output‘—1/2*arctanh((b*cos(x)-a*sin(x))/(a‘2+b‘2)“(1/2))/(a‘2+b‘2)‘(3/2)+1/2*(—b*
‘cos(x)+a*sin(x))/(a‘2+b‘2)/(a*cos(x)+b*sin(x))‘2

3.25.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.20 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.38

| ey s
(acos(z) + bsin(x))3 v
(a® 4+ b?) (—bcos(z) + asin(z)) + 2va? + b%rctanh(w

Var 5

) (acos(z) + bsin(z))?

2(a — ib)%(a + ib)2(a cos(z) + bsin(z))?

input LIntegrate [(axCos[x] + b*Sin[x])~(-3),x]

-/

output‘ ((@”2 + b™2)*(-(b*Cos[x]) + a*Sin[x]) + 2*Sqrt[a~2 + b~2]*ArcTanh[(-b + a* ‘
‘Tan[x/2])/Sqrt [a”2 + b~2]]*(a*Cos[x] + b*Sin[x])"2)/(2%(a - I*b)~2x(a + Ix ‘
'b)"2%(a*Cos[x] + b*Sin[x])~2)

3.25.

f 1
(a cos(z)+bsin(zx))3

dz
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3.25.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 455 Ryjles used = {3042,

integrand size
3555, 3042, 3553, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (acos(@) 1 bsin(z))? 2
l 3042

1
/ (acos(@) + bsin()P

| 3555
f acos(z)}l-bsin(a:) dzx _ bcos(a:) —a Sin(m)
2(a? +0?) 2 (a2 + b?) (acos(x) + bsin(zx))?
| 3042
f acos(w)—li—bsin(:c) dzx _ bCOS(.’L’) —a sin(:z:)
2 (a2 +b?) 2 (a2 + b?) (a cos(x) + bsin(x))2
| 3553
_ J aZ+62—(b cos%x)—a sin(z))2 d(bcos(z) — asin(z)) B bcos(z) — asin(z)
2(a? +b?) 2 (a2 + b2) (acos(z) + bsin(z))?
| 219

b —asin
arctanh(%) bcos(z) — asin(x)

2 (a2 + b2)3/? ~ 2(a? + b2) (acos(z) + bsin(z))2

input LInt [(a*Cos[x] + b*Sin[x])~(-3),x]

output ‘/—1/2*ArcTanh [(bxCos[x] - a*Sin[x])/Sqrt[a~2 + b~2]1]1/(a"2 + b~2)"(3/2) - (b
L*Cos[x] - a*Sin[x])/(2*%(a~2 + b~2)*(a*Cos[x] + b*Sin[x])"2)

1
325. [ (acos(@)+bsin(@))? dx
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3.25.3.1 Defintions of rubi rules used

rule 219 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

e N

rule 3553 | Int [(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x
_Symbol] :> Simp[-d~(-1) Subst[Int[1/(a"2 + b"2 - x72), x], x, b*xCos[c +
d*x] - a*Sin[c + d*x]], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

rule 3555 Int[(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*sin[(c_.) + (d_.)*x_)1)"(n)), x
_Symbol] :> Simp[(b*Cos[c + d*x] - a*Sin[c + d*x])*((a*Cos[c + d*x] + b*Sin
[c + d*x])"(n + 1)/(d*(n + 1)*(a"2 + b72))), x] + Simp[(n + 2)/((n + 1)*(a”
2 + b72)) Int[(a*Cos[c + d*x] + b*Sin[c + d*x])~(n + 2), x], x] /; FreeQ[
{a, b, ¢, d}, x] && NeQ[a"2 + b2, 0] && LtQ[n, -1] && NeQ[n, -2]

3.25.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 156 vs. 2(65) = 130.

Time = 0.53 (sec) , antiderivative size = 157, normalized size of antiderivative = 2.15

method | result size
9 (a2+2b2) tan(%)s b(a2—2b2)tan(%)2 (a2—2b2) tan(%) b h 2atan(%)—2b
df lt - 2(a2+b2)a - 2(a2+b2)a2 - 2(a2+b2)a +202+2b2 arctan 2\/0.2-H)2 157
erau
(tan(%)2a—26tan(%)—a)2 (a,2+b2)%
In (emrmi’urwzﬂ_,ﬁsb_ﬁ) In (ezx_W)
. T (7 21T b 2ix __; b 242 2 242 2
risch Qize.(u;; R ). + G 3) - (= 3) 187
(be?*T+ia €2 —b+ia)“(—ia+b)(ia+b) 2(a2+b2)2 2(a2+b2)2

p
input| int (1/ (a*cos (x)+b*sin(x)) ~3,x,method=_RETURNVERBOSE)

1
325. [ (acos(@)+bsin(@))? dx
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output ‘ -2%(-1/2%(a~2+2%b"2) /(a"2+b"2) /axtan (1/2*x) “3-1/2%b* (a"2-2*b~2) / (a"2+b~2) / ‘
'a”2+tan(1/2%x) ~2-1/2%(a~2-2%b"2) / (a~2+b~2) /a*tan(1/2%x)+1/2%b/ (a~2+b~2)) / (
tan(1/2%x) ~2*a-2¥b¥tan(1/2%x)-a) “2+1/ (a”2+b~2) " (3/2) *arctanh (1/2+ (2*axtan
| 1/2%x)-2%b) / (a~2+b"2)~(1/2)) |

3.25.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 225 vs. 2(65) = 130.

Time = 0.26 (sec) , antiderivative size = 225, normalized size of antiderivative = 3.08

1
/ (acos(z) + bsin(z))3 d

. 2 /
(2abcos (z) sin (z) + (a® — b?) cos (z)® + v?)va? + b%log <— 2abcos(z) Sm(m)+2(ZZ:f:()m;c;sifél):j:;__:;is(;;zib:z(bC

4 (ab? 4 2 a?b* + b5 + (ab + a*b? — a?b* — b°) cos (2)* + 2 (a®b + 2 a3¥’

inputLintegrate(1/(a*cos(x)+b*sin(x))‘3,x, algorithm="fricas") J

output | 1/4*((2*axb*cos(x)*sin(x) + (2”2 - b"2)*cos(x)"2 + b"2)*sqrt(a”™2 + b~2)*1lo
g(-(2*a*bxcos(x)*sin(x) + (a"2 - b"2)*cos(x)"2 - 2¥a"2 - b~2 + 2*sqrt(a™2
+ b~2)*(b*cos(x) - a*sin(x)))/(2*a*b*cos(x)*sin(x) + (a~2 - b~2)*cos(x) "2
+ b72)) - 2x(a”2%b + b"3)*cos(x) + 2*(a”3 + axb~2)*sin(x))/(a"4*b"2 + 2xa”
2*b"4 + b™6 + (2”6 + a~4%b”2 - a”"2*%b"4 - b~6)*cos(x)"2 + 2*(a~5xb + 2%a~3*
b~3 + a*b”5)*cos(x)*sin(x))

3.25.6 Sympy [F(-2)]

Exception generated.

dr = Exception raised: AttributeError

J/ 1
(acos(z) + bsin(z))3

-/

input Lintegrate (1/ (a*cos(x) +bxsin(x))**3,x)

output‘Exception raised: AttributeError >> 'NoneType' object has no attribute 'pr

imitive'

N J

1
325. [ (acos(@)+bsin(@))? dx
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3.25.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 250 vs. 2(65) = 130.

Time = 0.33 (sec) , antiderivative size = 250, normalized size of antiderivative = 3.42

1
/ (acos(x) + bsin(z))3 dz

a2b — (a®—2ab?) sin(z) . (a?b—2b3) sin(x)? (a®+2ab?) sin(z)?

_ cos(x)+1 (cos(z)+1)? (cos(z)+1)3
- 6 472 | 4(a®b4+a3b3)sin(x) 2 (aS—ab2-2a2b%) sin(z)? 4 (aPb+a3b3) sin(z)3 (aS+ab?) sin(z)*
a® +a*b?® + cos(z)+1 (cos(z)+1)2 (cos(z)+1)3 (cos(z)+1)*

asin(z) /313
10 b— coss(m)+l+ a?+b?
g b— asin(z) _\/m

cos(z)+1

2(a?+ l)2)§

inputLintegrate(1/(a*cos(x)+b*sin(x))‘3,x, algorithm="maxima")

output | -(a”2%b - (a”3 - 2*a*b~2)*sin(x)/(cos(x) + 1) - (a”2%b - 2%b~3)*sin(x)~2/(
cos(x) + 1)72 - (a~3 + 2*a*xb~2)*sin(x)"3/(cos(x) + 1)73)/(a"6 + a~4*b~2 +

4x(a~b*b + a~3*%b"3)*sin(x)/(cos(x) + 1) - 2x(a"6 - a"4*b"2 - 2*a~2*b~4)*si
n(x)"2/(cos(x) + 1)°2 - 4x(a~5*b + a~3*b~3)*sin(x)~3/(cos(x) + 1)°3 + (a6
+ a"4xb~2)*sin(x) "4/(cos(x) + 1)74) - 1/2xlog((b - a*sin(x)/(cos(x) + 1)

+ sqrt(a”™2 + b72))/(b - a*sin(x)/(cos(x) + 1) - sqrt(a™2 + b72)))/(a"2 + b
~2)7(3/2)

3.25.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 166 vs. 2(65) = 130.

Time = 0.30 (sec) , antiderivative size = 166, normalized size of antiderivative = 2.27

1 ‘2atan(%m)—2b—2\/a2+b2‘
08 ‘2atan(%w)—2b+2\/a2+b2’
/ (acos(z a

b n(z))? 2 (a? + b%)?

+a tan(% ) —|—2ab2tan(% )3—|—a2btan(%x)2—2b3tan(%m)2—|—a3tan(%x)—2ab2tan(

(a* + a?b?) (atan (3 x)2 —2btan (3 z) — a>2

inputtintegrate(1/(a*cos(x)+b*sin(x))‘3,x, algorithm="giac")

1
325. [ (acos(@)+bsin(@))? dx
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output | -1/2*log(abs(2*a*tan(1/2*x) - 2*b - 2*sqrt(a”2 + b~2))/abs(2xaxtan(1/2*x)
- 2xb + 2xsqrt(a”2 + b72)))/(a"2 + b"2)"(3/2) + (a~3*tan(1/2%x)"3 + 2*axb~
2*tan(1/2*x) "3 + a”2*bxtan(1/2*x) "2 - 2%b~3*tan(1/2*x)"2 + a~3*tan(1/2+*x)
- 2xa*xb~2xtan(1/2*x) - a”2%b)/((a”4 + a~2xb~2)*(a*xtan(1/2*x) "2 - 2*bxtan(l

/2¥x) - a)~2)

3.25.9 Mupad [B] (verification not implemented)

Time = 21.69 (sec) , antiderivative size = 216, normalized size of antiderivative = 2.96

1
d
/ (acos(x) + bsin(z))3 o
tan(%)3 (a2+202) b tan(%) (a2—202) btan(%)2 (a2—2b2)
a(a2+b2) - a2+b2 + a(a2+b2) a2 (a2+b2)

a2——tan(§)2(2a2——4b2)+—a2tan(§)4+-4abtan(§)——4abtan(§)3

- 2 3\ (a2 2
<2atan(§)—2aazlfb22b ) (74-%)
(a2~|—b2)3/2

atanh (—

(a2 + b2)*/?

input‘int(i/(a*cos(x) + b*sin(x))~3,x)

output | ((tan(x/2)"3*(a"2 + 2*%b~2))/(a*x(a"2 + b"2)) - b/(a”2 + b~2) + (tan(x/2)*(a
~2 - 2xb"2))/(a*x(a”2 + b~2)) + (b*tan(x/2)"2*%(a"2 - 2*¥b~2))/(a"2*x(a"2 + b~
2)))/(a”2 - tan(x/2)"2%(2*xa~2 - 4*%b~2) + a~2*tan(x/2)"4 + 4*xaxb*tan(x/2) -
4xaxbxtan(x/2)"3) - atanh(-((2*a*tan(x/2) - (2*a~2xb + 2%b~3)/(a"2 + b~2)
)*x(a”2/2 + ©°2/2))/(a”2 + b~2)"(3/2))/(a"2 + b~2)"(3/2)

1
3.25. f@m@%m@ﬁw
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3.26

csc(x)
f (a cos(z)+bsin(z))3 dx

3.26.1 Optimal result . . . . . . .. . .. ... 264
3.26.2 Mathematica [A] (verified) . . . . . . . . ... . L 264
3.26.3 Rubi [A] (verified) . . . . . ... ... 265
3.26.4 Maple [A] (verified) . . . ... .. .. ... 2661
3.26.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 2661
3.26.6 Sympy [F] . . . . . . 267
3.26.7 Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... .. 267
3.26.8 Giac [A] (verification not implemented) . . . ... ... ... . ... .... 268
3.26.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... .. 268]

3.26.1 Optimal result

Integrand size = 14, antiderivative size = 59

/ csc(z) dp — log(tan(z)) log(a + btan(z))
(acos(z) + bsin(x))? = ad ad
1, a 11
a b2 a? b2

T e+ btan(@))? | a+btan(a)

output‘1n(tan(x))/a‘3—1n(a+b*tan(x))/a‘3+1/2*(1/a+a/b‘2)/(a+b*tan(x))“2+(1/a“2-1/
‘b‘2)/(a+b*tan(x)) \

3.26.2 Mathematica [A] (verified)

Time = 0.65 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.63

/ csc(x 4z
(acos + bsm( )3
_a?csc?(x) 4 2abcot(x)(—1 + 2log(sin(z)) — 2log(a cos(x) + bsin(x))) + 2b%(—1 + log(sin(z)) — log(a c
2a3(b + a cot(x))?

input LIntegrate [Csc[x]/(a*Cos[x] + b*Sin[x])~3,x]

-/

output ‘ (a”2*Csc[x] "2 + 2*xa*b*Cot[x]*(-1 + 2*Log[Sin[x]] - 2*Logl[a*Cos[x] + b*Sin[ ‘
'x11) + 2#b"2%(-1 + Log[Sin[x]] - Logla*Cos[x] + b*Sin[x]]) + 2*a~2+Cot [x]" |
‘ 2+ (Log[Sin[x]] - Logl[a*Cos[x] + b*Sin[x]]1))/(2*a"~3*(b + a*Cot[x])~2) ‘

csc(x)
3.26. f (a cos(z)+bsin(zx))3 dx
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3.26.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.00, number

of steps used = 5, number of rules used = 4, Bumber of rules _ , 96 Ryjleg used = {3042,

’ integrand size
3566, 522, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

csc(x)
/ (acos(z) + bsin(z))3 de

| 3042
1

c/ShﬂxxaCO#$)+bshmx»3dx
| 3366

(tan?(z) + 1) cot(z)

/ (a+ btan(z))3 dtan(z)

| 522
b cot(x) a? — b2 —a2— 12
/ <_ a®(a + btan(z)) e T a?b(a + btan(x))? * ab(a + btan(w))3> dtan(z)
l'2009
_log(a + btan(z)) + log(tan(z)) a% — b% 5+ %
a3 ad a+btan(z)  2(a+ btan(z))?

input ‘ Int[Csc[x]/(a*Cos[x] + b*Sin[x])~3,x]

output‘Log[Tan[x]]/a"B - Logla + bxTan[x]]1/a"3 + (a~(-1) + a/b~2)/(2*(a + bxTan[x
172) + (@7(-2) - b7(-2))/(a + b*Tan[x])

3.26.3.1 Defintions of rubi rules used

rule 522‘Int[((e_.)*(x_))"(m_.)*((c_) + (d_)*(x))"(_)*((a)) + (b_.)*(x_)"2)"(p_.
‘), x_Symbol] :> Int[ExpandIntegrand[(e*x) m*(c + d*x) n*(a + b*x~2)"p, x],
x] /; FreeQ[{a, b, c, d, e, m, n}, x] && IGtQ[p, O]

N\

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

csc(x)
326. [ (acos(z)+bsin(@))? dx



rule 3042

rule 3566
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Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(c_.) + (A_.)*(x_ )] " (m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si
nl(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[1/d  Subst[Int[x"m*((a + b*
x)"'n/(1 + x72)"((m +n + 2)/2)), x], x, Tan[c + d*x]], x] /; FreeQ[{a, b, c
, d¥, x] && IntegerQ[n] && IntegerQ[(m + n)/2] && NeQ[n, -1] && !'(GtQ[n, O

] && GtQ[m, 1])

3.26.4 Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.24

method result

In(tan(z)) —a2—b2 _ a2—b? __ In(a+btan(z))
default a3 2ab2(a+btan(x))?  a?b?(a+tbtan(z)) a3

2 —112<|—3b2 tan( % 2 4btan( & 4btan( % 8 2

_ ( a3) (%) _ a2(2)+ a2(2) In(tan(Z)) ln<tan(%) a—2btan(%)—a>

norman — > 2l e
(tan(f) a—2b tan(§ ) —a)
) 4 ib+
risch 20272527 —iabe? T 2b2~2iba | In(e*—1) In o2z — ib+a )
(—ibe2i® +q €% +ib+a)’a?(—ib+a) a? a?
lelrisch ((—2a2+2b?) cos(2x)—4ba sin(2z)—2a%—2b2) In ( W) +((2a2—2b2) cos(2x)+4ba sin(2z)+2a%+2b?) In(csc(z

parallelrsc 2a3((a?—b?) cos(2x)+2ba sin(2z)+a?+b2)

-

input Lint (csc(x)/(a*cos(x)+b*sin(x))~3,x,method=_RETURNVERBOSE)

J

output ‘ In(tan(x))/a~3-1/2%(-a~2-b"2) /a/b~2/(at+b*tan(x)) ~2-(a~2-b~2)/a~2/b~2/ (a+b*

‘tan(x))-ln(a+b*tan(x))/a‘3

3.26.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 220 vs. 2(57) = 114.

Time = 0.27 (sec) , antiderivative size = 220, normalized size of antiderivative = 3.73

csc(z)
/ (acos(z) + bsin(x))? dz

_ 4a?b? cos (z)? + a* — a?b? — 2 (a®b — ab®) cos (z) sin (z) — (a2b? + b* + (a* — b*) cos (z)? + 2 (a®b + ab®).

2 ((z5b2 + a?

csc(x)
326. [ (acos(z)+bsin(@))? dx
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input‘integrate(csc(x)/(a*cos(x)+b*sin(x))“S,X, algorithm="fricas")

output | 1/2%(4*a~2*xb"2*cos(x)"2 + a”4 - a~2*%b"2 - 2*x(a"3*%b - a*b~3)*cos(x)*sin(x)

- (a™2%b"2 + b™4 + (2”4 - b™4)*cos(x)"2 + 2*x(a"3*b + a*b~3)*cos(x)*sin(x))
*1og(2*a*b*cos(x)*sin(x) + (a”2 - b™2)*cos(x)”2 + b7™2) + (a”2%b"2 + b74 +

(2”4 - b"4)*cos(x)"2 + 2*x(a"3*b + a*b~3)*cos(x)*sin(x))*Llog(-1/4*cos(x)"2

+ 1/4))/(a"5*b"2 + a”"3*%b"4 + (a7 - a"3*b"4)*cos(x)"2 + 2*(a"6*xb + a~4*b"3
)*cos (x)*sin(x))

3.26.6 Sympy [F]

cse(x) . csc (x) .
/ (acos(z) + bsin(x))? 4 / (acos () + bsin (z))* g

p
inputLintegrate(csc(x)/(a*cos(x)+b*sin(x))**3,x)

~—

outputLIntegral(csc(x)/(a*cos(x) + b*sin(x))**3, x)

~—

3.26.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 172 vs. 2(57) = 114.

Time = 0.23 (sec) , antiderivative size = 172, normalized size of antiderivative = 2.92

( 2absin(z)  2ab sin(z)> (a2-302) sin(z)? )

/ CSC(IL‘) _ cos(z)+1 (cos(z)+1)3 - (cos(z)+1)2
0. + bsi 3 - 4atbsin(z) 4a%bsin(z)3 ab sin(z)* _ 2(ab-2 a3b2?) sin(z)?
(a ¢ S(.’L') Sln(x)) a® + cos(z)+1 (cos(z)+1)3 (cos(z)+1)* (cos(z)+1)2
___ 2bsin(x) asin(z)? sin(x)
log < a cos(z)+1 + (cos(z)+1)2) 1Og (COS(W)‘H)
o a3 + a3

-

inputtintegrate(csc(x)/(a*cos(x)+b*sin(x))‘3,x, algorithm="maxima")

~—

output | -2* (2%a*b*sin(x)/(cos(x) + 1) - 2*axb*sin(x)~3/(cos(x) + 1)°3 - (a~2 - 3*b
"2)*sin(x)~"2/(cos(x) + 1)72)/(a”6 + 4*a~4xb*sin(x)/(cos(x) + 1) - 4*a~4xbx
sin(x)~3/(cos(x) + 1)73 + a~b*sin(x)~4/(cos(x) + 1)74 - 2x(a”5 - 2*a~3%b"2
)*sin(x)~2/(cos(x) + 1)72) - log(-a - 2*bxsin(x)/(cos(x) + 1) + a*sin(x)"2
/(cos(x) + 1)72)/a"3 + log(sin(x)/(cos(x) + 1))/a"3

csc(x)
3.26. [ (@ cos(z)+bsin(@))? dx
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3.26.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.31

/ cse(x) dp — _log (|btan (z) +al) N log (|tan (z)|)
(acos(z) + bsin(z))3 a? a?
N 3b*tan (z) — 2a’btan (z) 4 8 ab® tan (z) — a* + 6 a2b?
2 (btan (z) + a)’a3h?

input‘integrate(csc(x)/(a*cos(x)+b*sin(x))‘3,x, algorithm="giac")

output‘-log(abs(b*tan(x) + a))/a"3 + log(abs(tan(x)))/a"3 + 1/2%(3*b"4*tan(x)"2 -
\ 2%a~3xbxtan(x) + 8*axb~3*tan(x) - a”4 + 6*a”2xb~2)/((b*tan(x) + a) 2*a"3*
b72)

3.26.9 Mupad [B] (verification not implemented)

Time = 21.56 (sec) , antiderivative size = 131, normalized size of antiderivative = 2.22

csc(z)
/ (acos(z) + bsin(z))3 de

In (tan(%)) In <—atan(§)2 + 2btan(§) + a)
= a3 - a3
2tan(%)2a§a2—3b2) + 4bta,an2(%)3 _ 4bt3121(%)
_|_

a? — tan (%)2 (2a% — 4b?) + a? tan (§)4 +4abtan (%) —4abtan (%)

3

input Lint(i/(sin(x)*(a*cos (x) + b*sin(x))"3),x)

output‘ log(tan(x/2))/a"3 - log(a + 2*b*tan(x/2) - a*tan(x/2)72)/a"3 + ((2xtan(x/2
‘)‘2*(a“2 - 3*%b~2))/a"3 + (4*bxtan(x/2)"3)/a"2 - (4*bxtan(x/2))/a"2)/(a"2 -
\ tan(x/2)"2%(2%a"2 - 4*%b~2) + a"2*xtan(x/2)74 + 4*axb*tan(x/2) - 4*axb*tan(
%/2)73)

csc(x)
326. [ (acos(z)+bsin(@))? dx
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3.27 f (aCOS(CSC2( ) 3 dx

)+bsin(z))
3.27.1 Optimalresult . . .. ... .. . ... . 269
3.27.2 Mathematica [A] (verified) . . . . . . . ... ..o Lo 2701
3.27.3 Rubi [A] (verified) . . . . . ... .. 270
3.27.4 Maple [A] (verified) . ... ... ... ... 276
3.27.5 Fricas [B] (verification not implemented) . . . . . . .. ... ... .. .... 270
3.27.6 Sympy [F] . . . . . 27T
3.27.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 27Tl
3.27.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 278
3.27.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 279

3.27.1 Optimal result

Integrand size = 16, antiderivative size = 184

(x)) aJrctanh<bcos(af;)—asin(ac))

/ csc? dr — 3barctanh(cos(z)) b v
(acos(x) + bsm( )3 at 262\/a® 1 b2
B 2b%arctanh (%\/Ta;in(z))
va? + b2arctanh <%¢%n(w)) oso(a)
— - e
bcos(r) — asin(z) %

~ 2a2(acos(z) + bsin(z))?  a®(acos(z) + bsin(z))

output | 3xb*arctanh(cos(x))/a~4-csc(x)/a"3+1/2*(-b*cos(x)+a*sin(x))/a~2/(a*xcos(x)+
b*sin(x))~2-2%b/a~3/ (a*cos (x)+b*sin(x))-1/2*arctanh((b*cos(x)-a*sin(x))/(a
~2+b~2)~(1/2)) /a~2/(a"2+b~2) " (1/2) -2*b~2*arctanh ((b*cos (x) -a*sin(x) )/ (a~2+
b~2)~(1/2))/a~4/(a~2+b~2) ~(1/2) -arctanh ((b*cos (x) -a*sin(x))/(a~2+b~2) ~(1/2
))*(a”2+b72)"(1/2)/a"4

csc?(z)
3.217. f (a cos(z)+bsin(zx))3 dx




input LIntegrate [Csc[x]1~2/(a*Cos[x] + b*Sin[x])"3,x]

output
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3.27.2 Mathematica [A] (verified)

Time = 1.29 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.05

/ csc? 4z
(acos(z) + bsm( )3
6(a%+26%)arctanh (‘H‘;;\/%f)) (
csc®(z)(acos(z) + bsin(z)) | a(a? + b%) sin(z) — 5ab(a cos(z) + bsin(z)) + WeEaes

-/

(Csc[x]~3*(a*Cos[x] + b*Sin[x])*(ax(a”2 + b~2)*Sin[x] - 5xa*b*(a*Cos[x] +
bxSin[x]) + (6*%(a”2 + 2%b~2)*ArcTanh[(-b + a*Tan[x/2])/Sqrt[a”2 + b~2]]*(a
*Cos[x] + b*Sin[x])~2)/Sqrt[a”2 + b"2] - a*Cot[x/2]*(a*xCos[x] + b*Sin[x])~
2 + 6*bxLog[Cos[x/2]]*(a*Cos[x] + b*Sin[x])~2 - 6xb*Log[Sin[x/2]]*(a*Cos[x
] + b*Sin[x])"2 - ax(a*Cos[x] + b*Sin[x]) 2*Tan[x/2]))/(2*a~4*(b + a*Cot[x
1H"3)

3.27.3 Rubi [A] (verified)

Time = 1.18 (sec) , antiderivative size = 213, normalized size of antiderivative = 1.16,

number of steps used = 17, number of rules used = 16, Zumber of rules _ 4 459 Ryles
integrand size

used = {3042, 3584, 3042, 3555, 3042, 3553, 219, 3572, 3042, 3553, 219, 3582, 3042, 3553,
219, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

csc?(z)
(acos(z) + bsin(x))3

l’3042

1
/ sin(x)2(a cos(z) + bsin(x))3 dz
l.3584

2 2 1 csc?(z) csc(z)
(a +b ) f (a cos(z)+bsin(z))3 dzx 4 f a cos(z)+bsin(z) dx 2b f (acos(z)+bsin(x))? dzx

a? a? a?

csc?(z)
3.217. f (a cos(z)+bsin(zx))3 dx
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| 3042
2 2 1 1 1
(a +b ) f (a cos(z)+bsin(z))3 dzx _ 2b f sin(z)(a cos(x)+bsin(z))2 dzx + f sin(z)2(a cos(z)+b sin(ac))dx
a? a? a?
| 3555
2 2 f acos(:v)ib sin(z) dz _ bcos(w)—asin(z)
(a +b ) ( 2(a2+b2) 2(a2+b2)(a cos(z)+bsin(z))? B 2b f sm@)(a cos(alv)—i-b sn(@))? dx N
a? . a?
f sin(z)2(a cos(z)+bsin(x)) dzx
a’
| 3042
| sos@resm@ beos(z)—asi
2 2 a cos(z)+bsin(z) _ COS(.'Z)) as: n(x)
(a +b ) < 2(a2+b2) 2(a?+b2)(a cos(z)+bsin(z))>? ) B 2b f sm@)(a cos(:lz:)+bsin(x))2 dx N
2 2
a I . i a
sin(z)?(a cos(z)+bsin(z))
(12
| 3553
J a24p2— coslm —asin(z 7 d(bcos(x)—asin(z)) b z)—asin(z
(CL2 + b2) <_ (ool 2(aé-i3)2) - 2(0,2+b§§)(s(§ c3)s(9:§+lg si)n(z))2 >
a? B
1 1
2b f sin(z)(a cos(z)+bsin(z))2 dx f sin(z)2(a cos(z)+bsin(z)) dzx
a? + a?
| 219
1 1
_ 2b f sin(z)(a cos(w)—i—b sin(z))2 dx n f sin(z)2(a cos(z)+bsin(z)) dzx +
a? a?
b cos(z)—a sin(z)
2 2 arctanh ( Va2+b2 ) . bcos(z)—asin(z)
(a® +b?)
2(a2+b2)3/2 2(a2+b2)(a cos(z)+bsin(z))?
a’
| 3572
b [ eosteytbem@) 9¢ J (w)da:
1 2b _ a cos(z)+b sm(z) csc 1 ]
f sin(z)2(a cos(z)+bsin(z)) dx ( a? + + a(a cos(z)~+bsin(z))
2 o 2 +
a a
b cos(z)—a sin(x)
2 2 arctanh ( Va2+b2 ) . bcos(z)—asin(z)
(a® +b?)
2(a2+b2)3/2 2(a2+b2)(a cos(z)+bsin(z))?
a’
| 3042

csc?(z)
3.217. f (a cos(z)+bsin(zx))3 dx




CHAPTER 3. LISTING OF INTEGRALS 272

N p
_ acos(m;;—bsm(z) + fCSC(:E) T +

1
f sin(z)2(a cosl(z)—i-b sin(z)) dzx 2 < a(a cos(z)+bsin(z)) > +

2 a2
bcos(z)—asin(z)
b arctanh ( Va2+b2 ) bcos(z)—asin(z)
(a’ + ) - 2(a2+b2)3/2 " 2(a?4b2)(a cos(z)+bsin(z))?
CL2
| 3553
bf a2+p2—(b costa:)—a sin(z))? d(bcos(x)—a sin(z)) fcsc(:z)dz 1
2b< + a2 + a? + a(a cos(z)+bsin(z))
- 2
bcos(z)—asin(x)
( 2 4 b2) _ arctanh ( Va24b2 _ b cos(z)—asin(x)
1 d a 2(a2+b2)3/2 2(a2+b2)(a cos(z)+bsin(z))2
f sin(z)?(a cos(z)+bsin(z)) z +
a? a?
| 219
bcos(z)—asin(z)
op [ Lese (f) & varctanh <7\/m ) N o
a Py R a(acos(@) T5in(@)) :
f sin(z)2(a cos(x)+bsin(z)) dzx
- . + : +
a a
bcos(z)—asin(x)
b arctanh ( Va2+b2 ) b cos(z)—asin(z)
(CL + - 2(a2+b2)3/2 " 2(a?+4b2)(a cos(z)+bsin(z))?
(12
| 3582
bcos(z)—asin(z)
op [ L esct@)da varctanh (7T+b ) .
a? + a2v/a24b2 + a(a cos(z)+bsin(z))
— . +
(a24b?) [ — cos(z)}l—b sin(z) ¢ _ b fcesc(z)dz  csc(z)
a2 a2 a +
a2
bcos(z)—asin(x)
b arctanh ( Va2+b2 b cos(z)—asin(z)
(CL + - 2(a2+b2)3/2 " 2(a?+4b2)(a cos(z)+bsin(z))?
a2
| 3042

csc?(z)
3.27. f (a cos(z)+bsin(zx))3 dx
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barctanh ( bcos(z)—asin(x) )
_|_

2% [ csc(z)dz + Va2+b2 1
a2 a2v/a2+b2 a(a cos(z)+bsin(z))
- P> —+
(a2+02) fmdw _ bfesc(z)dz  csc(z)
a? a? a4
a2
b cos(z)—asin(x)
b arctanh ( Va2452 ) b cos(z)—asin(z)
(G, + - 2(a2+b2)3/? " 2(a?4b2)(a cos(z)+bsin(z))?
a2
| 3553
bcos(z)—asin(x)
2% [ csc(z)dz + barCtanh< Va2+b2 ) + 1
a2 a2v/a2+b2 a(a cos(z)+bsin(z))
- +
2
a
(a2+b2) f T cosiz)_a Sin(z))zd(bcos(mc)—a sin(z)) b [ csc(z)dz csc(x)
— e — 2 - =
a2
b cos(z)—asin(x)
b arctanh ( Va24b2 ) b cos(z)—asin(z)
(a’ + ) - 2(a2+b2)3/2 " 2(a?+4b2)(a cos(z)+bsin(z))?
a?
| 219
bcos(z)—asin(z)
op [ Lot N barctanh(im ) N .
a2 2Va2+b2 a(a cos(z)+bsin(z))
— o +
/512 bcos(z)—asin(x)
b [esc(z)dr a®+b% arCtanh( Va2+b2 ) _ csc(x)
) a2 a_ 4
a?
bcos(z)—asin(z)
b2 arctanh ( Va2 462 ) b cos(z)—asin(z)
(a’ + ) - 2(a2+b2)3/2 " 2(a?+4b2)(a cos(z)+bsin(z))?
a’
| 4257

csc?(z)
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bcos(z)—asin(z)
2 4 p2 arCtanh ( Va2+b2 > b cos(z)—asin(z)
(a + ) 2(a2+b2)3/2 " 2(aZ+b?)(a cos(z)+bsin(z))2

a2

bcos(z)—asin(x)
% barctanh ( Va2+b2 ) arctanh(cos(z)) 1
22 +b2 - a? + a(a cos(z)+bsin(z))

5 +
a
/5 119 b cos(z)—asin(x)
i arctanh( Va2+b2 ) + varctanh(cos(z)) __ csc(z)
a? a

a2

a2

input‘Int[Csc[x]“Q/(a*Cos[x] + b*Sin[x])"3,x]

output | ((b*ArcTanh[Cos[x]])/a~2 - (Sqrt[a”"2 + b~2]*ArcTanh[(b*Cos[x] - a*Sin[x])/
Sqrt[a”2 + b"2]])/a"2 - Csclx]/a)/a"2 + ((a"2 + b~2)*(-1/2*ArcTanh[(b*Cos[
x] - a*Sin[x])/Sqrt[a”2 + b~2]]/(a"2 + b72)~(3/2) - (b*Cos[x] - a*Sin[x])/
(2% (a"2 + b~2)*(a*Cos[x] + b*Sin[x]1)~2)))/a"2 - (2*%b*(-(ArcTanh[Cos[x]]/a"
2) + (b*ArcTanh[(b*Cos[x] - a*Sin[x])/Sqrt[a”2 + b~2]])/(a"2*Sqrt[a~2 + b~
2]) + 1/(ax(a*Cos[x] + b*Sin[x]))))/a"2

3.27.3.1 Defintions of rubi rules used

rule 219 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

/

rule 3553 | Int [(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x
_Symbol] :> Simp[-d~(-1) Subst[Int[1/(a"2 + b2 - x72), x], x, b*xCos[c +
d*x] - a*Sin[c + d*x]], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]
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rule 3555 Int[(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n.), x
_Symbol] :> Simp[(b*Cos[c + d*x] - a*Sin[c + d*x])*((a*Cos[c + d*x] + bxSin
[c + d*x])"(n + 1)/(d*(n + 1D*(a"2 + b72))), x] + Simp[(n + 2)/((n + 1)*(a”
2 + b72)) Int[(a*Cos[c + d*x] + b*Sin[c + d*x])"(n + 2), x], x] /; FreeQ[
{a, b, c, d}, x] && NeQ[a"2 + b~2, 0] && LtQ[n, -1] && NeQ[n, -2]

rule 3572 | Int[(cos[(c_.) + (d_.)*(x_)1*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_)/si
nl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-(a*Cos[c + d*x] + b*Sin[c + d*x])
“(n + 1)/(a*d*(n + 1)), x] + (Simp[1/2a”2 Int[(a*Cos[c + d*x] + b*Sin[c +
d*x])~(n + 2)/Sin[c + d*x], x], x] - Simp[b/a”2 Int[(a*Cos[c + d*x] + b*S
in[c + d*x])~(n + 1), x], x]) /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 + b~2, O
] && LtQ[n, -1]

rule 3582  Int[sin[(c_.) + (d_.)*(x_)1"(m_)/(cos[(c_.) + (d_.)*(x_)1*(a_.) + (b_.)*sin
[Cc_.) + (d_.)*(x_)]), x_Symbol] :> Simp[Sin[c + d*x] " (m + 1)/(axd*(m + 1))
, x] + (-Simp[b/a”2 Int[Sin[c + d*x]"(m + 1), x], x] + Simp[(a~2 + b~2)/a
-2 Int[Sin[c + d*x]"(m + 2)/(a*Cos[c + d*x] + b*Sin[c + d*x]), x], x]) /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0] && LtQ[m, -1]

p

rule 3584 | Int [sin[(c_.) + (d_.)*(x_)]1 " (m_)*(cos[(c_.) + (d_.)*(x_)]1*(a_.) + (b_.)*sin
[(c_.) + (@_)*(x_)1)"(n_), x_Symbol] :> Simp[(a”2 + b"2)/a"2 Int[Sin[c +
d*x]~(m + 2)*(a*Cos[c + d*x] + b*Sin[c + d*x])"n, x], x] + (Simp[1/a"2 I
nt[Sin[c + d*x] m*(axCos[c + d*x] + b*Sin[c + d*x])~(n + 2), x], x] - Simp[
2%(b/a~2) Int[Sin[c + d*x]~"(m + 1)*(a*Cos[c + d*x] + b*Sin[c + d*x])~(n +
1), x], x1) /; FreeQ[{a, b, ¢, d}, x] && NeQ[a~2 + b2, 0] && LtQ[n, -1] &
& LtQ[m, -1]

rule 4257 Int[csc[(c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQl[{c, d}, x]

csc?(z)
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3.27.4 Maple [A] (verified)

Time = 0.76 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.89

method | result

2atan(%)—2b

a(a2+6b2) tan(%)s _ 5b(a2—2b2) tan(%)Q 3 a(a2—14b2) tan(%) +5j‘f2—b 3(a2+2b2) arctanh (W)

4 4 - 1 . I o
tan(2) (tan(%) a—2btan(%)_a) -
default | —— # — . i

ix__ __ta—b iz__ __tia—b 2
risch ie® (9iabe¥® —302¢%% 4 6b%e® —202¢%% —120%%% —9jba—3a2+667) O (e Vo162 ) 3ln (e Vo162 ) b " 3]
(e2i—1)(be2i%+iq 2% —b+ia) a3 2va2+b2 a2 Va2 b2 a4

inputLint(csc(x)“2/(a*cos(x)+b*sin(x))“3,x,method=_RETURNVERBOSE) J

output‘—1/2*tan(1/2*x)/a‘3-4/a‘4*((—1/4*a*(a‘2+6*b“2)*tan(1/2*x)“3-5/4*b*(a“2-2*b
"2)*tan(1/2*x)‘2-1/4*a*(a‘2—14*b“2)*tan(1/2*x)+5/4*a‘2*b)/(tan(1/2*x)‘2*a—
‘ 2*%bxtan (1/2*x)-a) ~2-3/4*(a~2+2*%b"2) /(a~2+b"2) ~(1/2) *arctanh (1/2* (2*a*xtan (1 ‘
‘/2*x)—2*b)/(a‘2+b“2)‘(1/2)))—1/2/a‘3/tan(1/2*x)-3/a‘4*b*ln(tan(1/2*x))

3.27.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 463 vs. 2(168) = 336.

Time = 0.34 (sec) , antiderivative size = 463, normalized size of antiderivative = 2.52

/ csc? de
(a cos(z) + bsm( )3
— 10a%h? — 12ab* — 6 (a® — a®b? — 2ab*) cos (z)* — 18 (a*h + a2b?) cos (z) sin (z) — 3 (2 (a®b + 2

input  integrate(csc(x)~2/(axcos(x)+b*sin(x))"3,x, algorithm="fricas")

csc?(z)
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-1/4%(2*%a~5 - 10*a”3%b~2 - 12*a*b~4 - 6*(a”5 - a~3*%b~2 - 2*ax*xb”4)*cos(x)”2
- 18*(a”4*b + a~2*b"3)*cos(x)*sin(x) - 3*(2*(a~3*b + 2*a*b~3)*cos(x)"3 -
2x(a~3*%b + 2*xa*b~3)*cos(x) - (a"2*%b”2 + 2xb”4 + (a4 + a"2%b"2 - 2xb"4)*co
s(x)"2)*sin(x))*sqrt(a”2 + b~2)*log(-(2*a*b*cos(x)*sin(x) + (a"2 - b~™2)*co
s(x)72 - 2#a”2 - b"2 + 2*sqrt(a”™2 + b~2)*(b*cos(x) - a*sin(x)))/(2*a*b*xcos
(x)*sin(x) + (2”2 - b™2)*cos(x)"2 + b~2)) - 6%x(2*(a~3*b"2 + a*b”4)*cos(x)”
3 - 2%(a”3*b"2 + a*b”4)*cos(x) - (a”2*b"3 + b"5 + (a4*b - b~5)*cos(x)"2)*
sin(x))*log(1/2*cos(x) + 1/2) + 6%(2x(a”3*¥b~2 + axb~4)*cos(x)~3 - 2x(a"3*b
"2 + a*b”4)*cos(x) - (a"2%b"3 + b"5 + (a"4*b - b~5)*cos(x)"2)*sin(x))*log(
-1/2*cos(x) + 1/2))/(2*x(a"T7*b + a~5*xb"3)*cos(x)~3 - 2*x(a"7*b + a~5xb~3)*co

s(x) - (a"6*%b"2 + a~4*b~4 + (2”8 - a~4*b~4)*cos(x)"2)*sin(x))

3.27.6 Sympy [F]

csc?(z) . csc? ()
/(acos ) + bsin(z))? d /(acos( ) + bsin (x))

inputLintegrate(csc(x)**2/(a*cos(x)+b*sin(x))**3,x)

~—

)Y*x2/(a*cos(x) + b*sin(x))**3, x)

i

3.27.7 Maxima [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 276, normalized size of antiderivative = 1.50

csc?(z) .
/ (acos(z) + bsin(x))? d

14a2bsin(z)  4(a®—8ab?)sin(z)?  2(74%b—10b%)sin(z)®  (aB+12ab?)sin(z)*

3 _ _ —
_ _a + cos(z)+1 (cos(z)+1)2 (cos(z)+1)3 (cos(z)+1)*
<a6 sin(zx) + 4 aPbsin(z)? N 4aSbsin(z)? a8 sin(x)® _ 2(a%-24a%p?) sin(z)3>
cos(z)+1 (cos(z)+1)2 (cos(z)+1)* (cos(z)+1)° (cos(z)+1)>

. b— 208 4 /a? 452
3 b].og < sm(z) > 3 (a2 + 2 b2) log <b— asgnz:; m)

cos(z)+1 cos(z)+1 sin (.’E)

a* 2/a2 + b2a? ~ 2a3(cos (z) + 1)

input  integrate(csc(x)~2/(a*cos(x)+b*sin(x))~3,x, algorithm="maxima")

csc?(z)
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output | -1/2*(a~3 + 14*a~2*bxsin(x)/(cos(x) + 1) - 4*(a~3 - 8*axb~2)*sin(x) "2/ (cos
(x) + 1)72 - 2% (7*a"2*xb - 10*b~3)*sin(x)~3/(cos(x) + 1)°3 - (a"3 + 12*a*b”
2)*sin(x)~4/(cos(x) + 1)74)/(a"6*sin(x)/(cos(x) + 1) + 4*a~5*b*sin(x)"2/(c
os(x) + 1)72 - 4*a”5*b*sin(x)~4/(cos(x) + 1)74 + a"6*sin(x)"5/(cos(x) + 1)
756 - 2x(a”6 - 2*%a”4*b~2)*sin(x)~3/(cos(x) + 1)73) - 3*bx*log(sin(x)/(cos(x)
+ 1))/a~4 - 3/2+%(a”2 + 2xb~2)*log((b - a*sin(x)/(cos(x) + 1) + sqrt(a™2 +
b~2))/(b - a*sin(x)/(cos(x) + 1) - sqrt(a™2 + b~2)))/(sqrt(a”2 + b~2)*a"4
) - 1/2xsin(x)/(a~3*(cos(x) + 1))

3.27.8 Giac [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 212, normalized size of antiderivative = 1.15

/ csc? z:_3blog(|tan (32)]) _ tan (3 )
(acos(z) + bsm( )3 at 2a?

2 2 2atan(3 z)~2b6-2Va2+b?
3(a®*+2b%)log ( 2atan(3 z)-2b+2 Va2 +b% 6btan (%x) —a

2vVa? + b2a* * 2a4tan(1 )

+a3tan(%m)?’+6ab2tan(%x)3+5a2btan(% ) —106° tan ( ) +d®tan (3 ) — 14ab’tan (1 z) —

(atan (12)” —2btan (3 2) )

inputLintegrate(csc(x)‘2/(a*cos(x)+b*sin(x))‘3,x, algorithm="giac") J

output | -3*xbxlog(abs(tan(1/2*x))) /a4 - 1/2xtan(1/2*x)/a~3 - 3/2x(a"2 + 2*b~2)*log
(abs(2*axtan(1/2*x) - 2%b - 2*sqrt(a”2 + b~2))/abs(2*a*tan(1/2*x) - 2*b +

2*¢sqrt(a”2 + b72)))/(sqrt(a”2 + b~2)*a~4) + 1/2*(6xb*tan(1/2*x) - a)/(a"4*
tan(1/2*x)) + (a~3*tan(1/2*x)"3 + 6*a*b”~2*xtan(1/2*x)"3 + 5*a~2*bxtan(1/2*x
)72 - 10*b"3*tan(1/2*x) "2 + a"3*tan(1/2*x) - 14*a*b~2*tan(1/2*x) - 5*a~2*b
)/ ((axtan(1/2%x) "2 - 2*bxtan(1/2*x) - a) " 2*a"4)
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3.27.9 Mupad [B] (verification not implemented)

Time = 21.74 (sec) , antiderivative size = 813, normalized size of antiderivative = 4.42

/(acos CSC-I—bsm( )3

) + tan (% )2(4a2—3262)—a2—14abtan(w)—I— -
@ M& 8&%@+2&Mn()+8&bmn()—SMbMH@f
ta

2a5tan(§)-—tan(
_tan(%) 3bln( ( ))
2a3
tan(%) (6a8+8a6 62)
., S tan(%) (12a4 b424a2 b3) 3<a2+2b2) <2a2 b+ 5 VaZ+b2
(a+262) VaZ+b 3 + - - 2 (B rat 12)
atan 2 (a6+a4 b2)

3 (a2+202) (2a2b+f33£2)4Q

2 (a6+a4 t

3 (a24202) Va2 452 3a6+1g a4 b2+t‘“‘( ) (12 Z;l b+24025°) _

2 (9 a2 b+18 b3) 2tan(%) (9 a2+18 b2)

a aB 2 (a6+a4 b2)

input‘ int (1/(sin(x) "2*(a*xcos(x) + b*sin(x))~3),x)

output | (tan(x/2)"4*(a~2 + 12*b~2) + tan(x/2) 2*x(4*a~2 - 32%b~2) - a2 - 14*xaxbxta
n(x/2) + (2*tan(x/2)"3*(7*a~2xb - 10*b~3))/a)/(2*a~5*tan(x/2) - tan(x/2)"3
*(4*a~5 - 8*a~3*b~2) + 2*a~bxtan(x/2)"5 + 8*a"4xb*tan(x/2)"2 - 8*a~4x*xb*tan
(x/2)74) - tan(x/2)/(2*a~3) - (3*b*log(tan(x/2)))/a"4 - (atan((((a"2 + 2*b
“2)*%(a”2 + b"2)"(1/2)*%((3*a”"6 + 12*a"4*xb~2)/a"6 + (tan(x/2)*(12*xa"4*b + 24
*a~2xb~3))/a"5 - (3%x(a”2 + 2%b~2)*(2%a"~2*b + (tan(x/2)*(6*a~8 + 8*a~6%b~2)
)/a~5)*(a"2 + b~2)"(1/2))/(2*x(a”6 + a~4*b~2)))*3i)/(2%(a"6 + a~4*xb~2)) + (
(2”2 + 2xb"2)*(a"2 + b~2)~(1/2)*((3*a~6 + 12*¥a~4xb~2)/a~6 + (tan(x/2)*(12*
a~4*b + 24*a~2+%b~3))/a"5 + (3*%(a”2 + 2xb"2)*(2*a~2*b + (tan(x/2)*(6*a"8 +
8*a~6%b~2))/a"B)*x(a"2 + b"2)"(1/2))/(2%x(a"6 + a~4%b~2)))*3i)/(2*x(a"6 + a~4
*b~2)))/((2x(9*a~2*b + 18%b~3))/a"6 - (2xtan(x/2)*(9*a"2 + 18%b~2))/a"5 -

(3%(a"2 + 2%b"2)*(a"2 + b"2)"(1/2)*((3*a"6 + 12*a~4*xb~2)/a"6 + (tan(x/2)*(
12*%a~4xb + 24*a~2%b~3))/a~5 - (3*x(a"2 + 2*%b~2)*(2*a~2*b + (tan(x/2)*(6*a"8
+ 8*xa~6*%b~2))/a"5)*(a"2 + b2)"(1/2))/(2%(a"6 + a~4%b~2))))/(2%x(a"6 + a~4
*b~2)) + (3%(a”2 + 2xb"2)*(a"2 + b~2)"(1/2)*((3*a"6 + 12*¥a~4*b~2)/a"6 + (t
an(x/2)*(12*xa~4%b + 24*a~2%b"3))/a~5 + (3*%(a~2 + 2*b~2)*(2*a~2*b + (tan(x/
2)*(6%a"~8 + 8*a~6*b~2))/a"5)*(a"2 + b~2)"(1/2))/(2x(a"6 + a~4*b~2))))/(2%(
a”6 + a~4*b~2))))*(a"2 + 2+%b"2)*(a”2 + b~2)"(1/2)*3i) /(a6 + a~4*b~2)
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3.28

csc3(z)
f (a cos(z)+bsin(z))3 dx

3.28.1 Optimalresult . . .. ... ... . .. ... . 280
3.28.2 Mathematica [A] (verified) . . . . . . . ... .. oo 2801
3.28.3 Rubi [A] (verified) . . . . . . ... .. 28]
3.28.4 Maple [A] (verified) . ... ... ... ... 282
3.28.5 Fricas [B] (verification not implemented) . . . . . . .. ... .. ... .... 283
3.28.6 Sympy [F] . . . . . 283
3.28.7 Maxima [B] (verification not implemented) . . . . . .. ... ... ... .. .. 2841
3.28.8 Giac [A] (verification not implemented) . . . .. ... ... ... ....... 284
3.28.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 285

3.28.1 Optimal result

Integrand size = 16, antiderivative size = 117

/ csc®(z) i — 3bcot(z)  cot?(z) N 2(a® + 3b?) log(tan(z))
(acos(z) + bsin(z))? a* 2a3 a®
_ 2(a® + 3b?) log(a + btan(z))
(a2 + b?)? (a% — 3b2) (a2 + b?)

2a%b%(a + btan(z))?  a*b*(a + btan(z))

output \ 3xb*cot (x)/a~4-1/2*cot (x)"2/a"3+2*(a"~2+3*%b"2) *1n(tan(x)) /a~5-2* (a~2+3*b"2) \
‘*1n(a+b*tan(x))/a“5+1/2*(a“2+b‘2)“2/a“3/b“2/(a+b*tan(x))“2—(a“2-3*b‘2)*(a“
‘2+b‘2)/a‘4/b“2/(a+b*tan(x)) \

3.28.2 Mathematica [A] (verified)

Time = 2.02 (sec) , antiderivative size = 208, normalized size of antiderivative = 1.78

/ csc? de
(acos(z) + bsm( )3
_ 6a®bcot®(z) + a® csc?(z) — 2abcot(z) (3a® 4 a? csc®(x) — 4(a® + 3b?) log(sin(z)) + 4a® log(a cos(z) + bsi

input LIntegrate [Csc[x]~3/(a*Cos[x] + b*Sin[x])"3,x] J

csc3(z)
3.28. f (a cos(z)+bsin(zx))3 dx



CHAPTER 3. LISTING OF INTEGRALS

281

output | (6*xa”~3*b*Cot[x]~3 + a~4*Csc[x]"2 - 2*a*b*Cot [x]*(3*a~2 + a~2*Csc[x]~2 - 4x*
(a2 + 3*xb~2)*Log[Sin[x]] + 4*a~2+Logl[axCos[x] + b*Sin[x]] + 12*b~2xLog[a*
Cos[x] + b*Sin[x]]) + 2*b~2%(-3*(a"2 + b~2) + 2*(a”2 + 3*b~2)*Log[Sin[x]]
- 2x(a”2 + 3*%b~2)*Log[a*Cos[x] + b*Sin[x]]) + Cot[x]~2*(-(a"4*Csc[x]~2) +
4%xa"2%(3%b"2 + (a”2 + 3*%b~2)*Log[Sin[x]] - (a~2 + 3*b~2)*Logla*Cos[x] + b*
Sin[x]1)))/(2*a~5x(b + a*Cot[x])~2)

3.28.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 954 Ryles used

integrand size
= {3042, 3566, 522, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

csc3(x)
(acos(z) + bsin(z))3

l 3042

1
/ sin(z)3(a cos(z) + bsin(z))3 dz
l 3566

dtan(z)

(tan?(z) + 1)2 cot3(x)
/ (a + btan(z))3

l 522

(a2 + 1)

/ _ 3bcot?(x) 4 cot’(z) 2b(a” + 3b?) 2(a? + 3b?) cot(z) N a* — 2a2p? — 3b*
at a3 a’(a + btan(z)) ab a*b(a + btan(zx))?

l 2009

3bcot(z)  cot?(x) N 2(a? + 3b%) log(tan(z)) B 2(a? + 3b%) log(a + btan(z))
at 2a3 ab ) ab
(a? — 3b%) (a? +b?) 4 (a® + b?)
a*b?(a + btan(z)) = 2a®b?(a + btan(z))?

~ a3b(a + btan(z))

input [Int [Csc[x]~3/(a*Cos[x] + b*Sin[x])"3,x]

~—

csc3(z)
3.28. f (a cos(z)+bsin(zx))3 dx

)
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0utput‘(3*b*Cot[x])/a“4 - Cot[x]72/(2*a~3) + (2x(a~2 + 3*b~2)*Log[Tan[x]])/a"5 -
\ (2%(a~2 + 3*b~2)*Logl[a + bxTan[x]])/a"6 + (2”2 + b~2)"2/(2*a"3*b"2*(a + bx* \
\Tan[x])*z) - ((a™2 - 3%b™2)*(a™2 + b~2))/(a~4%b~2x(a + b*Tan[x])) \

3.28.3.1 Defintions of rubi rules used

rule 522‘Int[((e_.)*(x_))‘(m_.)*((c_) + (d_)*(x))"(@_D*((al) + (b_.)*x(x_)"2)"(p_. ‘
‘), x_Symbol] :> Int[ExpandIntegrand[(e*x) m*(c + d*x) n*(a + b*x~2)7p, x], ‘
‘x] /; FreeQ[{a, b, c, d, e, m, n}, x] && IGtQ[p, O] ‘

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x] |

rule 3566 | Int[sin[(c_.) + (d_.)*(x_ )1~ (m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si
nl(c_.) + (A_)*(xx_)1)"(n_), x_Symbol] :> Simp[1/d  Subst[Int[x"m*((a + b*
x)"n/(1 + x72)°((m +n + 2)/2)), x], x, Tan[c + d*x]], x] /; FreeQ[{a, b, c
, dY, x] && IntegerQ[n] && IntegerQ[(m + n)/2] && NeQ[n, -1] && !'(GtQ[n, O
] && GtQ[m, 1])

3.28.4 Maple [A] (verified)

Time = 0.90 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.09

method result
—at—2a2b2 bt at—92a2b2 —3pt 2(a?+3b2) In(a+btan(z)) _ 1 (2a2+6b2) In(tan(z)) .
default - 24302 (a+btan(z))? T a%2(atbtan(z)) ab 243 tan(z)> + a® + at

btan(%) b(—13a2—24b2)tan(%)3 1 tan(%)s (—9a4+56a2b2+144b4)tan(%)4 btan(%)7 b(—13a2—24b2)tan(%)5
norman 2 T o 8 85 = S — o +

tan(%)2 (tan(%)%x—than(%)—a)z

—4(a?+3b?) ((a2—b2) cos(2z)+2basin(2z)+aZ+b2) In ( W) +4(a?+3b2) ((a?—b?) cos(2z)+2ba sin(2z)+aA

parallelrisch 2((a>—b%) co

4i(6ia b2+3a2b—3b%+3ia b2e5:% + 36351 —9p3ei® +a2b €517 —3a2b €417 +ia3eP0 +ia3e2i% — a2 21" —9ia b2e?IT +9b3e?i%)
(€22 —1)2 (b e2i% +ia €21® —b+ia)? a?

risch

csc3(z)
3.28. f (a cos(z)+bsin(zx))3 dx
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input‘int(csc(x)“3/(a*cos(x)+b*sin(x))“3,x,method=_RETURNVERBOSE) ‘

‘/b‘2/(a+b*tan(x))-2*(a‘2+3*b“2)*1n(a+b*tan(x))/a“5—1/2/a“3/tan(x)‘2+(2*a“2

1d A
output ‘ -1/2%(-a~4-2*a~2%¥b~2-b"4) /a~3/b"2/ (a+b*tan(x)) “2-(a~4-2*%a~2*¥b~2-3%b~4) /a~4 ‘
‘+6*b‘2)/a‘5*ln(tan(x))+3/a‘4*b/tan(x) \

3.28.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 385 vs. 2(113) = 226.

Time = 0.28 (sec) , antiderivative size = 385, normalized size of antiderivative = 3.29

csc(x)
de —
/ (acos(z) + bsm( )3 v
24 a2b? cos (z)* — a* + 6 a2b? + 2 (a* — 15a%b?) cos () — 2 ((a* + 2a?b? — 3b%) cos (z)* — a2b? — 3b*

e

inputLintegrate(csc(x)‘3/(a*cos(x)+b*sin(x))‘3,x, algorithm="fricas")

~—

output | -1/2*(24*a~2*xb"2*%cos(x) "4 - a~4 + 6*xa~2*xb"2 + 2x(a"4 - 15%a~2*b~2)*cos(x)”
2 - 2x((a™4 + 2*xa"2*b"2 - 3*%b"4)*cos(x)"4 - a”2*xb"2 - 3*b"4 - (a”4 + a~2*b
~2 - 6*b~4)*cos(x)"2 + 2*x((a~3%b + 3*a*b~3)*cos(x)"3 - (a~3%b + 3*a*b~3)*c
os(x))*sin(x))*log(2*a*b*cos(x)*sin(x) + (a”2 - b"2)*cos(x)"2 + b~2) + 2%(
(a”4 + 2xa"2xb"2 - 3xb"4)*cos(x)"4 - a”2%b"2 - 3*%b"4 - (a”4 + a"2*b"2 - 6%
b~4)*cos(x) "2 + 2+x((a”~3*b + 3*a*b~3)*cos(x)"3 - (a~3*b + 3*a*b~3)*cos(x))*
sin(x))*log(-1/4*cos(x)"2 + 1/4) - 4x(3x(a"3*b - a*b~3)*cos(x)"3 - (2*a"3x%
b - 3*a*b~3)*cos(x))*sin(x))/(a"5*b"2 - (a7 - a~5*b"2)*cos(x)"4 + ("7 -
2%a~5%b"2)*cos(x) "2 - 2*(a"6*b*cos(x) "3 - a~6xbxcos(x))*sin(x))

3.28.6 Sympy [F]

csc3(x) . csc () .
/ (acos(x) + bsin(z))3 do = / (acos (z) + bsin (z))* d

e A
integrate(csc(x)**3/ (axcos(x)+b*sin(x))**3,x)

N J

input

outputLIntegral(csc(x)**B/(a*cos(x) + bk*sin(x))**3, x) J

csc3(z)
3.28. f (a cos(z)+bsin(zx))3 dx
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3.28.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 308 vs. 2(113) = 226.

Time = 0.27 (sec) , antiderivative size = 308, normalized size of antiderivative = 2.63

/ csc? 4
(acos(z +bsm( A

ot — 8adbsin(z) 2 (a*+22a%b?)sin(z)? | 4(21a’b+4ab’)sin(z)®  (15a?-144a262-1120%)sin(z)! 4 (19a%b+16 ab®) sin(x
_ cos(z)+1 (cos(z)+1)? + (cos(z)+1)3 o (cos(z)+1)* o (cos(z)+1)®
< a7 sin(z)? + 4a8bsin(z)® . 4a8bsin(z)® a7 sin(z)® o 2(a7—2a5b2)sin(z)4>
(cos(z)+1)2 (cos(z)+1)3 (cos(z)+1)° (cos(z)+1)° (cos(z)+1)*

12 bsin(z) asin(z)? 2 2 . 2bsin(z) asin(z)? >
_ eos@tl 1 feos()r1? 2(a”+3b )1°g< @~ cos@+1 T (cos(z) +1)?

8at ab®
2(a? +30%) log (2 )
+ 5
a
input Lintegrate (csc(x) "3/ (a*cos(x)+b*sin(x))~3,x, algorithm="maxima") J

output -1/8%(a”4 - 8*a”3*bxsin(x)/(cos(x) + 1) - 2x(a”4 + 22*a~2*b~2)*sin(x)~2/(c
os(x) + 1)72 + 4x(21*%a"3*b + 4*axb~3)*sin(x)~3/(cos(x) + 1)73 - (156%a"4 -
144*%a~2%b~2 - 112%b~4)*sin(x)~4/(cos(x) + 1)74 - 4*(19%a~3*b + 16%a*b~3)*s
in(x)~5/(cos(x) + 1)°5)/(a"7*sin(x)~2/(cos(x) + 1)°2 + 4*a~6xbxsin(x)~3/(c
os(x) + 1)73 - 4%a~6%b*sin(x)~5/(cos(x) + 1)°5 + a~7*sin(x)~6/(cos(x) + 1)
6 - 2%(a”7 - 2*a”5*b"2)*sin(x)"4/(cos(x) + 1)74) - 1/8x(12*b*sin(x)/(cos(
x) + 1) + a*sin(x)~2/(cos(x) + 1)72)/a"4 - 2*%(a”2 + 3*b~2)*log(-a - 2xb*si
n(x)/(cos(x) + 1) + a*sin(x)~2/(cos(x) + 1)72)/a"5 + 2*x(a”2 + 3*b~2)*log(s
in(x)/(cos(x) + 1))/a"b

3.28.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.25

/ csc3(z) 2(a® +3b%) log (|tan (z)|) 2 (a?b + 3b%)log (|btan (z) + a|)
- dz = —

(acos(z) + bsin(x))? ad ash
_ 2a’btan (z)® — 4a%b® tan (z)® — 126° tan (z)® + @ tan (z)* — 6 a®b? tan (x)* — 18 ab* tan (x)* — 4 a2b?

2 (btan (z)* + atan (31:))2a4b2

inputLintegrate(csc(x)“3/(a*cos(x)+b*sin(x))“3,x, algorithm="giac") J

csc3(z)
3.28. f (a cos(z)+bsin(zx))3 dx




CHAPTER 3. LISTING OF INTEGRALS

285

output‘ 2% (a~2 + 3xb~2)*log(abs(tan(x)))/a"5 - 2*(a~2*b + 3*b~3)*log(abs(b*tan(x)
\+ a))/(a"5%b) - 1/2%(2*a"4*bxtan(x)~3 - 4*a”2*b~3*tan(x)"3 - 12*b~5*tan(x)
‘“3 + a”bxtan(x) "2 - 6*%a~3*b"2+tan(x)”2 - 18*axb”4*tan(x) "2 - 4*a~2+b”3*tan
‘(x) + a”3%b~2)/((bxtan(x) "2 + axtan(x)) 2xa~4*b~2)

3.28.9 Mupad [B] (verification not implemented)

Time = 21.08 (sec) ,

/ csc?(z) In (tan(%)) (2a®+6b?)

(acos(z) + bsin(z))3 v a®

antiderivative size = 253, normalized size of antiderivative = 2.16

—15a%+144a2b

_tan(%) (42a*b+ 8b*) — tan(% ) (38a2b—|—32b3)—tan( ) (@®+22ab%) + % 2 tan(3) =

4a6tan(2) — tan (2 ) (8a® —16a*b?) + 4 abtan (2 ) —|—16a5btan(§)3—16a5bta

In <—atan(§) + 2btan(Z )-l—a) (2a®>+60?) tan(%)z 3btan(Z)
ad 843  2at

input Lint(l/(sin(x) ~3*(a*xcos(x) + b*sin(x))~3),x)

output

(log(tan(x/2))*(2*%a"2 + 6%b~2))/a"5 - (tan(x/2) 3*(42*a~2%b + 8*b~3) - tan
(x/2)"5%(38*a"2xb + 32xb~3) - tan(x/2)"2*(22*a*b~2 + a~3) + a~3/2 + (tan(x
/2)74*%(112*xb"4 - 15*%a~4 + 144*a”2%b~2))/(2*a) - 4*xa”2xbxtan(x/2))/(4*xa"6%*t
an(x/2)72 - tan(x/2)74*(8%*a”6 - 16*a~4*b~2) + 4*a~6*tan(x/2)76 + 16%a~5*bx
tan(x/2) "3 - 16*a~bxb*tan(x/2)°5) - (log(a + 2*bxtan(x/2) - axtan(x/2)72)=*
(2%xa”2 + 6xb~2))/a"5 - tan(x/2)"2/(8%a~3) - (3*b*tan(x/2))/(2*a"4)

csc3(z)
3.28. f (a cos(z)+bsin(zx))3 dx
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3.29 [ sin™(c+dx)(a cos(c+dzx)+iasin(c+dz))"” dz

3.29.1 Optimalresult . . . . . . .. . ... .. 286
3.29.2 Mathematica [C] (warning: unable to verify) . . . . . .. ... ... ... .. 2861
3.29.3 Rubi [A] (verified) . . . . . . .. .. 287
3.20.4 Maple [F] . . . . . . o 288
3.20.5 Fricas [F] . . . . . o o o 288
3.29.6 Sympy [F] . . . . . . 289
3.29.7 Maxima [F] . . . . . ... . 289
3.20.8 Giac [F] . . . . . o 289
3.29.9 Mupad [F(-1)] . . . . o o 290

3.29.1 Optimal result

Integrand size = 33, antiderivative size = 66

/ sin™"(c + dz)(acos(c + dz) + iasin(c + dz))" dz =

i Hypergeometric2F1 (1,n,1 + n, —3i(i + cot(c + dz))) sin™"(c + dz)(a cos(c + dz) + iasin(c + dz))’
B 2dn

output ‘ -1/2*Ixhypergeom([1, n], [1+n],-1/2%I*(I+cot(d*x+c)))*(a*cos(d*x+c)+I*a*sin ‘
L (d*x+c))"n/d/n/ (sin(d*x+c) "n) J

3.29.2 Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 5.00 (sec) , antiderivative size = 367, normalized size of antiderivative = 5.56

/sin_” (¢ + dz)(acos(c+ dz) + iasin(c + dz))" dx =
4cos (3(c+dz)) (AppellF1 (1 —n,—2n,1,2 — n, —itan (3(c + dz)) ,

—2n AppellF1 (2—7

d(-1+n) <2 AppellF1 (1 —n,—2n,1,2 — n,—itan (1(c+ dz)) ,itan (2 (c+ dx))) + (

p
input LIntegrate[(a*Cos [c + d*x] + I*a*Sin[c + d*x])"n/Sin[c + d*x] n,x]

-/

329.  [sin™"(c+ dz)(acos(c+ dz) + iasin(c + dz))" dz
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output | (-4*Cos[(c + d*x)/2]*(AppellF1[1 - n, -2*n, 1, 2 - n, (-I)*Tan[(c + d*x)/2
1, IxTan[(c + d*x)/2]] + Hypergeometric2F1[1 - 2*n, 1 - n, 2 - n, (-I)*Tan
[(c + d*x)/2]1)*Sin[(c + d*x)/2]*(a*x(Cos[c + d*x] + I*Sin[c + d*x]))"n)/(d
*(-1 + n)*Sin[c + d*x] “n*(2*AppellF1[1 - n, -2%n, 1, 2 - n, (-I)*Tan[(c +

d*x)/2], I*Tan[(c + d*x)/2]] + ((-2*n*AppellF1[2 - n, 1 - 2%n, 1, 3 - n, (
-I*Tan[(c + d*x)/2], I*Tan[(c + d*x)/2]]1*(-1 + Cos[c + d*x] + I*Sin[c + d
*x]) - AppellF1[2 - n, -2*n, 2, 3 - n, (-I)*Tan[(c + d*x)/2], I*Tan[(c + d
*x) /2]]1*(-1 + Cos[c + d*x] + I*Sin[c + d*x]) + (-2 + n)*(1 + Cos[c + d*x])
*(1 + I*Tan[(c + d*x)/2])"(2*n))*(1 - I*Tan[(c + d*x)/2]1))/(-2 + n)))

N\ J

3.29.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.061, Rules used = {3042,
integrand size
3562}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin™"(c + dz)(a cos(c + dz) + tasin(c + dx))" dx
| 3042
/ sin(c + dz) " (acos(c + dz) + iasin(c + dzx))"dz

l 3562

_isin™"(c + dx) Hypergeometric2F1 (1,m,m+ 1, —1i(cot(c + dz) + %)) (acos(c + dz) + iasin(c + dz))"
2dn

input | Int [(a*Cos[c + d*x] + I*a*Sin[c + d*x])"n/Sin[c + d*x] n,x]

N J

output‘ ((-1/2%I)*Hypergeometric2F1[1, n, 1 + n, (-1/2*xI)*(I + Cot[c + d*x])]*(axC
Los [c + d*x] + I*a*xSin[c + d*x]) n)/(d*n*Sin[c + d*x] n)

|

329.  [sin™"(c+ dz)(acos(c+ dz) + iasin(c + dz))" dz
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3.29.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3562 | Int[sin[(c_.) + (d_.)*(x_)]1 " (m_.)*(cos[(c_.) + (d_.)*(x_)]1*(a_.) + (b_.)*si
nl(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[a*((a*Cos[c + d*x] + b*Sin[c

+ d*x]) n/(2*bxd*n*Sin[c + d*x] n))*Hypergeometric2Fi[1, n, n + 1, (b + a*
Cot[c + d*x])/(2*b)]1, x] /; FreeQl[{a, b, c, d, n}, x] && EqQ[m + n, 0] && E
qQ[a~2 + b2, 0] && !IntegerQ[n]

3.29.4 Maple [F]

/ (cos (dz + ¢)a + iasin (dz + ¢))" sin (dz + ¢) " dx

input Lint ((cos(d*x+c)*a+I*a*sin(d*x+c)) "n/(sin(d*x+c) "n),x) J

output \ int ((cos (d*x+c)*a+I*a*sin(d*x+c)) "n/(sin(d*x+c) "n),x) \

3.29.5 Fricas [F]

(acos (dz + ¢) + iasin (dz + ¢))"

sin (dz + ¢)" de

/sin_”(c+dac)(a cos(c+dzx) +iasin(c+dz))" dz =/

input  integrate((a*cos(d*x+c)+I*a*sin(d*x+c)) n/(sin(d*x+c) n),x, algorithm="fri

cas")

output | integral(e” (I*d#n*x + I*c*n + nxlog(a))/(1/2+(-Ixe~(2xI*xd*x + 2xI*c) + I)x*
e~ (-Ixd*x - I*c)) n, x)

329.  [sin™"(c+ dz)(acos(c+ dz) + iasin(c + dz))" dz
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3.29.6 Sympy [F]

/ sin™"(c + dz)(acos(c + dz) + iasin(c + dz))" dz

= / (a(isin (¢ + dz) + cos (¢ + dzx)))" sin™™" (¢ + dz) dz

input Lintegrate ((axcos (d*x+c)+I*axsin(d*x+c))**n/ (sin(d*x+c)**n) ,x)

output LIntegral((a*(I*sin(c + d*x) + cos(c + d*x)))**n/sin(c + d*x)**n, x)

3.29.7 Maxima [F]

(acos (dz + ¢) +iasin (dz + ¢))"
sin (dz + ¢)"

/ sin™"(c+dz)(acos(c+dx) +iasin(c+dz))" dr = /

dz

input‘integrate((a*cos(d*x+c)+I*a*sin(d*x+c))“n/(sin(d*x+c)‘n),x, algorithm="max
‘ima")

output Lintegrate((a*cos(d*x + ¢) + Ixa*sin(d*x + c)) n*sin(d*x + c)~(-n), x)

3.29.8 Giac [F]

(acos (dz + ¢) +iasin (dz + ¢))"
sin (dz + ¢)"

/ sin™"(c+dz)(a cos(c+dx) +iasin(c+dz))" dr = /

dz

input ‘ integrate((a*cos(d*x+c)+I*a*sin(d*x+c)) "n/(sin(d*x+c) n),x, algorithm="gia
Cll)

J

output Lintegrate((a*cos(d*x + c) + Ixa*sin(d*x + c))"n/sin(d*x + c)"n, x)

329.  [sin™"(c+ dz)(acos(c+ dz) + iasin(c + dz))" dz



CHAPTER 3. LISTING OF INTEGRALS

290

3.29.9 Mupad [F(-1)]
Timed out.
/ sin™"(c + dz)(a cos(c + dz) + iasin(c + dz))" dx

_/(a cos(c+dzx) +asin(c+dz) 1i)"
B sin (¢ + dz)"

dzx

input Lint((a*cos(c + d*x) + a*sin(c + d#*x)*1i) n/sin(c + d*x) n,x)

output Lint((a*cos(c + d*x) + a*sin(c + d*x)*1i) n/sin(c + d*x)~°n, x)

329.  [sin™"(c+ dz)(acos(c+ dz) + iasin(c + dz))" dz
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3.30 [ cos®(c+dz)(acos(c+dx)+bsin(c+dz)) dx

3.30.1 Optimal result . . . . . . . . . . . . e 207
3.30.2 Mathematica [A] (verified) . . . . . . . . ... . L 291]
3.30.3 Rubi [A] (verified) . . . . . . .. .. 292
3.30.4 Maple [A] (verified) . ... ... ... . ... Lo 293
3.30.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 294
3.30.6 Sympy [B] (verification not implemented) . . . .. ... ... ... ...... 2941
3.30.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... .. 295
3.30.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 2951
3.30.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 290

3.30.1 Optimal result

Integrand size = 26, antiderivative size = 87

/cos5(c + dz)(acos(c + dx) + bsin(c + dz)) dz
_ bax  bcos®(c+ dx) + 5a cos(c + dz) sin(c + dx)

16 6d 16d
5a cos®(c + dz) sin(c + dx) L cos®(c + dz) sin(c + dx)
24d 6d

Output‘5/16*a*x—1/6*b*cos(d*x+c)“6/d+5/16*a*cos(d*x+c)*sin(d*x+c)/d+5/24*a*cos(d*
‘x+c)‘3*sin(d*x+c)/d+1/6*a*cos(d*x+c)‘5*sin(d*x+c)/d

3.30.2 Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.66

/cos5(c + dz)(acos(c + dz) + bsin(c + dx)) dx

_ —32bcos®(c + dz) 4 a(60c + 60dx + 45 sin(2(c + dx)) 4+ 9sin(4(c + dz)) + sin(6(c + dx)))
B 192d

~—

input LIntegrate [Cos[c + d*x]~5%(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

)
Output\ (-32%b*Cos[c + d*x]~6 + a*(60%c + 60%d*x + 45%Sin[2*(c + d*x)] + 9*Sin[4x*(
\c + d*x)] + Sin[6*(c + d*x)1))/(192%d)

—.

3.30. [ cos’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx



input

output

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042
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3.30.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 115 Ryjes used = {3042,

integrand size
3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cos5(c + dz)(acos(c + dz) + bsin(c + dx)) dx
| 3042

/cos(c + dz)®(acos(c + dz) + bsin(c + dz))dx
| 3569

/ (acos®(c + dz) + bsin(c + dz) cos®(c + dz)) dz

| 2009
asin(c + dz) cos®(c + dx) + 5asin(c + dz) cos®(c + dzx) 4 5asin(c + dz) cos(c + dz) + 5az
6d 24d 16d 16
beos®(c + dz)
6d

Int[Cos[c + d*x]~5*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

N J

‘ (5%a*x)/16 - (b*Cos[c + d*x]~6)/(6%d) + (5*a*Cos[c + d*x]*Sin[c + d*x])/(1 ‘
\s*d) + (5*a*Cos[c + d*x]~3*Sin[c + d*x])/(24*d) + (axCos[c + d*x]~5%Sinl[c \
-+ d*x])/(6+d) |

3.30.3.1 Defintions of rubi rules used

~—

‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x]

N\ J

3.30. [ cos’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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rule 3569‘Int[cos[(c_.) + (d_)*(x )] " (m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si ‘
‘n[(c_.) + (d_)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
‘*cos[c + d*x] + b*sin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
‘gerQ[m] && IGtQ[n, O] |

3.30.4 Maple [A] (verified)

Time = 0.73 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.71

method result
(cos(dz+C)5+ 5 cos((iz+c)3 + 15 COS(Sdz+C) ) sin(dz+c) 6
a 5 + 51% + % _ %
derivativedivides i
(cos(dw+6)5+ 5 Cos(‘ierc)S +18 cos(Sderc) ) sin(dz+c) b cos(da+-c)0
5d. 5 cos(dz+c
a 6 +56+16 |~ 6
default |
(cos(dz+c)5+ 8 cos(iz+c)3 + 15 CDS(SdQH—C) ) sin(dz+c)
5dz | 5
a 6 + Tﬁx + lfci
bcos(dz+c)®
parts y - °°s(6§+c)
parallelrisch 60axd—b cos(6dx+6c)+a sin(6dz+6¢)+9a sin(4dz+4c)1-;;3a sin(2dz+2c¢)—6b cos(4dx+4c) —15b cos(2dz+2c)+22b
. Sax __ bcos(6dz+-6c) asin(6dr+6c)  bcos(4dzt4c) 3asin(4dz+4c)  5bcos(2dz4-2c) 15a sin(2dz+:
risch 16 192 T~ 1024 32d + 64d 64d + 64d
Saz llatan(dTer%) 5atan(%l+%)3 15atan(d71+%)5 15atan(d7w+%)7 5atan(d7m+%>9 llatan(dTw+%)11 15as3
norman T6 T 8d — 24d + 4d — 4d + 24d — 8d +—
inputLint(cos(d*x+c)“5*(cos(d*x+c)*a+b*sin(d*x+c)),x,method=_RETURNVERBOSE) J

output ‘ 1/d* (a*x(1/6*(cos (d*x+c) ~5+5/4*cos (d*x+c) "3+15/8%cos (d*x+c) ) *sin(d*x+c)+5/1 ‘
‘6*d*x+5/16*c)-1/6*b*cos(d*x+c)“6) \

3.30. [ cos’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.30.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.71

/COS5(C + dz)(acos(c + dzx) + bsin(c + dz)) dz =

8bcos (dz + ¢)° — 15adz — (8acos (dz + )’ + 10acos (dz + ¢) + 15acos (dz + ¢)) sin (dz + c)
- 484

e A
integrate(cos(d*x+c) “b* (a*cos (d*x+c)+b*sin(d*x+c)) ,x, algorithm="fricas")

N\ J

input

output‘—1/48*(8*b*cos(d*x + c)76 - 15%a*xd*x - (8*a*cos(d*x + c)~5 + 10*a*cos(d*x
‘+ c)~3 + 15*axcos(d*x + c))*sin(d*x + c))/d ‘

3.30.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 175 vs. 2(82) = 164.

Time = 0.36 (sec) , antiderivative size = 175, normalized size of antiderivative = 2.01

/cos5 (c+ dzx)(acos(c+ dx) + bsin(c + dz)) dx

5az sin® (c+dx) + 15az sin* (c+dz) cos? (c+dx) + 15az sin? (c+dz) cos* (c+dx) + 5azx cos® (c+dx) + 5asin® (c+dzx) cos (c+dzx) + 5a
16 16 16 16 16d

z(acos (c) + bsin (c)) cos® (c)

p
inputLintegrate(cos(d*x+c)**5*(a*cos(d*x+c)+b*sin(d*x+c)),X)

-/

output | Piecewise ((5*a*x*sin(c + d*x)**6/16 + 15*xa*x*sin(c + d*x)**4xcos(c + d*xx)*
*2/16 + 15*axx*sin(c + d*x)**2xcos(c + d*x)**4/16 + S*axxkcos(c + d*xx)**6/
16 + B*a*xsin(c + d*x)#**5xcos(c + d*x)/(16%d) + bxaxsin(c + d*x)**3*cos(c +
d*x)**3/(6*%d) + 1ll*a*sin(c + d*x)*cos(c + d*xx)**5/(16%d) - b*cos(c + d*x)
**x6/(6%d), Ne(d, 0)), (xx(axcos(c) + b*xsin(c))*cos(c)**5, True))

3.30. [ cos’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.30.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.71

/COS5(C + dz)(acos(c + dzx) + bsin(c + dz)) dz =

32bcos (dz +¢)’ + (4 sin (2dz + 2¢)’ — 60dz — 60c — 9 sin (4dz + 4¢) — 48 sin (2dz + 2¢))a
B 192d

-

input  integrate(cos(d*x+c) 5% (axcos(d*x+c)+b*sin(d*x+c)),x, algorithm="maxima")

N\

output‘ -1/192%(32*b*cos (d*x + c)~6 + (4*sin(2*d*x + 2%c)~3 - 60*d*x - 60%c - 9*si
\n(4*d*x + 4%c) - 48*sin(2xd*x + 2xc))*a)/d \

3.30.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.09

/ cos’(c + dz)(acos(c + dzx) + bsin(c + dz)) dz

B iax— beos(6dr +6¢c) beos(4dz+4c) 5Sbceos(2dz +2¢)
16 192d 32d 64 d
asin (6dx +6c) 3asin(4ddr+4c) 15asin(2dz+2c)
192d 64d 64d

input‘integrate(cos(d*x+c)”5*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="giac")

§

output‘5/16*a*x - 1/192*b*cos (6xd*x + 6%c)/d - 1/32xbxcos(4*d*x + 4*c)/d - 5/64%b
\*cos(2*d*x + 2%c)/d + 1/192*a*sin(6*d*x + 6*c)/d + 3/64*axsin(4*d*x + 4*c)
\/d + 15/64%axsin(2%d*x + 2%c)/d

3.30. [ cos’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.30.9 Mupad [B] (verification not implemented)

Time = 24.58 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.71

/COS5(C + dz)(acos(c + dzx) + bsin(c + dz)) dz = 51a_6:c
d

_11atan(§+d2—’)u N 2btan(§ N d?x)lo + 5ata,n<2g4+d;‘>9 B 15atan(4g+d;)7 + 20btan<3g+d;”)6 + 15atan(4;+2””)5
X

8

_|_

inputLint(cos(c + d*x)~5*(a*cos(c + d*x) + bxsin(c + d*x)),x) J

output | (5%a*x)/16 + ((11*axtan(c/2 + (d*x)/2))/8 - (5xaxtan(c/2 + (d*x)/2)"3)/24

+ (15*axtan(c/2 + (d*x)/2)75)/4 - (15xaxtan(c/2 + (d*x)/2)77)/4 + (5*a*xtan
(c/2 + (d*x)/2)79)/24 - (1ixa*tan(c/2 + (d*x)/2)"11)/8 + 2xbxtan(c/2 + (d*
x)/2)"2 + (20*%b*tan(c/2 + (d*x)/2)76)/3 + 2*xb*tan(c/2 + (d*x)/2)~10)/(d*(t

an(c/2 + (d*x)/2)"2 + 1)76)

3.30. [ cos’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.31 [ cos*(c+dz)(acos(c+dz)+bsin(c+dz)) dx

3.31.1 Optimal result . . . . . . .. . ... . 297
3.31.2 Mathematica [A] (verified) . . . . . . . . ... ... L oo 297
3.31.3 Rubi [A] (verified) . . . .. . ... ... 298
3.31.4 Maple [A] (verified) . ... ... . ... ... 299
3.31.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ..... 299
3.31.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 3001
3.31.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 3001
3.31.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 300
3.31.9 Mupad [B] (verification not implemented) . . ... ... ... . ... .....

3.31.1 Optimal result

Integrand size = 26, antiderivative size = 60

/cos4(c + dz)(acos(c + dz) + bsin(c + dx)) dx

_ bcos®(c+ dx) L sin(c+dz)  2asin’(c+dz)  asin®(c+ dx)
5d d 3d 5d

p
output‘-1/5*b*cos(d*x+c)“5/d+a*sin(d*x+c)/d-2/3*a*sin(d*x+c)“3/d+1/5*a*sin(d*x+c)
\*S/d

3.31.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00

/cos4 (¢ + dz)(acos(c+ dz) + bsin(c + dzx)) dx

__bcos’(c+dx) asin(c+dr) 2asin’(c+dz)  asin®(c+dx)
B 5d d 3d 5d

input‘ Integrate[Cos[c + d*x] 4*(a*Cos[c + d*x] + b*Sin[c + d*x]),x] ‘

output‘ -1/5x(bxCos[c + d*x]~6)/d + (a*Sin[c + d*x])/d - (2xaxSin[c + d*x]~3)/(3*d ‘
) + (axSin[c + d*x]175)/(5%d) |

3.31.  [cos*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.31.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 115 Ryjes used = {3042,

integrand size
3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/cos4(c + dz)(acos(c+ dz) + bsin(c + dz)) dz
| 3042

/cos(c + dz)*(acos(c + dzx) + bsin(c + dx))dzx
| 3369

/ (acos®(c + dz) + bsin(c + dz) cos*(c + dz)) dz

l 2009

asin®(c + dz) _ 2a sin®(c + dz) N asin(c+dz) bcos®(c + dzx)
5d 3d d 5d

input‘ Int[Cos[c + d*x] 4x*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

output‘ -1/5%(b*Cos[c + d*x]~5)/d + (a*Sin[c + d*x])/d - (2*a*Sin[c + d*x]~3)/(3*d
) + (axSinlc + d*x]"5)/(5+d)

3.31.3.1 Defintions of rubi rules used

e

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3569 | Int[cos[(c_.) + (d_.)*(x_)]1 " (m_.)*(cos[(c_.) + (d_.)*(x_)]1*(a_.) + (b_.)*si

*cos[c + d*x] + b*sin[c + d*x])"n, x], x] /; FreeQ[{a, b, ¢, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

nl(c_.) + (d_.)*(x_)]1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a

3.31.  [cos*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.31.4 Maple [A] (verified)

Time = 0.69 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.77

method result

2
a (% +cos(dz+c)4+ *374 cos(dwc) )

sin(dz+c)

_cos(da:+c)5b
5

derivativedivides 5 =

2
a (% +cos(dz+c)4+ *374 cos(dzc) )

default 5 <

sin(dz+c)

_cos(dx+c)5b
5

8 4, 4cos(dz+c)? \ .
rt a(§+cos(dz+c) +%> sin(detc) __ bcos(dz+c)®
parts 5d 5d

. b cos(dz+c) Sasin(dz+c)  bcos(5dx+5c) asin(5dz+5c)  bcos(3dz+3c) 5a sin(3dz+3c)
risch s T sd sod T 8od 6d T 48

7 5 3
9 8 8a tan d—-ﬁ-g 116a tan @4-9 4 8a tan d—z+2 ’
2atan<d§+%> —2tan<d7z+%) b+ (32 2) + ESQ 2) —4tan<d7"'3+%) b+#+2atan(%

d(1+tan(d§+§>2)5

_@+2atan(d7z+%) +8atan(d7z+%)3 n 116atan(d7z+%)5 +8ata.n(d7x+%)7+2atan(d71+%)9 4btan(d7z+%)4 2bta.n(
norman 5d d 3d 15d 3d d d
c
2

parallelrisch

inputLint(cos(d*x+c)“4*(cos(d*x+c)*a+b*sin(d*x+c)),x,method=_RETURNVERBOSE) J

output‘1/d*(1/5*a*(8/3+cos(d*x+c)‘4+4/3*cos(d*x+c)‘2)*sin(d*x+c)-1/5*cos(d*x+c)‘5
*b) |

3.31.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.85

/cos4(c + dz)(acos(c + dz) + bsin(c + dz)) dx

3bcos (dz +¢)’ — (3acos (dz + c)* +4acos (dz + c)* + 8a) sin (dz + c)
T 15d

inputLintegrate(cos(d*x+c)“4*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="fricas") J

output‘—1/15*(3*b*cos(d*x + ¢c)°5 - (3*axcos(d*x + c)~4 + 4*akxcos(d*x + c)~2 + 8*a
‘)*sin(d*x +¢))/d \

3.31.  [cos*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.31.6 Sympy [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.45

/ cos*(c + dz)(acos(c + dx) + bsin(c + dz)) dz

8a sin® (c+dx) 4asin3 (c+dzx) cos? (c+dz) asin (c+dx) cos? (c+dx) bcos® (c+dzx)
5d T 3d + d 5d ford #0

z(acos (c) + bsin (c)) cos? (c) otherwise

p
input Lintegrate (cos(d*x+c) **4* (a*cos (d*x+c) +bxsin(d*x+c)) ,x)

~—

output‘Piecewise((8*a*sin(c + d*x)**5/(15%d) + 4*axsin(c + d*x)**3*cos(c + d*x)**
12/(3%d) + a*sin(c + d¥x)*cos(c + d¥x)**4/d - bxcos(c + dxx)**5/(5%d), Ne(d
, 0)), (x*(a*cos(c) + b*xsin(c))*cos(c)**4, True))

N

3.31.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.82

/cos4(c + dz)(acos(c + dz) + bsin(c + dz)) dz

3bcos (dz + ¢)’ — (3 sin (dz + ¢)® — 10 sin (dz + ¢)* + 15 sin (dz + ¢))a
T 15d

p
input Lintegrate (cos(d*x+c) ~4*(axcos(d*x+c)+bxsin(d*x+c)) ,x, algorithm="maxima")

~—

output‘—1/15*(3*b*cos(d*x + ¢)75 - (3*sin(d*x + c)~5 - 10*sin(d*x + c)~3 + 15*sin
(d*x + c))*a)/d

N\

3.31.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.42

/cos4(c + dz)(acos(c + dz) + bsin(c + dz)) dx
_ _bcos(5dz+5¢) beos(3dz+3c) beos(dz +c)

80d 16d 8d
asin(5dx+50)+5asin(3dx+3c) 5asin (dx + c)
80d 48d 8d

3.31.  [cos*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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input‘integrate(cos(d*x+c)”4*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="giac")

p

output‘-l/SO*b*cos(S*d*x + B*c)/d - 1/16%b*cos(3*d*x + 3*c)/d - 1/8*bxcos(d*x + c
\)/d + 1/80*a*sin(5*d*x + 5%c)/d + 5/48*a*xsin(3*d*x + 3*c)/d + 5/8*axsin(d*
\x + ¢c)/d

3.31.9 Mupad [B] (verification not implemented)

Time = 22.66 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.12

/cos4(c + dx)(acos(c + dx) + bsin(c + dx)) dz

_8asin(c+dz) beos (¢ +dx)°
B 15d 5d
dacos(c+dz) sin(c+dz) acos(c+dz)* sin(c+dx)
" 15d - 5d

-

input | int(cos(c + d*x) 4*(axcos(c + d*x) + bxsin(c + d*x)),x)

N\

OUtPHt‘ (8xaxsin(c + d*x))/(16%d) - (b*cos(c + d*x)~5)/(5*d) + (4*a*xcos(c + d*x)~2
‘*sin(c + d*x))/(15%d) + (a*cos(c + d*x) 4x*sin(c + d#*x))/(5%d)

3.31.  [cos*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.32 [ cos?(c+dz)(acos(c+dx)+bsin(c+dz)) dx

3.32.1 Optimalresult . . . . . . .. . ...
3.32.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL
3.32.3 Rubi [A] (verified) . . . . . ... ..
3.32.4 Maple [A] (verified) . .. . ... . ...
3.32.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. ..
3.32.6 Sympy [B] (verification not implemented) . . .. .. ... ... .......
3.32.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ...
3.32.8 Giac [A] (verification not implemented) . . . ... . ... ... .......
3.32.9 Mupad [B] (verification not implemented) . . ... ... ... ... .....

3.32.1 Optimal result

Integrand size = 26, antiderivative size = 65

/cos3(c + dz)(acos(c + dzx) + bsin(c + dz)) dz

3az b cos*(c + dz) N 3a cos(c + dz) sin(c + dx) L8 cos®(c + dz) sin(c + dx)
8 4d 8d 4d

302

output ‘ 3/8*xaxx-1/4xb*cos (d*x+c) ~4/d+3/8*a*cos (d*x+c) *sin(d*x+c) /d+1/4*a*cos (d*x+c
)"3*sin(d*x+c)/d

3.32.2 Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.95

/cos3(c + dz)(acos(c + dz) + bsin(c + dz)) dz

3a(c+dz)  beos*(c+ dx) L sin(2(c + dz)) L@ sin(4(c + dz))
8d 4d 4d 32d

inputLIntegrate[Cos[c + d*x] "3*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

output‘((3*a*(c + d*x))/(8%d) - (b*Cosl[c + d*x]~4)/(4*d) + (a*xSin[2*(c + d*x)]1)/(4
L*d) + (a*Sin[4*(c + d*x)1)/(32*d)

3.32.  [cos®(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.32.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 115 Ryjes used = {3042,

integrand size
3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/cos3(c + dz)(acos(c+ dz) + bsin(c + dz)) dz
| 3042

/cos(c + dz)3(a cos(c + dz) + bsin(c + dx))dx
| 3369

/ (acos*(c+ dz) + bsin(c + dz) cos®(c + dz)) dz

l 2009

asin(c + dz) cos3(c + dzx) + 3asin(c + dz) cos(c + dx) + 3az bcos*(c + dz)
4d 8d 8 4d

input‘ Int[Cos[c + d*x]~3*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

output‘ (3*%a*x)/8 - (b*Cos[c + d*x]~4)/(4%d) + (3*axCos[c + d*x]*Sin[c + d*x])/(8%
\d) + (axCos[c + d*x]~3*Sin[c + d*x])/(4*d)

3.32.3.1 Defintions of rubi rules used

e

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3569 | Int[cos[(c_.) + (d_.)*(x_)]1 " (m_.)*(cos[(c_.) + (d_.)*(x_)]1*(a_.) + (b_.)*si

*cos[c + d*x] + b*sin[c + d*x])"n, x], x] /; FreeQ[{a, b, ¢, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

nl(c_.) + (d_.)*(x_)]1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a

3.32.  [cos®(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.32.4 Maple [A] (verified)

Time = 0.65 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.80

method result
3, 3cos(dz+c) in
a( (cos(d:v+c) +742 ) S| (dw+c)+??:+?’8c> _cos(dn;;l+c)4b
derivativedivides i
(Cos(dm+°)3+ LOS(QM> sin(dete)  5up L 3¢ | cos(date)th
a 1 S - R
default |
(cos(dz+c)3+%‘w) sin(dz+c) 3de . 3e
a 1 T T boos(dntc)
parts y — beos( 4§+c)
parallelrisch 12axd—b cos(4dz+4c)+a sin(4da:+4§) 2—1(-1811 sin(2dz+2¢)—4b cos(2dz+2c)+5b
. 3ax __ bcos(4dz+4c) asin(4dr+4c)  bcos(2dz42c) asin(2dz+2c)
risch 8 32+ 32 8d + d
3az 5atan(d7+%)_3atan(%+%)3+3atan(d—2w+%)5_5atan(%+%)7+3aztan(d7w+%) 9aztan(%‘+%)
norman 8 4d 4d 4d id 2 1
(1+¢an<i§

inputLint(cos(d*x+c)‘3*(cos(d*x+c)*a+b*sin(d*x+c)),x,method=_RETURNVERBOSE)

output‘1/d*(a*(1/4*(cos(d*x+c)“3+3/2*cos(d*x+c))*sin(d*x+c)+3/8*d*x+3/8*c)-1/4*co
‘s(d*x+c)‘4*b)

3.32.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.78

/ cos®(c + dz)(acos(c + dx) + bsin(c + dz)) dz

2bcos (dz + ¢)* — 3adz — (2acos (dz +¢)® 4+ 3acos (dx + ¢)) sin (dz + c)
- 8d

inputLintegrate(cos(d*x+c)‘3*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="fricas")

output‘ -1/8%(2%b*xcos(d*x + c)~4 - 3*axd*x - (2*axcos(d*x + c)~3 + 3*xaxcos(d*x + ¢
))*sin(d*x + ¢))/d

3.32.  [cos®(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.32.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 128 vs. 2(60) = 120.

Time = 0.18 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.97

/cos3 (¢ + dx)(acos(c+ dz) + bsin(c + dzx)) dx

3az sin* (c+dzx) 3az sin? (c+dz) cos? (c+dzx) 3az cos* (c+dzx) 3asin® (c+dz) cos (c+dzx) 5asin (c+dz) cos? (c+dzx) bcos? (
8 + 4 + 8 + 8d + 8d - 4

z(acos (c) + bsin (c)) cos® (c)

e N
input Lintegrate (cos(d*x+c) **3* (a*cos (d*x+c) +b*sin(d*x+c)) ,x) J

output‘Piecewise((S*a*x*sin(c + d*x)**4/8 + 3*axx*sin(c + d*x)**2%cos(c + d*x)**2
\/4 + 3*a*xkcos(c + d*x)**4/8 + 3*a*sin(c + d*x)**3*cos(c + d*x)/(8+d) + 5%
‘axsin(c + d¥x)*cos(c + dxx)**3/(8*d) - bxcos(c + d¥x)*x4/(4*d), Ne(d, 0)),
‘ (x*(a*cos(c) + b*sin(c))*cos(c)**3, True)) ‘

3.32.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.74

/cos3(c + dz)(acos(c + dz) + bsin(c + dzx)) dz

_ 8bcos(dr +c)*' — (12dz + 12c+sin (4dz +4c) + 8 sin (2dz + 2¢))a
T 32d

p
input Lintegrate (cos(d*x+c) ~3* (a*cos(d*x+c)+b*sin(d*x+c)) ,x, algorithm="maxima")

~—

output‘ -1/32*%(8*bxcos(d*x + c)~4 - (12%d*x + 12%c + sin(4*xd*x + 4%c) + 8*sin(2*dx*
‘x + 2xc))*a)/d

/)

3.32.  [cos®(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.32.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00

/ cos®(c + dz)(acos(c + dx) + bsin(c + dz)) dz

_ 3 bcos(4dz+4c) bceos(2dz+2c)  asin(4ddr+4c) + asin (2dx + 2c¢)
8" 32d 8d 32d 4d

N

input‘integrate(cos(d*x+c)‘3*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="giac")

~—

p
output\ 3/8*xa*xx - 1/32%bxcos(4*d*x + 4*c)/d - 1/8*b*cos(2xd*x + 2%c)/d + 1/32*a*si
‘n(4*d*x + 4%c)/d + 1/4%a*sin(2*d*x + 2%c)/d

~

3.32.9 Mupad [B] (verification not implemented)

Time = 24.89 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.65

/cos3(c + dz)(acos(c + dz) + bsin(c + dz)) dz = ?)aTx

7
5atan(§+d—m

_—2) + 2btan(§ + dw)G + 3atan(%+d7z>5 3atan<§+d7m

3
2 - 2 ) +2btan(§ + %)% 4+

5atan(%

4

J’_

dzx
2

)

+ 4 2

input‘ int(cos(c + d*x) " 3x(a*cos(c + d*x) + b*sin(c + d*x)),x)

output‘ (3*%a*x)/8 + ((5xaxtan(c/2 + (d*x)/2))/4 - (3*axtan(c/2 + (d*x)/2)°3)/4 + (
\S*a*tan(c/z + (d*x)/2)°5)/4 - (5xax*tan(c/2 + (d*x)/2)°7)/4 + 2xb*tan(c/2 +
‘ (d*x)/2)"2 + 2*b*tan(c/2 + (d*x)/2)"6)/(d*(tan(c/2 + (d*x)/2)"2 + 1)74)

3.32.  [cos®(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.33 [ cos*(c+dz)(a cos(c+dx)+bsin(c+dz)) dx

3.33.1 Optimal result . . . . .. .. . .. . 307
3.33.2 Mathematica [A] (verified) . . . . . ... ... ... L oo
3.33.3 Rubi [A] (verified) . . . . . ... ..
3.33.4 Maple [A] (verified) . ... ... . ... ... 309
3.33.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 309
3.33.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 3101
3.33.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 310
3.33.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... BI0
3.33.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... B11]

3.33.1 Optimal result

Integrand size = 26, antiderivative size = 44

/ cos’(c + dz)(acos(c + dz) + bsin(c + dz)) dz

__bcos’(c+dx) N asin(c +dz) asin’(c+dx)
B 3d d 3d

-

outputL-l/S*b*cos(d*x+c)“3/d+a*sin(d*x+c)/d-1/3*a*sin(d*x+c)“3/d

| —

3.33.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.00

/ cos®(c + dz)(acos(c + dz) + bsin(c + dr)) dz

__bcos’(c+dx) N asin(c +dz)  asin’(c+dr)
B 3d d 3d

input LIntegrate [Cos[c + d*x] 2*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

~—

output‘ -1/3*(b*Cos[c + d*x]~3)/d + (a*Sin[c + d*x])/d - (a*Sin[c + d*x]~3)/(3*d) ‘

3.33. [ cos®(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.33.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 115 Ryjes used = {3042,

integrand size
3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cosz(c + dz)(acos(c + dz) + bsin(c + dx)) dx
| 3042

/cos(c + dz)?(a cos(c + dzx) + bsin(c + dx))dz
| 3569

/ (acos®(c + dz) + bsin(c + dz) cos®(c + dz)) dz

l 2009

asin®(c + dz) N asin(c+dx)  beos’(c+ dz)
3d d 3d

input‘ Int[Cos[c + d*x]~2*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

output‘ -1/3%(b*Cos[c + d*x]~3)/d + (a*Sin[c + d*x])/d - (a*Sin[c + d*x]~3)/(3%d)

3.33.3.1 Defintions of rubi rules used

-

-/

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 3569

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (d_.)*(x_ )1 (m_.)*(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*si
nl(c_.) + (d_.)*(x_)]1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
xcos[c + d*x] + b*sin[c + d*x])~"n, x], x] /; FreeQ[{a, b, c, 4}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.33. [ cos®(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.33.4 Maple [A] (verified)

Time = 0.61 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.82

method result size
a(2+cos(dm+c)2) sin(dz+-c) cos(dm+c)3b
derivativedivides — 3 36
a(2+cos(dm+c)2) sin(dz+-c) cos(dm+c)3b
default — 3 36
a (2-|—cos(dz+c)2) sin(dz+c) bcos(dz-tc)°
parts 33 - 34 38
. __bcos(dz+c) 3asin(dz+c)  bcos(3dx+3c) asin(3dz+3c)
risch g T ad 2d T 12 56
5 4 3
. 6atan( 924 <) —6tan( 9C4<) btdatan(9E4S) +6atan( T4 <) —2b
parallelrisch ( 2 2 ) ( 2 2 > ( ; - ) ( 2 2 ) 79
3d<1+tan(d§+§) )
27b+2a tan(éf+%) +4a tan(de-ﬁ-%):g i 2atan(d7m+%)5 2btan(4}+%)4
norman 3d d id 54 d 90
(1+tan(d7z+§> )

inputtint(cos(d*x+c)‘2*(cos(d*x+c)*a+b*sin(d*x+c)),X,method=_RETURNVERBOSE)

outputLl/d*(1/3*a*(2+cos(d*x+c)‘2)*sin(d*x+c)—1/3*cos(d*x+c)‘3*b)

3.33.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.86

/ cos’(c + dz)(acos(c + dz) + bsin(c + dz)) dz

_ bcos(dz + ¢)® — (acos (dz + ¢)* + 2a) sin (dz + c)

3d

inputLintegrate(cos(d*x+c)“2*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="fricas")

outputt—l/S*(b*cos(d*x + ¢c)~3 - (a*cos(d*x + c)~2 + 2*a)*sin(d*x + c))/d

3.33. [ cos®(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.33.6 Sympy [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.43

/Cos2 (c+ dzx)(acos(c+ dx) + bsin(c + dz)) dx

2a sin® (c+dzx) asin (ct+dz) cos? (c+dx) b cos? (c+dzx)
z(acos (c) + bsin (c)) cos? (c) otherwise

-

input Lintegrate (cos (d*x+c) **2% (a*cos (d*x+c) +bxsin(d*x+c)) ,x)

|

p
output‘Piecewise((2*a*sin(c + d*x)**3/(3*d) + a*sin(c + d*x)*cos(c + d*x)**x2/d -

‘b*cos(c + dx*xx)**3/(3*%d), Ne(d, 0)), (x*x(axcos(c) + b*sin(c))*cos(c)**2, Tr
ue))

N

— ]

3.33.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.80

/cos2 (c+ dz)(acos(c+ dz) + bsin(c + dx)) dx

bcos (dz + ¢)* + (sin (dz + ¢)* — 3 sin (dz + ¢))a
B 3d

-

input Lintegrate (cos(d*x+c) ~2x(axcos (d*x+c)+bxsin(d*x+c)) ,x, algorithm="maxima")

output L—l/B*(b*cos(d*x + ¢)73 + (sin(d*x + ¢)~3 - 3*sin(d*x + c))*a)/d

~—

3.33.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.25

/ cos®(c + dz)(acos(c + dz) + bsin(c + dz)) dz

__bcos(3dz+3c) beos(dz +c) n asin (3dz + 3c¢) N 3asin (dz + ¢)
B 12d 4d 12d 4d

3.33. [ cos®(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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input‘integrate(cos(d*x+c)”2*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="giac")

output‘-1/12*b*cos(3*d*x + 3%c)/d - 1/4xb*cos(d*x + c)/d + 1/12*a*sin(3*d*x + 3*c
\)/d + 3/4*a*sin(d*x + c)/d

3.33.9 Mupad [B] (verification not implemented)

Time = 21.31 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.07

/cos2 (¢ + dz)(acos(c+ dz) + bsin(c + dzx)) dx

_ 2asin(c+dz) bceos (c+dx)° 4 acos (c+dz)’ sin(c+dz)
B 3d 3d 3d

input Lint(cos(c + dx*x) "2*(axcos(c + d*x) + b*sin(c + d*x)),x)

output‘(2*a*sin(c + d*x))/(3*%d) - (b*cos(c + d*x)~3)/(3*%d) + (a*xcos(c + d*x) "2+*si
‘n(c + d*x))/(3+d)

3.33. [ cos®(c+ dz)(acos(c+ dz) + bsin(c + dz)) dx
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3.34 [ cos(c+dzx)(acos(c+dzx) +bsin(c+dz)) dx

3.34.1 Optimalresult . . . . . . .. . ... 3121
3.34.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 312
3.34.3 Rubi [A] (verified) . . . . . ... ..
3.34.4 Maple [A] (verified) . . . . .. . .. ... 314
3.34.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 314
3.34.6 Sympy [B] (verification not implemented) . . .. .. ... ... ....... 3151
3.34.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 3151
3.34.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 315
3.34.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ... ..

3.34.1 Optimal result

Integrand size = 24, antiderivative size = 43

/cos(c + dz)(acos(c + dz) + bsin(c + dzx)) dx

a acos(c + dz) sin(c + dx) N bsin?(c + dx)
2 2d 2d

-

output L1/2*a*x+1/2*a*cos (d*x+c) *sin(d*x+c) /d+1/2%b*sin (d*x+c) ~2/d

| —

3.34.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.07

/cos(c + dz)(acos(c + dx) + bsin(c + dz)) dx

_a(c+dz) beos’(c+dr) asin(2(c+dr))
- 2d 2d 4d

-

input LIntegrate [Cos[c + d*x]*(a*Cos[c + d*x] + b*Sin[c + d*x]),x] J

output‘ (ax(c + d*x))/(2*d) - (b*Cos[c + d*x]~2)/(2*d) + (a*Sin[2*(c + d*x)])/(4*d \
)

3.34.  [cos(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.34.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 195 Ryjeg ysed = {3042,

integrand size
3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cos(c + dz)(acos(c + dz) + bsin(c + dx)) dx
| 3042

/ cos(c + dz)(acos(c + dzx) + bsin(c + dz))dx
| 3569

/ (acos®(c + dz) + bsin(c + dz) cos(c + dz)) dz

l 2009

asin(c + dz) cos(c + dz) 49 bsin?(c + dz)
2d 2 2d

input‘ Int[Cos[c + d*x]*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

output‘ (axx)/2 + (a*Cos[c + d*x]*Sin[c + d*x])/(2xd) + (b*Sin[c + d*x]~2)/(2*d)

rule 3042

rule 3569

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.34.3.1 Defintions of rubi rules used

-/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (d_.)*(x_ )1 (m_.)*(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*si
nl(c_.) + (d_.)*(x_)]1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
xcos[c + d*x] + b*sin[c + d*x])~"n, x], x] /; FreeQ[{a, b, c, 4}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.34.  [cos(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.34.4 Maple [A] (verified)
Time = 0.40 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.84
method result size
. ax b cos(2dz+2c) a sin(2dz+2c)
risch 5 — id + 1 36
parallelrisch 2axd—b cos(2dz+22‘t)i+a sin(2dz+2c)+b 36
sin(dz+c) cos(dz+c) | dz , ¢ cos(dz+c)2b
R o ndmtafenldrte) g 4 ¢ )  conliibe
derivativedivides ( 2 — i) 2 41
sin(dz+c) cos(dz+c) | dz | ¢ cos(dz+c)2b
o Snidzto)cosldete) | do | o) _cosldrte) b
default ( 2 — i) 2 41
sin(dz+c) cos(dz+c) | dz | ¢
a| ———HF———=+5 45 i 2
parts ( 2 § 2 2) + bsm(gz+c) 43
uand—mg aand—wg:sazand—zg and—:622
t (dz +2)+aztan<d§+%>2+%_ t ( 3 +2) " t (22 +z) 2bt (dQ +2)
norman 2 99
(1+tan(d7”+§) )

input Lint (cos(d*x+c) *(cos (d*x+c) *a+b*sin (d*x+c) ) ,x,method=_RETURNVERBOSE)

-/

output L1/2*a*x—1/4*b/d*cos (2xd*x+2*c)+1/4*a/d*sin (2*d*x+2*c)

3.34.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.81

/ cos(c + dz)(acos(c + dx) + bsin(c + dz)) dz

_adz — beos (dz + ¢)* + acos (dz + c) sin (dz + c)

2d

input Lintegrate (cos(d*x+c)* (axcos (d*x+c)+b*sin(d*x+c)) ,x, algorithm="fricas")

-

outputt1/2*(a*d*x - bxcos(d*x + c)~2 + a*cos(d*x + c)*sin(d*x + c))/d

e—

3.34.

[ cos(c + dz)(acos(c + dz) + bsin(c + dz)) dz
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3.34.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 73 vs. 2(36) = 72.

Time = 0.10 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.70

/cos(c + dz)(acos(c + dz) + bsin(c + dzx)) dx

az sin? (c+dzx) ax cos? (c+dx) asin (c+dz) cos (c+dz) b cos? (c+dzx)
2 + 2 + 2d - 2d ford # 0

z(acos (c) + bsin (c)) cos (c) otherwise

N

input | integrate (cos(d*x+c)* (axcos (d*x+c)+b*sin(d*x+c)) ,x)

—_—

~—

p

Output‘Piecewise((a*x*sin(c + d*x)**2/2 + a*x*cos(c + d*x)**2/2 + a*sin(c + d*x)*
‘cos(c + dxx)/(2*d) - bxcos(c + d*x)**2/(2xd), Ne(d, 0)), (xx(a*cos(c) + bx
‘sin(c))*cos(c), True))

————————

3.34.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.86

/ cos(c + dzx)(acos(c + dz) + bsin(c + dz)) dz

2bcos (dx 4 ¢)? — (2dx + 2 ¢ +sin (2dz 4+ 2¢))a
T 4d

input‘integrate(cos(d*x+c)*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="maxima"

outputt—1/4*(2*b*cos(d*x + ¢c)”2 - (2%d*x + 2*xc + sin(2*d*x + 2*c))*a)/d

3.34.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.81

/cos(c+dx)(acos(c+dx) +bsin(c+dzx)) dr = 1 ax — beos (2dz +2¢) + 22 (2dz+2¢)

2 4d 4d

p
input

integrate(cos(d*x+c)*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="giac")

N

0utputt1/2*a*x - 1/4%b*cos(2xd*x + 2%c)/d + 1/4*a*sin(2xdxx + 2%c)/d

3.34.  [cos(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.34.9 Mupad [B] (verification not implemented)

Time = 21.44 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.81

/cos(c+d1:)(aCOS(C+d$) —|—bSin(C+d33)) dr = % _ b cos (24cd+ 2d-’15) a sin (24cd+ 2d-’17)

input‘ int(cos(c + d*x)*(a*cos(c + d*x) + b*sin(c + d*x)),x)

outputt(a*x)/Q - (b*cos(2*c + 2xd*x))/(4*d) + (a*sin(2*c + 2%xd*x))/(4*d)

3.34.  [cos(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.35 [(acos(c + dz) + bsin(c + dzx)) dz

3.35.1 Optimal result . . . . .. ... .. ..
3.35.2 Mathematica [A] (verified) . . . . . . . . ... ... L o
3.35.3 Rubi [A] (verified) . . . . ... . . ...
3.35.4 Maple [A] (verified) . . . ... . ... ... ...
3.35.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.35.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... .
3.35.7 Maxima [A] (verification not implemented) . .. ... ... ... ......
3.35.8 Giac [A] (verification not implemented) . . . .. .. ... ... .......
3.35.9 Mupad [B] (verification not implemented) . . ... ... ... ... .....

3.35.1 Optimal result

Integrand size = 17, antiderivative size = 24

beos(c+dz) asin(c+ dx)
T4 T4

/(a cos(c + dz) + bsin(c + dz)) dz =

219
219
220
220)
220

p

output L—b*cos (d*x+c) /d+a*xsin(d*x+c)/d

~—

3.35.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.92

bcos(c) cos(dz) = acos(dz)sin(c)

/(a cos(c + dx) + bsin(c + dz)) dz = —

d d
acos(c)sin(dz)  bsin(c) sin(dz)
i T d

input‘ Integrate[a*Cos[c + d*x] + b*Sin[c + d*x],x]

output‘-((b*Cos[c]*Cos[d*x])/d) + (a*Cos[d*x]*Sin[c])/d + (a*Cos[c]*Sin[d*x])/d +
\ (b*Sin[c]*Sin[d*x])/d

3.35.  [(acos(c+ dz)+ bsin(c + dz)) dz



input LInt [axCos[c + d*x] + b*Sin[c + d*x],x]

output L—((b*Cos [c + d*x])/d) + (a*Sin[c + d*x])/d
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3.35.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ , 459 Ryles used = {2009}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a cos(c + dx) + bsin(c + dzx)) dz

l 2009

asin(c+dz)  bcos(c+ dz)
d d

-

~—

~—

3.35.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

3.35.4 Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

method result pr—
derivativedivides | = Cos(dﬁc)’(’;sm(dﬁc)a o3
parallelrisch b_COS(d”C)ZJrsin(dHc)a o
default — bCOS(gHC) + asin(;lirc) o5
risch _b COS(;lerC) 4@ Sin(gx-i-c) .
parts b cos(;im+c) 4@ sin(;lz+c) o
2"““(%+%)2+2“an(%+5)
norman i ren(23) r: 50
meijerg (V7 cos(c)a+$ Zin(c)b) sin(de) | (V7 cos(c)b—v/m Sir;(c)a) EmE) .

3.35.  [(acos(c+ dz)+ bsin(c + dz)) dz
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input‘int(cos(d*x+c)*a+b*sin(d*x+c),x,method=_RETURNVERBOSE)

outputLl/d*(-cos(d*x+c)*b+sin(d*X+C)*a)

3.35.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

beos (dz + ¢) — asin (dz + ¢)
d

/ (acos(c + dz) + bsin(c + dz)) dz = —

inputLintegrate(a*cos(d*x+c)+b*sin(d*x+c),x, algorithm="fricas")

output L-(b*cos(d*x + c) - a*sin(d*x + c))/d

3.35.6 Sympy [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.29

sin (c+dzx
sin(etdn) - for d # 0

/(a cos(c+ dz) + bsin(c + dz)) dz = a
zcos(c) otherwise

cos (ct+dx
—% ford #0

zsin(c)  otherwise

+b

inputLintegrate(a*cos(d*x+c)+b*sin(d*x+c),x)

~—

output‘a*PieceWise((sin(c + d*x)/d, Ne(d, 0)), (x*cos(c), True)) + b*Piecewise((-
\cos(c + d*x)/d, Ne(d, 0)), (x*sin(c), True))

3.35.  [(acos(c+ dz)+ bsin(c + dz)) dz
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3.35.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

beos(dx +¢) asin(dx + c)
- d - d

/(a cos(c + dz) + bsin(c + dx)) dz =

inputLintegrate(a*cos(d*x+c)+b*sin(d*x+c),x, algorithm="maxima")

outputt-b*cos(d*x + c)/d + a*sin(d*x + c)/d

3.35.8 Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

_beos(dz +¢) N asin (dz + ¢)

/(a cos(c + dz) + bsin(c + dx)) dz = g 7

inputLintegrate(a*cos(d*x+c)+b*sin(d*x+c),x, algorithm="giac")

output‘ -b*cos(d*x + c)/d + a*sin(d*x + c)/d

3.35.9 Mupad [B] (verification not implemented)

Time = 20.79 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.58

/(a cos(c+ dzx) + bsin(c + dz)) dz = —

inputLint(a*cos(c + d*x) + bxsin(c + d*x),x)

A J

-

output L—(z*cos(c/Z + (d*x)/2)*(b*cos(c/2 + (d*x)/2) - a*sin(c/2 + (d*x)/2)))/d

-/

3.35.  [(acos(c+ dz)+ bsin(c + dz)) dz
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3.36 [ sec(c+dz)(a cos(c+dz) +bsin(c+dx)) dz

3.36.1 Optimalresult . . . . .. .. . . .. ... 321
3.36.2 Mathematica [A] (verified) . . . . . . . . ... ... L oo B21]
3.36.3 Rubi [A] (verified) . . . .. . ... ...
3.36.4 Maple [A] (verified) . . . ... . ... ... ... B23
3.36.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.36.6 Sympy [F] . . . . . .
3.36.7 Maxima [A] (verification not implemented) . . ... .. ... ... ......
3.36.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 324
3.36.9 Mupad [B] (verification not implemented) . . ... ... ... ... .....

3.36.1 Optimal result

Integrand size = 24, antiderivative size = 17

blog(cos(c + dx))
d

/sec(c + dz)(acos(c + dz) + bsin(c + dz)) dx = ax —

e

output La*x—b*ln(cos (d*x+c))/d

~—

3.36.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

blog(cos(c + dx))
d

/sec(c + dz)(acos(c + dz) + bsin(c + dz)) de = ax —

inputtlntegrate[Sec[c + d*x]*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

e

output La*x - (b*Logl[Cos[c + d*x]]1)/4d

~—

3.36.  [sec(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz



input

output

rule 2009

rule 3042

rule 3565
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3.36.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 195 Ryjeg ysed = {3042,

integrand size
3565, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/sec(c + dz)(acos(c + dzx) + bsin(c + dx)) dx

J,3042

/ acos(c + dzx) + bsin(c + dz)
cos(c + dx)

l 3565

dx

/(a + btan(c + dz))dz

l 2009

_ blog(cos(c + dz))
d

axr

LInt [Sec[c + d*x]*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

-

La*x - (bxLog[Cos[c + d*x]11)/d

~—/

3.36.3.1 Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (A_D)*x_)]"(m_)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*sin
[(c_.) + (@_.)*(x_)]1)"(n_.), x_Symbol] :> Int[(a + b*Tan[c + d*x])"n, x] /;
FreeQ[{a, b, c, d}, x] & EqQ[m + n, 0] && IntegerQ[n] && NeQ[a"2 + b~2, 0

]

3.36.  [sec(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.36.4 Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.35

method result

size
derivativedivides _bln(ws(d“’;c))‘i'a(dﬂd -
default —b ln(COS(derdC))+a(dac+c) ”
parts a(d3+c) + bln(secédﬁc)) o1
risch ibz + az + 2 — w %6
parallelrisch cad—bin ian (7 + 5>‘1>—bln(ta:(dz”"+§>+1>+”1“(S%(dz’”+§)2) 54
2
norman ax+axtan(%m+%2)2 + bln(1+tand("’2+2) ) _ bln(tan(?Jr%)_l) _ bln(tan(?+%>+1> 91
1+tan(%’”+%)

inputLint(sec(d*x+c)*(cos(d*x+c)*a+b*sin(d*x+c)),x,method=_RETURNVERBOSE)

outputLl/d*(—b*ln(cos(d*x+c))+a*(d*x+c))

3.36.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.24

/sec(c + dz)(acos(c + dz) + bsin(c + dzx)) dz =

adx — blog (— cos (dx + ¢))
d

input‘integrate(sec(d*x+c)*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="fricas")

outputt(a*d*x - bxlog(-cos(d*x + c)))/d

3.36.  [sec(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.36.6 Sympy [F]

/sec(c + dz)(acos(c + dx) + bsin(c + dz)) dx

=/(acos(c—l—dx)—|—bsin(c+d:v))sec(c—|—dx)dw

input  integrate(sec(d*x+c)*(a*cos(d*x+c)+b*sin(d*x+c)),x)

N\

output LIntegral((a*cos(c + d*x) + bxsin(c + d*x))*sec(c + d*x), x)

3.36.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.76

2 (dz + ¢)a — blog (—sin (dz + ¢)* + 1)
2d

/sec(c + dz)(acos(c + dz) + bsin(c + dz)) dz =

input Lintegrate (sec(d*x+c)* (a*cos(d*x+c)+b*sin(d*x+c)) ,x, algorithm="maxima")

e

0utputt1/2*(2*(d*x + c)*a - bxlog(-sin(d*x + ¢)~2 + 1))/d

~—

3.36.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.59

2 (dz + c)a + blog (tan (dz + o)’ + 1)
2d

/ sec(c + dz)(acos(c + dzx) + bsin(c + dz)) dz =

input Lintegrate (sec(d*x+c) * (a*cos (d*x+c) +bxsin(d*x+c)) ,x, algorithm="giac")

-/

output L1/2*(2*(d*x + c)*a + b*log(tan(d*x + c)~2 + 1))/d

3.36.  [sec(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.36.9 Mupad [B] (verification not implemented)

Time = 20.92 (sec) , antiderivative size = 70, normalized size of antiderivative = 4.12

/sec(c + dz)(acos(c + dz) + bsin(c + dz)) dz

J— sin( $+22
bIn <cos(;-1+d;”)2) 2aatan<<zc—+d21))) b ln< cos(c+d )
= d _

N cos(§+42 m)

d d

inputtint((a*cos(c + d*x) + b*sin(c + d*x))/cos(c + d*x),x)

output‘(b*log(i/cos(c/2 + (d*x)/2)"2))/d + (2*a*atan(sin(c/2 + (d#*x)/2)/cos(c/2 +
L (d*x)/2)))/d - (b*log(cos(c + d*x)/(cos(c + d*x) + 1)))/d

—

3.36.

[ sec(c+ dz)(acos(c + dz) + bsin(c + dz)) dz
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3.37 [ sec*(c+dz)(acos(c+dz)+bsin(c+dz)) dx

3.37.1 Optimal result . . . . . . .. . ... .. 326
3.37.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 326
3.37.3 Rubi [A] (verified) . . . . . . . . . ..
3.37.4 Maple [A] (verified) . . . ... . ... ... 328
3.37.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ...
3.37.6 Sympy [F] . . . . . 329
3.37.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 329
3.37.8 Giac [B] (verification not implemented) . . . ... ... ... ........ 329
3.37.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 330

3.37.1 Optimal result

Integrand size = 26, antiderivative size = 24

aarctanh(sin(c + dz))  bsec(c + dzx)
d T4

/secz(c + dz)(acos(c + dz) + bsin(c + dz)) dz =

e

outputLa*arctanh(sin(d*x+c))/d+b*sec(d*x+c)/d

~—

3.37.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

aarctanh(sin(c + dz)) 4 bsec(c + dx)

/seCQ(c + dz)(acos(c + dz) + bsin(c + dz)) dz = g 7

inputtlntegrate[Sec[c + d*x]~2%(a*xCos[c + d*x] + b*Sin[c + d*x]),x]

e

outputL(a*ArcTanh[Sin[c + d*x]]1)/d + (bxSec[c + d*x])/d

~—

3.37.  [sec*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz



input

output

rule 2009

rule 3042

rule 3569

CHAPTER 3. LISTING OF INTEGRALS 327

3.37.3 Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 115 Ryjes used = {3042,

integrand size
3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/secQ(c + dz)(acos(c + dz) + bsin(c + dx)) dx

J,3042

/ acos(c + dzx) + bsin(c + dz)
cos(c + dz)?

l 3569

dx

/(a sec(c + dx) + btan(c + dz) sec(c + dz))dz

l 2009

aarctanh(sin(c + dz)) = bsec(c+ dz)
d T4

LInt [Sec[c + d*x]"2*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

-

L(a*ArcTanh[Sin[c + d*x]])/d + (b*Seclc + d*x])/d

3.37.3.1 Defintions of rubi rules used

~—/

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (A_D)*x_)]"(m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si
nl(c_.) + (d_.)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
*cos[c + d*x] + bxsin[c + d*x])°n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.37.  [sec*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.37.4 Maple [A] (verified)
Time = 0.60 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.33
method result size
e e In(sec(dz-+c)+tan(de+c))+ oot
derivativedivides | S+ ar;( PO codate) 32
default a ln(sec(dz—{—c)—}-tar;(dw—}-c))—l—m 39
parts aln(sec(dx—i—cé—i—tan(dx—l—c)) + bsec(3x+c) 32
. — cos(dz+c) In(tan( 924+ < ) —1)atcos(dz+c) In(tan 42+ £ ) +1)a+cos(dz+c)b+b
parallelrisch ( ( 2 2> ) doos(datd) ( ( 2 2) ) 64
. b ei(da+c) In (i4-e?(dz+e) In(ei(dz+ec) _;
risch d(ZZi?da:+c)+1) aln(i G; ) _ aln(e i) 67
_@_2btan(d72+%)2
norman d d + 92
(tan(%+g>2—1> (1+tan<d§+g)2>

inputtint(sec(d*x+c)‘2*(cos(d*x+c)*a+b*sin(d*x+c)),X,method=_RETURNVERBOSE)

output Ll/d* (a*1n(sec(d*x+c)+tan(d*x+c))+1/cos (d*x+c)*b)

3.37.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 54 vs. 2(24) = 48.

Time = 0.26 (sec) , antiderivative size = 54, normalized size of antiderivative = 2.25

/sec2 (c+dz)(acos(c+ dz) + bsin(c + dx)) dx

__acos (dr + c)log (sin (dz + ¢) + 1) — acos (dz + c) log (—sin (dz +c) +1) +2b

2dcos (dz + ¢)

inputtintegrate(sec(d*x+c)‘2*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="fricas")

output‘ 1/2x(axcos(d*x + c)*log(sin(d*x + c) + 1) - a*cos(d*x + c)*log(-sin(d*x +

‘c) + 1) + 2%b)/(d*cos(d*x + c))

3.37.  [sec*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz




CHAPTER 3. LISTING OF INTEGRALS

329

3.37.6 Sympy [F]

/ sec?(c + dz)(acos(c + dr) + bsin(c + dz)) dz

= / (acos (¢ + dz) + bsin (c + dz)) sec? (c + dz) dz

input

integrate(sec(d*x+c) **2x* (a*cos (d*x+c) +b*sin(d*x+c)) ,x)

N\

output LIntegral((a*cos(c + d*x) + b¥sin(c + d*x))*sec(c + d*x)**2, x)

3.37.7 Maxima [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.67

/secQ(c + dz)(acos(c + dz) + bsin(c + dz)) dz

a(log (sin (dz + ¢) + 1) — log (sin (dz +¢) — 1)) + cos(?iz+c)
2d

inputLintegrate(sec(d*x+c)‘2*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="maxima")

output‘ 1/2x(ax(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1)) + 2xb/cos(d*x + c))
/d

3.37.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 54 vs. 2(24) = 48.

Time = 0.29 (sec) , antiderivative size = 54, normalized size of antiderivative = 2.25

/8602 (c+ dzx)(acos(c+ dx) + bsin(c + dz)) dx
alog (}tan (% dx + %c) + 1‘) —alog (}tan (% dx + %c) — 1’) — 2b

ta,n(% dx—i—% 0)2—1

d

3.37.  [sec*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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input‘integrate(sec(d*x+c)”2*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="giac")

output‘(a*log(abs(tan(1/2*d*x + 1/2%c) + 1)) - a*log(abs(tan(1/2*d*x + 1/2%c) - 1
\)) - 2%b/(tan(1/2%d*x + 1/2%c)~2 - 1))/d

3.37.9 Mupad [B] (verification not implemented)

Time = 21.12 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.58

/ sec?(c + dx)(a cos(c + dz) + bsin(c + dz)) dz
B 2 aatanh (tan(§ + %m)) 2b
d d <tan(§+d7m)2—1>

input‘ int ((a*cos(c + d*x) + b*sin(c + d*x))/cos(c + d*x)"2,x)

outputL(2*a*atanh(tan(c/2 + (d*x)/2)))/d - (2%b)/(d*(tan(c/2 + (d*x)/2)"2 - 1))

3.37.  [sec*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.38 [ sec®*(c+dz)(acos(c+dz)+bsin(c+dz)) dx

3.38.1
3.38.2
3.38.3
3.38.4
3.38.5
3.38.6
3.38.7
3.38.8
3.38.9

Optimal result . . . . . . . . . .. .. 331
Mathematica [A] (verified) . . . . . . ... ... L Lo B31]
Rubi [A] (verified) . . . . . . . . . ..
Maple [A] (verified) . . . . . . . . . . . B33l
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ..
Sympy [F] . . . o B34
Maxima [A] (verification not implemented) . . . .. ... ... ... ..... B34
Giac [A] (verification not implemented) . . . . . ... ... ... .. ..... B34
Mupad [B] (verification not implemented) . . . .. ... ... ... .....

3.38.1 Optimal result

Integrand size = 26, antiderivative size = 28

/sec3(c + dz)(acos(c + dz) + bsin(c + dz)) dz =

_ bsec*(c+ dx) N atan(c + dzx)
2d d

-

output Ll/z*b*sec (d*x+c) ~2/d+ax*tan (d*x+c)/d

3.38.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

/sec3(c + dz)(acos(c + dz) + bsin(c + dz)) dz =

bsec?(c + dz) L tan(c + dz)
2d d

~—

e

input LIntegrate [Sec[c + d*x]~3*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

-/

outputL(b*Sec [c + d*x]~2)/(2*d) + (a*Tan[c + d*x])/d

~—

3.38.

[ sec®(c + dz)(acos(c + dz) + bsin(c + dz)) dz
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3.38.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 115 Ryjes used = {3042,

integrand size
3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/sec3(c + dz)(acos(c + dz) + bsin(c + dx)) dx

J,3042

/ acos(c + dzx) + bsin(c + dz)
cos(c + dz)3

l 3569

dx

/ (asec?(c + dz) + btan(c + dz) sec?(c + dz)) dz

l 2009

atan(c + dz) + bsec?(c + dz)
d 2d

input LInt [Sec[c + d*x]~3*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

e

outputt(b*Sec[c + d*x]"2)/(2%d) + (a*Tan[c + d*x])/d

rule 2009

rule 3042

rule 3569

~—

3.38.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

N

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (d_.)*(x )] (m_.)*(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*si
nl(c_.) + (A_.)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
*cos[c + d*x] + bxsin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.38.  [sec*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.38.4 Maple [A] (verified)

Time = 0.83 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.89

method result Size
derivativedivides | tan(dzﬂ):m o5
default ¢ tan(d“c):m o
parts bSBC(;i;+c)2 + atan(;z+c) o7
risch 2iq e2i(dz+c) | 9p e2i(dz+c) 1 94 18

d(e2i(da:+c) +1) 2

2tan<d§+%) (tan(%’”-l—%fa—btan(%z—i—% —a)
parallelrisch — 2 3 70
d(tan(%+5)-1)" (tan(L&+)+1)
2btan(d71+% +2btan(4}+%)4+2atan(d{+%)_2atan(d7$+%)5
norman 4 4 4 d 99

input Lint (sec(d*x+c) ~3*(cos (d*x+c) *a+b*sin(d*x+c) ) ,x,method=_RETURNVERBOSE)

output Li/d* (axtan(d*x+c)+1/2%b/cos (d*x+c) ~2)

3.38.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

in (d. b
/sec3(c+ dz)(acos(c + dz) + bsin(c + dz)) dz = 2acos (dz + ¢) sin m2+ o)+
2dcos (dx + )

input Lintegrate (sec(d#x+c) “3*(a*cos(d*x+c)+bxsin(d*x+c)) ,x, algorithm="fricas")

e

outputt1/2*(2*a*cos(d*x + c)*sin(d*x + c) + b)/(d*xcos(d*x + c)~2)

~—

3.38.  [sec*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.38.6 Sympy [F]

/ sec’(c + dz)(acos(c + dr) + bsin(c + dz)) dz

= / (acos (c+ dz) + bsin (c + dz)) sec® (c + dz) dz

input

integrate(sec(d*x+c) **3* (a*cos (d*x+c) +b*sin(d*x+c)) ,x)

N\

output LIntegral((a*cos(c + d*x) + b*sin(c + d*x))#*sec(c + d*x)**3, x)

3.38.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

2atan (dz +c) — W
2d

/sec3(c + dz)(acos(c + dz) + bsin(c + dzx)) dz =

-

input‘integrate(sec(d*x+c)‘3*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="maxima")

~—

-

output L1/2*(2*a*tan(d*x + ¢c) - b/(sin(d*x + ¢c)~2 - 1))/d

-/

3.38.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.89

_ btan (dr + )’ + 2atan (dz + )

/sec3(c + dz)(acos(c + dz) + bsin(c + dx)) dz 53

input Lintegrate (sec(d*x+c) ~3*(a*xcos (d*x+c)+b*sin(d*x+c)) ,x, algorithm="giac")

-/

outputti/Q*(b*tan(d*x + ¢)~2 + 2xaxtan(d*x + c))/d

3.38.  [sec*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.38.9 Mupad [B] (verification not implemented)

Time = 20.95 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.82

/sec3(c + dx)(acos(c+ dz) + bsin(c + dx)) dz = tan(c +dz) (2 ;;— btan(c + dz))

input Lint((a*cos(c + d*x) + b*sin(c + d*x))/cos(c + d*x)"3,x)

outputt(tan(c + d*x)*(2%a + b*tan(c + d*x)))/(2*d)

3.38.  [sec*(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.39 [ sec*(c+dzx)(a cos(c+dz)+bsin(c+dz)) dx

3.39.1 Optimalresult . . . . . . ... ... .. 336
3.39.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 336
3.39.3 Rubi [A] (verified) . . . . . . ... .. B37
3.39.4 Maple [A] (verified) . ... ... . ... ...
3.39.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.39.6 Sympy [F] . . . . . . 339
3.39.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 339
3.39.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 339
3.39.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 3401

3.39.1 Optimal result

Integrand size = 26, antiderivative size = 52

/ sec*(c + dz)(acos(c + dz) + bsin(c + dz)) dx

__aarctanh(sin(c + dr)) N bsec(c + dz) L8 sec(c + dx) tan(c + dx)
B 2d 3d 2d

output‘1/2*a*arctanh(sin(d*x+c))/d+1/3*b*sec(d*x+c)“3/d+1/2*a*sec(d*x+c)*tan(d*x+
‘c)/d

3.39.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.00

/ sec’(c + dz)(acos(c + dz) + bsin(c + dz)) dx

__ aarctanh(sin(c + dz)) N bsec®(c + dx) 49 sec(c + dz) tan(c + dzx)
B 2d 3d 2d

inputLIntegrate[Sec[c + dxx]~4*(a*Cos[c + d*x] + b*Sin[c + d*x]),x] J

output‘((a*ArcTanh[Sin[c + d*x]]1)/(2%d) + (bxSec[c + d*x]~3)/(3*d) + (a*Sec[c + dx
x]¥Tanlc + dex])/(2+0) )

3.39.  [sect(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.39.3 Rubi [A] (verified)
Time = 0.25 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 115 Ryjes used = {3042,
integrand size
3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec4(c + dx)(acos(c + dx) + bsin(c + dz)) dx

l 3042

/ acos(c + dz) + bsin(c + dz)

cos(c + dz)* dz

| 3369
/ (asec®(c + dz) + btan(c + dz) sec®(c + dz)) dz

l 2009

aarctanh(sin(c + dz)) + atan(c + dz)sec(c + dx) + bsec3(c + dx)
2d 2d 3d

input LInt [Sec[c + d*x]~4*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

output| (a*ArcTanh[Sinl[c + d*x11)/(2xd) + (b*Sec[c + d*x]1"3)/(3+d) + (a*Sec[c + d*

rule 2009

rule 3042

rule 3569

\x]*Tan[c + dxx])/(2%d)

3.39.3.1 Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (@_.)*(x_)]1 " (m_.)*(cos[(c_.) + (d_.)*(x_)]1*(a_.) + (b_.)*si
nl(c_.) + (d_.)*(x_)]1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
xcos[c + d*x] + b*sin[c + d*x])~"n, x], x] /; FreeQ[{a, b, c, 4}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.39.  [sect(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.39.4 Maple [A] (verified)

Time = 0.86 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.96

method result
a sec(dz+c) tan(dz+c) + In(sec(dz+c)+tan(dz+c)) + b
. . . . 2 2 3
derivativedivides ( y )*s cos(dze)
a sec(dz+c) tan(dz+c) + In(sec(dz+c)+tan(dz+c)) + b
2 2 cos(dz+c)3
default ( y ) 3 cos(dz+c)
a sec(dz+c) tan(dz+c) + In(sec(dz+c)+tan(dz+c)) 3
parts ( 2 : 2 ) + b sec(;i;—l—c)
isch —3iq ebi(date) 4 gp e3i(dmte) | 34 oildate) + aln(i+e'(dz+e)) _ aln(et(dzte) _j)
Tisc 3d(ei(de+e) 1) 3 2d 2d
arallelrisch —9a ( C()S@‘éix"'g’c) -I—cos(dz—l—c)) In (tan ( %‘ + %) — 1) +9a ( w +cos(dx-|—c)) In (tan (de + %) -|—1> +6a sin(2dz+2
p 6d(cos(3dz+3c)+3 cos(dz+c))
atan(dTw+%)5 +atan(d7w+%)7 Lo atan(%ﬂ-%) 3 atan(%’”+§)3 3 2btan(d7‘v+%)4 3 2btan(%’”+%)2 3 2btan(d7w+%)6
d d 3d d d d d d
norman r .
(tan(d—z—|—9> —1) (1+tan(d—z+9) )
2 T2 2 T2
inputLint(sec(d*x+c)“4*(cos(d*x+c)*a+b*sin(d*x+c)),x,method=_RETURNVERBOSE) J

\(d*x+c>~3)

output ‘ 1/d* (ax(1/2*sec(d*x+c) *tan(d*x+c)+1/2*1n(sec(d*x+c)+tan(d*x+c)))+1/3*b/cos ‘

3.39.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.42

/sec4(c + dz)(acos(c + dx) + bsin(c + dz)) dz

_ 3acos (dr + ¢)’log (sin (dz + ¢) + 1) — 3acos (dz + ¢)® log (— sin (dz + ¢) 4+ 1) + 6 a cos (dz + ¢) sin (da

12 d cos (dz + ¢)?

input Lintegrate (sec(d*x+c) ~4*(a*xcos(d*x+c)+b*sin(d*x+c)),x, algorithm="fricas") J

output‘ 1/12*%(3*a*cos(d*x + c) " 3*log(sin(d*x + c) + 1) - 3*xa*cos(d*x + c)~3*log(-s ‘

‘in(d*x + ¢c) + 1) + 6*xa*cos(d*x + c)*sin(d*x + c) + 4xb)/(d*cos(d*x + c)~3) ‘

3.39.

[ sect(c + dz)(acos(c + dz) + bsin(c + dz)) dz
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3.39.6 Sympy [F]

/ sec!(c + dz)(acos(c + dr) + bsin(c + dz)) dz

= / (acos (c+ dz) + bsin (c + dz)) sec* (c + dz) dz

input | integrate (sec(d*x+c)**4* (a*cos (d*x+c)+b*sin(d*x+c)) ,x)

N\ J

output LIntegral((a*cos(c + d*x) + b*sin(c + d#*x))*sec(c + d*x)**4, x) J

3.39.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.17

/ sec’(c + dz)(acos(c + dz) + bsin(c + dz)) dz

2 sin(d: . .
o a(ﬁ —log (sin (dz + ¢) + 1) + log (sin (dz + ¢) — 1)> - COS(;berc)g,
N 12d
input Lintegrate (sec(d*x+c) ~4* (axcos (d*x+c)+b*sin(d*x+c)) ,x, algorithm="maxima") J

e B

-1/12%(3*a*(2*sin(d*x + c)/(sin(d*x + c)~2 - 1) - log(sin(d*x + c) + 1) +
‘log(sin(d*x + c) - 1)) - 4*b/cos(d*x + c)"3)/d |

output

3.39.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 99 vs. 2(46) = 92.

Time = 0.30 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.90

/sec"‘(c + dz)(acos(c + dz) + bsin(c + dzx)) dx
<3atan(%dz+% 0)5—6btan(% dx+%c)4—3atan

2
3alog ([tan (3dz + 3¢) +1|) —3alog ([tan (3dz +3¢) — 1]) + (tan(3 do+ 3 9*—1)°

6d

3.39.  [sect(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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input‘integrate(sec(d*x+c)”4*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="giac")

p

output‘1/6*(3*a*log(abs(tan(1/2*d*x + 1/2%c) + 1)) - 3*a*log(abs(tan(1/2*d*x + 1/
\2*c) - 1)) + 2%(3*axtan(1/2*%d*x + 1/2%c)”5 - 6*b*tan(1/2*d*x + 1/2%c)"4 -
‘B*a*tan(l/z*d*x + 1/2%c) - 2%b)/(tan(1/2*d*x + 1/2%c)"2 - 1)°3)/d

-

3.39.9 Mupad [B] (verification not implemented)

Time = 22.91 (sec) , antiderivative size = 105, normalized size of antiderivative = 2.02

/sec4 (¢ + dx)(acos(c+ dz) + bsin(c + dzx)) dx

_ aatanh(tan(5+ %))  —atan(§+%)" +2btan(5 + %)" +atan(s +
’ d (tan (5 +%)° — 3tan (5 + )° + 3tan (5 + )" ~1)

inputtint((a*cos(c + d*x) + bxsin(c + d*x))/cos(c + d*x)~4,x)

output‘/(a*atanh(tan(c/2 + (d*x)/2)))/d - ((2%b)/3 + a*xtan(c/2 + (d*x)/2) - axtan(
\c/2 + (d*x)/2)°5 + 2xb*tan(c/2 + (d*x)/2)~4)/(d*(3*tan(c/2 + (d*x)/2)"2 -
LS*tan(c/2 + (d*x)/2)~4 + tan(c/2 + (d*x)/2)°6 - 1))

~

3.39.  [sect(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.40 [ sec®(c+dz)(acos(c+dz)+bsin(c+dz)) dx

3.40.1 Optimal result . . . . . . .. . ... . 3411
3.40.2 Mathematica [A] (verified) . . . . . . . ... ... Lo oo 341]
3.40.3 Rubi [A] (verified) . . . . . ... ..
3.40.4 Maple [A] (verified) . . . ... . ... ... B43]
3.40.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 343
3.40.6 Sympy [F] . . . . . . B44
3.40.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... [344)
3.40.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 344
3.40.9 Mupad [B] (verification not implemented) . . . .. ... ... ... .....

3.40.1 Optimal result

Integrand size = 26, antiderivative size = 44

/sec5(c + dz)(acos(c + dz) + bsin(c + dx)) dx

_ bsec!(c+dx) N atan(c + dz) N atan®(c + dz)
B 4d d 3d

-

output L1/4*b*sec (d*x+c) ~4/d+a*tan(d*x+c) /d+1/3*a*tan (d*x+c) ~3/d

3.40.2 Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.93

/sec5 (c+ dz)(acos(c+ dz) + bsin(c + dx)) dz

bsec*(c+dz) a(tan(c+ dz) + 3 tan®(c + dz))
T d

| —

-

input LIntegrate [Sec[c + d*x]~5%(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

~—/

outputt(b*Sec[c + d*x]°4)/(4%d) + (a*(Tan[c + d*x] + Tan[c + d*x]~3/3))/d

~—

3.40.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.40.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 115 Ryjes used = {3042,

integrand size
3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/secs(c + dz)(acos(c + dz) + bsin(c + dx)) dx

J,3042

/ acos(c + dzx) + bsin(c + dz)
cos(c + dz)?

l 3569

dx

/ (asec(c+ dz) + btan(c + dz) sec*(c + dz)) dz

l 2009

atan®(c+dz) atan(c+ dz) 4 bsect(c + dz)
3d d 4d

input LInt [Sec[c + d*x]~5*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

-

output t(b*Sec [c + d*x]~4)/(4*d) + (axTan[c + d*x])/d + (a*Tan[c + d*x]~3)/(3%d)

~—

3.40.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 3569

N

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (d_.)*(x )] (m_.)*(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*si
nl(c_.) + (A_.)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
*cos[c + d*x] + bxsin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.40.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.40.4 Maple [A] (verified)

Time = 0.87 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.86

method result
2
_a(—%_sec(d%c)) ta«n(dﬁ-‘rc)—k%
i i ivi 4 cos(dz+
derivativedivides § cos(dz+c)
2
- <_%_566(d§+0) ) ten(deto)+ oo
default _
2
a(—g_%) tan(dz+c) 4
bsec(dz+c)
parts — . n do
isch 4iae4i(d“ﬂ>+4be4i(dm+c>+w 4 tia
T1SC. d(eZi(dz+c)+1)4
6 5 5t dz+‘3 4 5t dz+c 2
o(tan(p5) " amtan( 45 o= (BN S E D) () o) ()
parallelrisch — ] 4
d(tan(%z+§>—l> (tan(%””.q-%).ﬂ)
2ian(415)° 2vtan(4+5)° 2atan(%45) datan(drg)? 4atan(d§+%)7 swran(%+5)° 2btan(d§+%)4
d + d + F - - + 2 _ : N :
norman — :
(tan(%“r%) —1) <1+tan(%z+%) )
mput Lint (sec(d*x+c) 5% (cos (d*x+c) *a+b*sin(d*x+c)) ,x,method=_RETURNVERBOSE) J
output Ll/d* (—ax(-2/3-1/3*sec(d*x+c) ~2) *tan (d*x+c)+1/4*b/cos (d*x+c) ~4) J

3.40.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.02

/seCS(c + dz)(acos(c + dz) + bsin(c + dzx)) dz

4 (2acos (dz + ¢)* + acos (dz + ¢)) sin (dz + ¢) + 3b
12 d cos (dz + ¢)*

inputLintegrate(sec(d*x+c)”5*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="fricas") J

output‘1/12*(4*(2*a*cos(d*x + ¢)”3 + axcos(d*x + c))*sin(d*x + c) + 3*b)/(d*cos(d
\*x + ¢)"4) \

3.40.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.40.6 Sympy [F]

/ sec®(c + dr)(a cos(c + dz) + bsin(c + dz)) dz

= / (acos (¢ + dzx) + bsin (c + dzx)) sec® (¢ + dz) dx

input ‘ integrate (sec(d*x+c)**5% (a*cos (d*x+c)+b*sin(d*x+c)) ,x)

p
outputtlntegral((a*cos(c + d*x) + b*sin(c + d*x))*sec(c + d*x)**5, x)

| —

3.40.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.93

/sec5(c + dz)(acos(c + dz) + bsin(c + dz)) dz

4 (ton (do +-0)° + 3 tan (do + Q)a+ ot

12d

inputLintegrate(sec(d*x+c)“5*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="maxima")

output‘1/12*(4*(tan(d*x + ¢)~3 + 3*%tan(d*x + c))*a + 3*b/(sin(d*x + c)~2 - 1)°2)/
\ d

3.40.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.09

/se05 (c+ dz)(acos(c+ dz) + bsin(c + dz)) dz

_ 3btan(dz +c)* +4atan (dz + )’ + 6 btan (dz + ¢)’ + 12 atan (dz + )
B 12d

input Lintegrate (sec(d*x+c) ~b*(a*cos (d*x+c)+b*sin(d*x+c)) ,x, algorithm="giac")

Output‘ 1/12%(3*b*xtan(d*x + c)~4 + 4xaxtan(d*x + c)~3 + 6%bxtan(d*x + c)~2 + 12*a*
‘tan(d*x +¢))/d

3.40.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.40.9 Mupad [B] (verification not implemented)

Time = 21.96 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.91

asin(2c+2dx asin(4c+4dx
by asin ) 4 asin( )

sec®(c + dzx)(acos(c + dx) + bsin(c + dz)) dz = 3 12
/ ( I ( ) ( ) dcos(c+dav)4

input | int ((a*cos(c + d*x) + b*sin(c + d*x))/cos(c + d*x)~5,x)

N\

Olltpllt‘ (b/4 + (a*sin(2*c + 2%d*x))/3 + (a*sin(4*c + 4*d*x))/12)/(d*cos(c + d*x)"4
)

3.40.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.41 [ sec®(c+dz)(acos(c+dz)+bsin(c+dz)) dx

3.41.1 Optimalresult . . . . . . . . . .. .. 346
3.41.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 346
3.41.3 Rubi [A] (verified) . . . . . . .. .. 347
3.41.4 Maple [A] (verified) . . . ... . ... .. B48
3.41.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 349
3.41.6 Sympy [F(-1)] . . . . o e 349
3.41.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 349]
3.41.8 Giac [B] (verification not implemented) . . . .. ... ... ... ...... 350
3.41.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 350

3.41.1 Optimal result

Integrand size = 26, antiderivative size = 74

/sec6(c + dz)(acos(c + dzx) + bsin(c + dz)) dz

_ 3aarctanh(sin(c +dz)) = bsec®(c+ dz)

B 8d 5d
n 3asec(c + dz) tan(c + dx) L8 sec3(c + dx) tan(c + dzx)

8d 4d

output‘3/8*a*arctanh(sin(d*x+c))/d+1/5*b*sec(d*x+c)‘5/d+3/8*a*sec(d*x+c)*tan(d*x+
c)/d+1/4xa*xsec (d*x+c) ~3*tan(d*x+c)/d

N

3.41.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.00

/secG(c + dz)(acos(c + dzx) + bsin(c + dz)) dz

_3aarctanh(sin(c + dz)) | bsec®(c+ dz)

B 8d 5d
N 3asec(c + dzx) tan(c + dzx) 48 sec3(c + dzx) tan(c + dx)

8d 4d

input‘Integrate[Sec[c + d*x] 6% (a*Cos[c + d*x] + b*Sin[c + d*x]),x]

341.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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output‘ (3*a*ArcTanh[Sin[c + d*x]])/(8%d) + (b*Secl[c + d*x]~5)/(5%d) + (3*a*Seclc ‘
L+ dxx]*Tan[c + d*x])/(8*d) + (a*Sec[c + d*x]~3%Tan[c + d*x])/(4*d) J

3.41.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 115 Ryjes used = {3042,

integrand size
3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/secG(c + dz)(acos(c + dz) + bsin(c + dx)) dx

J,3042

/ acos(c + dzx) + bsin(c + dz)

cos(c + dz)8 dz

| 3369
/ (asec®(c+ dz) + btan(c + dz) sec’(c + dz)) dz

l 2009

3aarctanh(sin(c + dz)) atan(c+ dz)sec3(c+dx) 3atan(c+ dz)sec(c+dx) bsec®(c+ dx)
8d * 4d * 8d T 5

input LInt [Sec[c + d*x]~6*(a*Cos[c + d*x] + b*Sin[c + d*x]),x] J

e B

(3%axArcTanh[Sin[c + d*x]])/(8%d) + (b*Sec[c + d*x]~5)/(5%d) + (3*a*Sec[c
+ d*x]#Tan[c + d*x])/(8%d) + (a*Seclc + d*x]~3Tan[c + d*x])/(4*d)

output

341.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.41.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 3569

input

output

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (A_.)*(x_ )] " (m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si
nf(c_.) + (d_.)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
*cos[c + d*x] + bxsin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte

gerQ[m] && IGtQ[n, O]

3.41.4 Maple [A] (verified)

Time = 0.99 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.85

method result
a (_ (_ SEC(dZ+C)3 _3 sec(éiz+c) ) tan(dac—}-c)—i— 3 ln(sec(dercS)than(derc)) ) + = COS(;z+C)5
derivativedivides
a (_ (_ sec(dz+c)3 _3 sec(;lw-ﬁ-c) ) tan(dz-l—c)-l— 3 ln(sec(dm+cs)+tan(dm+c)) ) + - COS<;1,+C>5
default
3
a (_ (_ sec(dz-ﬁ-c) _3 sec(éix-ﬁ-c) ) tan(dx—l—c)-l— 3 ln(sec(dz+08)+tan(dz+c)) ) ) Sec(d$+c)5
parts a + d
I‘iSCh —15ia egz‘(d:c+c) —70ia e7z‘(d:c+c) +128b eSz‘(d:c+c) +70ia eSi(d:c+c) +15ia ei(dz+c) _ 3aln (ei(d1+c) _i)
20d(e2i(dm+c)+1) 5 8d
lelrisch —75a ( Cos(sf§+5c> + Cos(gd;"_gc) +cos(dac+c)) In (tan ( de 4 %) - 1) +75a ( C°S(5‘f§+5°) + COS(3(i2z+3c) +cos(dac+c)) In (tar
barallelrisc 20d(cos(5dz+5¢)+5 cos(3dz+
3 5 7 9 11
_@_5atan(%+%)_3atan(%‘v+%) atan(dTZ+%) _atan(dTw—f—%) +3atan(d7z+%) Satan(dTw+%) _4btan(d7w
norman 5d 4d 4d 2d 2d 4d 4d d

(tan(%+g>2—1)5(1+tan(%+

Lint (sec(d*x+c) “6*(cos (d*x+c) *a+b*sin(d*x+c) ) ,x,method=_RETURNVERBOSE)

‘1/d*(a*(-(-1/4*sec(d*x+c)“3-3/8*sec(d*x+c))*tan(d*x+c)+3/8*1n(sec(d*x+c)+t
‘an(d*x+c)))+1/5*b/cos(d*x+c)‘5)

341.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.41.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.19

/sec6 (c+ dz)(acos(c+ dx) + bsin(c + dz)) dz
_ 15acos (dz + ¢)®log (sin (dz + ¢) + 1) — 15acos (dz + ¢)° log (—sin (dz + ¢) + 1) + 10 (3a cos (dz + ¢)’

80d cos (dz + ¢)°

inputLintegrate(sec(d*x+c)“6*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="fricas") J

output‘ 1/80* (15*%a*cos(d*x + c) b*log(sin(d*x + c) + 1) - 15*a*cos(d*x + c) 5*log( ‘
‘—sin(d*x + ¢c) + 1) + 10%x(3*a*xcos(d*x + c)~3 + 2*axcos(d*x + c))*sin(d*x + ‘
'©) + 16%b)/(dxcos(d¥x + ¢)75) J

3.41.6 Sympy [F(-1)]

Timed out.

/sec6 (c+ dz)(acos(c+ dx) + bsin(c + dz)) dz = Timed out

~—

input Lintegrate (sec(d*x+c) **6% (a*cos (d*x+c) +bxsin(d*x+c)) ,x)

i

p
output | Timed out

N\ J

3.41.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.16

/secﬁ(c + dz)(acos(c + dz) + bsin(c + dz)) dz =

: 2 (3 sin(dz-+c)®—5 sin(dw—}-c))
a sin(dz+c)*—2 sin(dz+c)2+1

— 3 log (sin (dz + ) + 1) + 3 log (sin (dz + ¢) — 1)) — ostdora

80d

341.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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input‘integrate(sec(d*x+c)”6*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="maxima")

‘d*x + ¢c)”2 + 1) - 3*log(sin(d*x + c) + 1) + 3xlog(sin(d*x + c) - 1)) - 16%

e DY
output‘-1/80*(5*a*(2*(3*sin(d*x + ¢c)~3 - 5*sin(d*x + c))/(sin(d*x + c)~4 - 2*xsin(
‘b/cos(d*x + ¢c)75)/d ‘

3.41.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 141 vs. 2(66) = 132.

Time = 0.32 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.91

/secﬁ(c + dz)(acos(c + dx) + bsin(c + dz)) dz

2 (25atan(% da:—l—% c)g—40btan(% dz—l—% c)s—l

15alog (|tan (3 dz + 1c) +1|) — 15alog (|tan (3dz + 1 c) — 1|) +

40d

/

inputLintegrate(sec(d*x+c)‘6*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="giac")

~—

output | 1/40%(15*%a*log(abs(tan(1/2*d*x + 1/2%c) + 1)) - 15%axlog(abs(tan(1/2xd*x +

1/2xc) - 1)) + 2% (25*axtan(1/2xd*x + 1/2%c)”9 - 40*bxtan(1/2*xd*x + 1/2%c)
~8 - 10*axtan(1/2*d*x + 1/2%c)”7 - 80xb*tan(1/2*d*x + 1/2%c)~4 + 10*axtan(
1/2%d*x + 1/2%c)~3 - 25*axtan(1/2*d*x + 1/2%c) - 8%b)/(tan(1/2xd*x + 1/2*c
)"2 - 1)°5)/d

3.41.9 Mupad [B] (verification not implemented)

Time = 26.17 (sec) , antiderivative size = 175, normalized size of antiderivative = 2.36

3aatanh(tan (£ + 42))

/secﬁ(c + dz)(acos(c + dz) + bsin(c + dz)) dz =

4d
ngdig nQdJ7 ngﬂ3 n(ctdz
__5ata (Z+ =) +2btan(§+d7)8+ata (22+ 2) +4btan(§+d§)4— ata (22+ 2)"  bata (42+ ) L2
d (tan (¢4 2)" — 5tan (¢ + 22)° + 10tan ($ 4+ 22)° — 10tan (§ + %) + 5tan ( + 42)° — 1)

input | int ((a*cos(c + d*x) + b*sin(c + d*x))/cos(c + d*x)~6,x) ‘

341.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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output | (3*a*atanh(tan(c/2 + (d*x)/2)))/(4xd) - ((2%b)/5 + (5*a*xtan(c/2 + (d*x)/2)
)/4 - (a*xtan(c/2 + (d*x)/2)"3)/2 + (axtan(c/2 + (d*x)/2)°7)/2 - (5*a*xtan(c
/2 + (d*x)/2)79)/4 + 4xb*tan(c/2 + (d*x)/2)"4 + 2*b*tan(c/2 + (d*x)/2)78)/
(dx(5*%tan(c/2 + (d*x)/2)"2 - 10*tan(c/2 + (d*x)/2)"4 + 10*tan(c/2 + (d*x)/
2)76 - 5xtan(c/2 + (d*x)/2)°8 + tan(c/2 + (d*x)/2)"10 - 1))

341.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.42 [ sec’(c+dzx)(a cos(c+dz)+bsin(c+dz)) dx

3.42.1 Optimalresult . . . . .. .. . ..
3.42.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL
3.42.3 Rubi [A] (verified) . . . . . . ...
3.42.4 Maple [A] (verified) . . . . . . . .. .. 354
3.42.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 354
3.42.6 Sympy [F(-1)] . . . . o 3551
3.42.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ...
3.42.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 355
3.42.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ... ..

3.42.1 Optimal result

Integrand size = 26, antiderivative size = 60

/sec7(c + dz)(acos(c + dz) + bsin(c + dz)) dx

_ bsec®(c+ dx) L8 tan(c + dz) N 2atan3(c + dx) L8 tan®(c + dx)
B 6d d 3d 5d

g
output ‘

1/6xbxsec (d*x+c) ~“6/d+axtan(d*x+c) /d+2/3*a*tan(d*x+c) ~3/d+1/5*%a*xtan(d*x+c)”
5/d

input L

output ‘

N\

3.42.2 Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.88

/sec7(c + dx)(acos(c + dz) + bsin(c + dx)) dz

_ bsec(c + da) N a(tan(c + dz) + 2 tan’(c + dz) + 3 tan®(c + dz))
6d d

Integrate[Sec[c + d*x] 7*(a*Cos[c + d*x] + bxSin[c + dx*x]),x]

(bxSec[c + d*x]76)/(6*d) + (a*(Tan[c + d*x] + (2*Tan[c + d*x]~3)/3 + Tan[c
+ d*x]~5/5))/d

~—

3.42.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.42.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 115 Ryjes used = {3042,
integrand size
3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec7(c + dx)(acos(c + dx) + bsin(c + dz)) dx

l 3042

/ acos(c + dz) + bsin(c + dz)

cos(c + dxz)? dz

| 3369
/ (asec®(c+ dz) + btan(c + dz) sec®(c + dz)) dz

l 2009

atan®(c + dzx) + 2a tan3(c + dr) + atan(c+ dz) + bsecb(c + dx)
5d 3d d 6d

input LInt [Sec[c + d*x]~7*(a*Cos[c + d*x] + b*Sin[c + d*x]),x]

output‘ (b*Sec[c + d*x]~6)/(6%d) + (a*xTan[c + d*x])/d + (2%a*Tan[c + d*x]~3)/(3*d)

rule 2009

rule 3042

rule 3569

‘ + (axTan[c + d*x]~5)/(5%d)

3.42.3.1 Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (@_.)*(x_)]1 " (m_.)*(cos[(c_.) + (d_.)*(x_)]1*(a_.) + (b_.)*si
nl(c_.) + (d_.)*(x_)]1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
xcos[c + d*x] + b*sin[c + d*x])~"n, x], x] /; FreeQ[{a, b, c, 4}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.42.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.42.4 Maple [A] (verified)

Time = 1.03 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.80

method result
8 sec(dz+c)4 4sec(dz+c)2 b
. . . . _a(_ﬁ_ 5 - 15 >tan(dz+c)+6c05(dz+c)6
derivativedivides 3
8 sec(dw+c)4 45.ec(d:v+c)2 b
—a (—1—5— 5 - 15 ) tan(dm+c)+m
default 3
_i_sec(da:+c)4 _4sec(da:+c)2 " d
arts _a( 15 > 15 ) an(de-+o) + bsec(dz+c)®
par d 6d
<ch 32m96§(dz+c) +32be6i§dz+c) +16iae4i(dz+6)+32iae2;(dz+c) 16ia
T1SC d(e2i(da:+c)_|_1)6
8 6 5 4
10 9 Ta tan d—"”-i—g 26 tan dz+9 a 10tan d—x+Q b 26tan dfz_,_g a Ttan
2<Ultan(d;+§> —tan(%x+§> b— (32 2) + (g 2) _ (g 2) _ (i 2) + (
parallelrisch — PR
d
d(tan(%-ﬁ-%) —1)
dz , c)? de | c\12 do , c\4 dz , ¢\10 de , ¢ do , c)3 dz
2btan(7+j) 2btan(7+§) 2btan(7+§) 2btan(7+§) 2atan(7+§) 8atan(7+§) 86atan( ]
d + d + d + d d — 3d 15d
norman > 3
(tan(%-{-%) —1) (l-l-tan(%‘

inputLint(sec(d*x+c)‘7*(cos(d*x+c)*a+b*sin(d*x+c)),x,method=_RETURNVERBOSE)

output ‘ 1/d*(-ax(-8/15-1/5*sec (d*x+c) ~4-4/15*sec (d*x+c) ~2) *tan (d*x+c)+1/6*b/cos (d*

‘x+c)‘6)

3.42.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.95

/sec7(c + dz)(acos(c + dx) + bsin(c + dz)) dz

2(8acos(dm+c)5—|—4acos(dx+c)3+3acos(dm+c)) sin (dz +c¢) +5b
30d cos (dz + ¢)°

input Lintegrate (sec(d*x+c) “7*(a*xcos(d*x+c)+b*sin(d*x+c)),x, algorithm="fricas")

output‘ 1/30* (2% (8*a*xcos(d*x + c)~5 + 4xakcos(d*x + c)~3 + 3*a*cos(d*x + c))*sin(d

‘*x + c) + 5%b)/(d*cos(d*x + c)~6)

3.42.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.42.6 Sympy [F(-1)]

Timed out.

/sec7(c + dz)(acos(c + dx) + bsin(c + dz)) dz = Timed out

input Lintegrate (sec(d*x+c) **7* (a*cos (d*x+c) +bxsin(d*x+c)) ,x)

-/

output LTimed out J

3.42.7 Maxima [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.88

/sec7(c + dz)(acos(c + dz) + bsin(c + dz)) dz

2 (3 tan (dz + ¢)° + 10 tan (dz + ¢)* + 15 tan (dz + ¢))a — —< ” 5b)2 N
sin(dz+c)“—

30d

p
input Lintegrate (sec(d*x+c) “7*(a*cos(d*x+c)+b*sin(d*x+c)),x, algorithm="maxima")

-/

output‘ 1/30% (2% (3*tan(d*x + c)~5 + 10*tan(d*x + c)~3 + 15xtan(d*x + c))*a - 5xb/(
Lsin(d*x +¢c)"2 - 1)°3)/d

~

3.42.8 Giac [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.17

/sec7(c + dz)(acos(c + dz) + bsin(c + dz)) dz

_ 5btan(dz +¢)° + 6atan (dz + ¢)° + 15btan (dz + ¢)* + 20 atan (dz + ¢)® + 15btan (dz + ¢)? + 30 a te
B 30d

input Lintegrate (sec(d*x+c) “7*(a*cos (d*x+c)+b*sin(d*x+c)) ,x, algorithm="giac") J

output‘1/30*(5*b*tan(d*x + ¢c)76 + 6*axtan(d*x + c)”5 + 15%b*tan(d*x + c)~4 + 20%*a
‘*tan(d*x + ¢c)"3 + 1B6*bxtan(d*x + c)~2 + 30%axtan(d*x + c))/d ‘

3.42.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.42.9 Mupad [B] (verification not implemented)

Time = 21.17 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.08

/sec7(c + dz)(acos(c + dz) + bsin(c + dzx)) dz

8a sin(c+d ) cos(c+dx)® + 4a sin(c+dz) cos(ct+dz)3 + a sin(c+dz) cos(ct+dx) + b
15 15 5 6

dcos (c+ dz)°

input‘ int ((a*cos(c + d*x) + b*sin(c + d*x))/cos(c + d*x)"7,x)

output‘(b/s + (a*cos(c + d*x)*sin(c + d*x))/5 + (4*a*cos(c + d*x) 3*sin(c + d*x))
‘/15 + (8*axcos(c + d*x) 5*sin(c + d*x))/15)/(d*cos(c + d*x)~6)

3.42.  [sec’(c+ dz)(acos(c+ dz) + bsin(c + dz)) dz
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3.43 [ cos®(c+dz)(a cos(c+dz)+bsin(c+dz))? dzx

3.43.1 Optimal result . . . . . . .. . ... . 357
3.43.2 Mathematica [A] (verified) . . . . . . . ... ... oo
3.43.3 Rubi [A] (verified) . . . . . ... . 358
3.43.4 Maple [A] (verified) . ... ... ... .. 350
3.43.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 360
3.43.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 3601
3.43.7 Maxima [A] (verification not implemented) . . ... .. ... ... ......
3.43.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ......
3.43.9 Mupad [B] (verification not implemented) . . ... ... ... ... .....

3.43.1 Optimal result

Integrand size = 28, antiderivative size = 137

/ cos®(c + dz)(acos(c + dz) + bsin(c + dx))* dzx
_ 2abcos’(c + dx) N a’sin(c+dz) a*sin’(c+ dx) N b? sin®(c + dx)

7d d d 3d
N 3a’sin®(c +dz) 2b%sin’(c+dz) a’sin’(c+ dx) N b%sin”(c + dx)
5d 5d 7d 7d

output‘-2/7*a*b*cos(d*x+c)”7/d+a“2*sin(d*x+c)/d-a“2*sin(d*x+c)“3/d+1/3*b“2*sin(d*
‘x+c)“3/d+3/5*a”2*sin(d*x+c)“5/d-2/5*b“2*sin(d*x+c)”5/d-1/7*a‘2*sin(d*x+c)“
‘7/d+1/7*b‘2*sin(d*x+c)‘7/d \

3.43.2 Mathematica [A] (verified)

Time = 0.33 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.67

/ cos®(c + dz)(a cos(c + dz) + bsin(c + dz))* dz

_ —30abcos’(c+ dx) + 105a® sin(c + dz) — 35(3a* — b?) sin®(c + dz) + 21(3a® — 2b%) sin®(c + dx) — 15(a?
a 105d

;
input | Integrate[Cos[c + d*x] 5*(a*Cos[c + d*x] + b*Sin[c + d*x])~2,x]

3.43.  [cos’(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz



CHAPTER 3. LISTING OF INTEGRALS 358

output‘ (-30*axbxCos[c + d*x]~7 + 105%a~2*Sin[c + d*x] - 35%(3*a”2 - b~2)*Sin[c +

\d*x] ~3 + 21%(3*%a"2 - 2*%b"2)*Sin[c + d*x]"5 - 15%(a"2 - b~2)*Sin[c + d*x]"7
)/(105+d)

3.43.3 Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 147 Ryles used

integrand size
= {3042, 3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/cos5(c + dz)(acos(c + dz) + bsin(c + dz))* dx
| 3042

/cos(c + dz)®(a cos(c + dz) + bsin(c + dz))?dz
| 3569

/ (a® cos”(c + dz) + 2absin(c + dz) cos®(c + dz) + b*sin(c + dz) cos®(c + dz)) dz

| 2009
B a’sin”(c+dz)  3a?sin®(c+ dx) 3 a?sin3(c + dz) 4 a?sin(c + dz) _ 2ab cos’ (¢ + dz)
7d 5d d d 7d
b%sin”(c + dz) B 2b? sin®(c + dx) + b?sin(c + dzx)
7d 5d 3d

input‘ Int[Cos[c + d*x] 5*(a*Cos[c + d*x] + bxSin[c + d*xx])~2,x]

p
output‘ (-2xa*b*Cos[c + d*x]"7)/(7*d) + (a~2*Sin[c + d*x])/d - (a~2*Sin[c + d*x]~3

\)/d + (b~2xSin[c + d*x]~3)/(3%d) + (3*a~2*Sin[c + d*x]~5)/(5xd) - (2%xb~2%S
‘in[c + d*x]~5)/(5%d) - (a~2*Sin[c + d*x]~7)/(7*d) + (b~2*Sin[c + d*x]~7)/(
L?*d)

3.43.  [cos’(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz

|
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3.43.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
rule 3569 | Int[cos[(c_.) + (d_.)*(x_)]1 " (m_.)*(cos[(c_.) + (d_.)*(x_)]1*(a_.) + (b_.)*si
nf(c_.) + (d_.)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
*cos[c + d*x] + bxsin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]
3.43.4 Maple [A] (verified)
Time = 1.10 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.72
method result
a? (%+cos(dz+c)6+ 8 cos(iz+c)4 +8 cos(‘éz+c)2 ) sin(dz+c) b2 (Sin(dfwﬂ -2 Sin(d;+c)5 + Sin(d§+c)3 ) %ab co
parts = + d -
a? <m+cos(da:+c)6+ 6 cos(dz+c)4 + 8 cos(dz+c)2 ) sin(dz+c) <§+cos(dz+c)4—
5 5 5 7 6 _; 3
- _ 2ab Cosgd:c-ﬁ-c) +b2 _cos(d:c+c)7sm(dw+c) +
derivativedivides p
(12 16 COSs TTC 6 Gcos(dw+c)4 8 COS(dZJrC)Z ) sin TTC (8 COos TT+C 4'
<?+ (dz+c)°+ ) + 5 (dz+ )_2abcos(dw+c)7+b2 (_cos(da:+6)6$in(da:+c)+ 3 t+cos(dz+c)
7 7 7
default 3
risch __5abcos(dz+c) + 35a2 sin(dx+c) + 5b2 sin(dz+-c) __ abcos(7dz+7c) sin(7dz+T7c)a? _ sin(7dx+7c)b? _
SC 32d 64d 64d 224d 4484 4484
ap  20%ton(F+5) _|_2a2 tan( 42 +§)"° +4(3a2+2b2) tan( 92 +§)° +4(3a2+2b2) tan( 4z +5)" +8(53a2+38b2) tan (4
norman 7d d d 3d 3d 35d
(1+tan
13 12 11 Stan(derc)lle 86tan(dz+c)9a2 32tan(dz+c)9b2
. 2a2tan(d7z+§) —4tan(d§+§) ab+4tan(d7z+§> a?+ 73 2 + 75 2 — ?5 2 _
parallelrisch
inputkint(cos(d*x+c)‘5*(cos(d*x+c)*a+b*sin(d*x+c))‘2,x,method=_RETURNVERBOSE) J

3.43.  [cos’(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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output‘1/7*a“2/d*(16/5+cos(d*x+c)“6+6/5*cos(d*x+c)”4+8/5*cos(d*x+c)“2)*sin(d*x+c)
+b"2/dx (1/T*sin(dxx+c) “7-2/5+sin(d*x+c) "5+1/3*sin(d*x+c) “3)-2/T+axbkcos (dx
‘X+c)“7/d ‘

3.43.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.69

/cos5(c + dz)(acos(c + dzx) + bsin(c + dz))* dz =

30abcos (dz +¢)" — (15 (a® — b?) cos (dz + ¢)® + 3 (6 a® + b?) cos (dz + ¢)* + 4 (6 a® + b?) cos (dz + ¢)
105d

input  integrate(cos(d*x+c) 5% (a*cos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="fricas"

)

N\ J

output | -1/105% (30*a*b*cos(d*x + c)~7 - (15%(a"2 - b"2)*cos(d*x + c)~6 + 3*(6*a"2
+ b"2)*cos(d*x + c)"4 + 4*(6*a”2 + b"2)*cos(d*x + c)"2 + 48%a”2 + 8*b~2)x*s
in(d*x + ¢))/d

3.43.6 Sympy [A] (verification not implemented)

Time = 0.50 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.36

/ cos®(c + dx)(acos(c + dz) + bsin(c + dx))? dz

16a2 sin” (c+dx) 8a? sin® (c+dz) cos? (c+dx) 2a? sin® (c+dzx) cos? (c+dzx) a? sin (c+dzx) cos® (c+dz) 2ab cos” (c+dzx) 8b2 ¢
35d + 5d + d + d o 7d +

z(a cos (c) + bsin (c))? cos® (c)

inputLintegrate(cos(d*x+c)**5*(a*cos(d*x+c)+b*sin(d*x+c))**2,x) J

e N

output | Piecewise ((16*a**2*xsin(c + d*x)**7/(35*d) + 8*a**2*sin(c + d*x)**5xcos(c +
d*x)**2/(5xd) + 2*xa**2*xsin(c + d*x)**3*cos(c + d*x)**4/d + a**x2*sin(c + d
*x)*cos(c + d*x)**6/d — 2*axbkcos(c + d*x)**7/(7*d) + 8*b**2*sin(c + d*x)*
*7/(105%d) + 4*b**2*sin(c + d*x)**5*xcos(c + d*x)*x2/(15*%d) + bx*2*sin(c +

d*x)**3*cos (c + d*x)**4/(3%d), Ne(d, 0)), (x*(a*cos(c) + b*sin(c))**2xcos(
c)**5, True))

3.43.  [cos’(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.43.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.72

/COS5(C + dz)(acos(c + dz) + bsin(c + dz))* dz =

30abcos (dz + ¢)" + 3 (5 sin (dz + ¢)" — 21 sin (dz + ¢)° + 35 sin (dz + ¢)® — 35 sin (dz + ¢))a® — (1
- 105d

input  integrate(cos(d*x+c) 5% (axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="maxima"

)

output | -1/105* (30*a*b*cos(d*x + c)~7 + 3*(5*sin(d*x + c)~7 - 21*sin(d*x + c)~5 +
35%sin(d*x + c)~3 - 35%sin(d*x + c))*a~2 - (15%sin(d*x + c)~7 - 42*sin(d*x
+ ¢c)~5 + 35*xsin(d*x + c)~3)*%b"2)/d

3.43.8 Giac [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.13

/coss(c + dz)(acos(c + dz) + bsin(c + dz))* dz

_abcos(7Tdx +7c) abcos(5dz+5¢c) 3abcos(3dr +3¢)
224d 32d 32d
_ 5abcos (dz +¢) N (a® — v?)sin (7dz + 7c) 4 (7Ta? — 3b?)sin (5dz + 5¢)
32d 448 d 320d
N (21a2 — b%) sin (3dz + 3 ¢) N 5(7a? + b%) sin (dz + )
192d 64d

input Lintegrate (cos (d*x+c) "bx(axcos (d*x+c)+bxsin(d*x+c))~2,x, algorithm="giac") J

output‘ -1/224xa*xb*xcos (7*d*x + T*c)/d - 1/32*%a*b*cos(5*d*x + 5%c)/d - 3/32%a*b*cos ‘
| (3%d*x + 3xc)/d - 5/32%axbxcos(d*x + c)/d + 1/448%(a”2 - b~2)*sin(7T*d*x +
(T%c)/d + 1/320%(7*a”2 - 3%b~2)*sin(5xd*x + 5xc)/d + 1/192%(21%a™2 - b 2)*s
|in(3%d*x + 3%c)/d + 5/64*(T+a"2 + b 2)*sin(d*x + c)/d |

3.43.  [cos’(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.43.9 Mupad [B] (verification not implemented)

Time = 21.81 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.28

/ cos®(c + dz)(a cos(c + dz) + bsin(c + dz))* dzx

_16a’sin(c+dz) 8 sin(c+dx) N 8a?cos (c+ dz)” sin (¢ + dz)
35d 105d 35d

6a®cos(c+dz)* sin(c+dz) a?cos(c+dx)® sin(c+dx)

M 35d * 7d
4b%cos (c+dx)’ sin(c+dz)  b?cos(c+dzx)* sin(c+ dx)

* 105 M 35d
b cos(c+dz)° sin(c+dz) 2abcos(c+dz)’

7d - 7d

inputLint(cos(c + d*xx) 5% (a*cos(c + d*x) + b*sin(c + d*x))~2,x)

output | (16*a~2*sin(c + d*x))/(35%d) + (8*b~2*sin(c + d*x))/(105%d) + (8*a~2x*cos(c
+ d*x)“2*sin(c + d*x))/(35*%d) + (6*a~2*cos(c + d*x) 4*sin(c + d*x))/(35*d
) + (a"2*cos(c + d*x)“6*sin(c + d*x))/(7*d) + (4xb~2xcos(c + d*x) 2*sin(c

+ d*x))/(105%d) + (b~2*cos(c + d*x) 4xsin(c + d*x))/(35%d) - (b~2*cos(c +

d*x) “6*sin(c + d*x))/(7*d) - (2xaxbxcos(c + d*x)~7)/(7*d)

3.43.  [cos’(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.44 [ cos*(c+dz)(acos(c+dzx)+bsin(c+dz))* dx

3.44.1 Optimalresult . . . . . . . . . .. . 363]
3.44.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 363
3.44.3 Rubi [A] (verified) . . . . . . ... 364
3.44.4 Maple [A] (verified) . ... ... ... ..
3.44.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 360
3.44.6 Sympy [B] (verification not implemented) . . . . ... ... ... ... ... . 367l
3.44.7 Maxima [A] (verification not implemented) . . ... .. ... ... .. ... .. 367l
3.44.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 368
3.44.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... ..

3.44.1 Optimal result

Integrand size = 28, antiderivative size = 174

/ cos*(c + dzx)(acos(c + dzx) + bsin(c + dz))* dx
_ bd’z b’z abcos®(c+ dx) N 5a? cos(c + dz) sin(c + dz)

16 16 3d 16d
N b? cos(c + dzx) sin(c + dx) N 5a? cos®(c + dz) sin(c + dx)
16d 24d
N b? cos®(c + dz) sin(c + dz) N a® cos’(c + dz)sin(c + dz) b cos®(c + dx) sin(c + dx)
24d 6d 6d

output (5/16*a‘2*x+1/16*b‘2*x—1/3*a*b*cos (d*x+c) ~6/d+5/16%a~2*cos (d*x+c) *sin (d*x+c
‘)/d+1/16*b“2*cos(d*x+c)*sin(d*x+c)/d+5/24*a“2*cos(d*x+c)“3*sin(d*x+c)/d+1/
‘24*b‘2*cos(d*x+c)‘3*sin(d*x+c)/d+1/6*a‘2*cos(d*x+c)‘5*sin(d*x+c)/d—1/6*b‘2
*cos (d*x+c) “5*sin(d*x+c)/d

N J

I——

3.44.2 Mathematica [A] (verified)

Time = 0.86 (sec) , antiderivative size = 147, normalized size of antiderivative = 0.84

/cos4(c + dz)(acos(c + dz) + bsin(c + dz))* dz
_ (5a® +b*) (c+dz)  5abcos(2(c+dx)) abcos(4(c+dx)) abcos(6(c+ dx))

16d 32d 16d 96d
N (15a2 + b%) sin(2(c + dz)) N (3a? — b?) sin(4(c + dz)) = (a® — b?)sin(6(c + dz))
64d 64d 192d

3.44.  [cos*(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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input‘ Integrate[Cos[c + d*x]~4*(a*Cos[c + d*x] + bxSin[c + d*x])~2,x]

output‘/((S*a“Q + b"2)*(c + d*x))/(16%d) - (5*axb*Cos[2*x(c + d*x)])/(32%d) - (a*xbx*

\Cos [4x(c + d*x)])/(16*d) - (a*bxCos[6*(c + d*x)])/(96xd) + ((15*%a”~2 + b~2)
\*Sin[2*(c + d*x)])/(64*d) + ((3*%a~2 - b~2)*Sin[4*(c + d*x)])/(64*d) + ((a~
Lz - b™2)*Sin[6*(c + d*x)]1)/(192%d)

|

3.44.3 Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.00,
— _ o number of rules _

number of steps used = 3, number of rules used = 3, integrand size 0.107, Rules used

= {3042, 3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cos4(c + dz)(acos(c + dz) + bsin(c + dz))* dx
| 3042

/cos(c + dz)*(acos(c + dx) + bsin(c + dx))%dx
| 3369

/ (a? cos®(c + dz) + 2absin(c + dz) cos® (¢ + dz) + b*sin’(c + dz) cos*(c + dz)) dz

| 2009
a?sin(c + dz) cos®(c + dz) + 5a2sin(c + dz) cos®(c + dx) 4 5a2 sin(c + dz) cos(c + dx) + 5a%z B
6d 24d 16d 16
abcos®(c + dz) B b?sin(c + dz) cos®(c + dz) 4 b?sin(c + dz) cos3(c + dz)
3d 6d 24d
b%sin(c + dz) cos(c + dz) b3z
16d 16
input LInt [Cos[c + d*x] " 4*(a*Cos[c + d*x] + bx*Sin[c + d*xx])~2,x] J

3.44.  [cos*(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz



output
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(5*%a~2%x) /16 + (b~2*x)/16 - (a*b*Cos[c + d*x]~6)/(3*d) + (5*xa”~2*Cos[c + dx*
x]*Sin[c + d*x])/(16%d) + (b~2*Cos[c + d*x]*Sin[c + d*x])/(16*d) + (5*a~2*
Cos[c + d*x]~3*Sin[c + d*x])/(24*d) + (b~2*Cos[c + d*x]~3*Sin[c + d*x])/(2
4*d) + (a"2*Cos[c + d*x]~5*Sin[c + d*x])/(6%d) - (b~2*Cos[c + d*x] 5+*Sin[c
+ dxx])/(6%d)

3.44.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 3569

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (d_)*(x )1 (m_.)*(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*si
nl(c_.) + (A_)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
*cos[c + d*x] + b*xsin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.44.4 Maple [A] (verified)

Time = 1.02 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.68

3.44.  [cos*(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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method result
3
d 5, 5cos(dz+c) 15 cos(dz+c)> in(d /
a2 <COS( ete)”+ 4 6+ 8 sin(dz+c) +%+i’*§ _ab cos(gaH—c)G +b2 <_ cos(dw+c)‘25in(dw+c) + (Cos(dt
derivativedivides 7
3
d 5, 5cos(dz+c) 15 cos(dw+c)> in(d ,
a2 (COS( ote)"+ 4 6+ 8 sin(da-+c) +%+% _ab cos(;iz+0)6, +b2 <_ cos(dz+0)‘zsin(dz+c) + (cos(dh
default 7
3
cos(dm+c)5+5cos(iw+c) +15 cos(sdx+c)> sin(dz+c) c )3 3 cos(
a2 < & +%+% b2 (_ cos(d:t+c)Zsin(dcc+c) + ( os(de+e)™+ 24§
parts d + P
llelrisch (45a2+3b2) sin(2dz+2c)+ (9a2—3b2) sin(4dz+4c)+ (a2 —b?) sin(6dz+6c)+60a2zwd+12b2dr—30ab cos(2dz+2c)—12ab ¢
parallelrisc 1924
isch 502z zb?> _ abcos(6dz+6c) + sin(6dr+6c)a®  sin(6dr+6c)b?>  abcos(4dz+4c) + 3sin(4dz+4c)a®
T1sc 16 16 96d 192d 192d 16d 64d
5a2 b2 5a2 b2 dz | c 12 15112 .31)2 dz | ¢ 2 15(12 3b2 dx | ¢ 10 25(12 5b2 )
norman (ﬁ+ﬁ)z+<ﬁ+ﬁ)mtan(7+§> +(T+T)mtan(7+§> +<T+T)ztan<7+§) +<T+T}
inputLint(cos(d*x+c)‘4*(cos(d*x+c)*a+b*sin(d*x+c))‘2,x,method=_RETURNVERBOSE) J

output‘1/d*(a‘2*(1/6*(cos(d*x+c)“5+5/4*cos(d*x+c)‘3+15/8*cos(d*x+c))*sin(d*x+c)+5
| /16%d*x+5/16%c) -1/3%axbkcos (d¥x+c) “6+b~2% (~1/6%cos (d*x+c) “5xsin(d*x+c)+1/2

‘4*(cos(d*x+c)“3+3/2*cos(d*x+c))*sin(d*x+c)+1/16*d*x+1/16*c))

3.44.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.55

/cos4(c + dz)(acos(c + dz) + bsin(c + dz))* dz =

16 abcos (dz + ¢)° — 3 (502 + b?)dz — (8 (a® — b?) cos (dz + ¢)® + 2 (5a® + b?) cos (dz + ¢)* + 3 (5 a? -

48d

input

)

integrate(cos(d*x+c) “4* (a*cos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="fricas"

output

sin(d*x + c))/d

-1/48% (16*a*b*xcos(d*x + c)~6 - 3*(5*%a”2 + b~2)*d*xx — (8%(a~2 - b~2)*cos(d*
X + c)°5 + 2%x(5%a~2 + b~2)*cos(d*x + c)~3 + 3%(5%a"2 + b~2)*cos(d*x + c))*

3.44.

| cos*(c + dz)(acos(c + dz) + bsin(c + dz))? dz
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3.44.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 340 vs. 2(162) = 324.

Time = 0.37 (sec) , antiderivative size = 340, normalized size of antiderivative = 1.95

/ cos*(c + dz)(acos(c + dz) + bsin(c + dz))* dzx

5a2x sin® (c+dx) 15a2z sin* (c+dzx) cos? (c+dzx) 15a2x sin? (c+dzx) cos* (c+dx) 5a2z cos® (c+dx) 5a? sin® (c+dz) cos (c+dzx)
16 + 16 + 16 + 16 + 16d

x(a cos (c) + bsin (c))? cos? (c)

p
input Lintegrate (cos (d*x+c) **4x (a*xcos (d*x+c) +b*xsin (d*x+c) ) **2,x)

~—

output | Piecewise ((5*a**2*x*sin(c + d*x)**6/16 + 15*a*x*2*x*sin(c + d*x)**4*xcos(c +
d*x)**2/16 + 15*a*x*2*x*sin(c + d*x)**x2kcos(c + d*x)**4/16 + Bxax*2*x*cos(
c + d*x)**6/16 + H¥xa**2xsin(c + d*x)**x5*cos(c + d*x)/(16*d) + 5xa*x2*sin(c
+ d*x)**3xcos(c + d*x)**3/(6%d) + 1lkxax*2*sin(c + d*x)*cos(c + d*x)**5/(1
6*%d) - axbxcos(c + d*x)**6/(3*d) + b**2*x*sin(c + d*x)**6/16 + 3*b**x2kx*si
n(c + d*x)**4*cos(c + d*x)**x2/16 + 3*b**2*x*sin(c + d*x)**2xcos(c + d*x)**
4/16 + b**2*x*cos(c + d*x)**6/16 + b**2*sin(c + d*x)**x5xcos(c + d*x)/(16*d
) + b**2*xsin(c + d*x)**3*xcos(c + d*xx)**3/(6%d) - b**2xsin(c + d*x)*cos(c +
d*x) **5/(16*%d), Ne(d, 0)), (x*(a*cos(c) + b*sin(c))**2xcos(c)**4, True))

3.44.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.59

/cos4(c + dz)(acos(c + dz) + bsin(c + dz))* dz =

thamwx+cf+(4ﬂn@dm+2d3—6mh—%MC—9ﬂn@dm+4@—48ﬂn@dz+2@ﬁﬁ—(
- 192d

input  integrate(cos(d*x+c) “4*(axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="maxima"

)

e N

output | -1/192* (64*a*b*cos(d*x + c)~6 + (4*sin(2xd*x + 2%c)~3 - 60*d*x - 60*c - 9%
sin(4*xd*xx + 4*c) - 48*sin(2*d*xx + 2*c))*a”2 - (4*sin(2*d*xx + 2%c)~3 + 12%d
*x + 12%c - 3*sin(4*d*x + 4x%c))*b~2)/d

3.44.  [cos*(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.44.8 Giac [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 132, normalized size of antiderivative = 0.76

/ cos*(c + dz)(acos(c + dz) + bsin(c + dr))* dz
abcos (6dz +6¢c) abcos(4dzx+4c) 5Sabcos(2dz +2¢)

5a° +b°)z —

=16 96d 16d 32d
N (a®> —b*)sin (6dz +6¢c) (3a? —b*)sin(4dz +4c) N (1502 + b?) sin (2dz + 2¢)
192d 64d 64d

inputLintegrate(cos(d*x+c)“4*(a*cos(d*x+c)+b*sin(d*x+c))“2,x, algorithm="giac")

output‘i/ls*(S*a‘2 + b"2)*x - 1/96*axbxcos(6*d*x + 6%c)/d - 1/16*axbxcos(4*xd*x +
‘4*c)/d - 5/32*axbxcos(2xd*x + 2*c)/d + 1/192%(a"2 - b~2)*sin(6*d*x + 6%*c)/
‘d + 1/64%(3*%a”2 - b~2)*sin(4*xd*x + 4%c)/d + 1/64*x(15%a”"2 + b~2)*sin(2*d*x
\+ 2%c)/d

3.44.9 Mupad [B] (verification not implemented)

Time = 21.95 (sec) , antiderivative size = 156, normalized size of antiderivative = 0.90

/ cos*(c + dzx)(acos(c + dz) + bsin(c + dz))? dz
_5a®z bz 5a’cos(c+dz)’ sin(c+dz) N a2 cos (¢ +dz)°® sin (c+ d x)

16 ' 16 24d 6d
b2 cos(c+dz)’ sin(c+dz) b*cos(c+dz)’sin(c+dz) abcos(c+dx)°
" 24d B 6d L
+5a2 cos (c+dx) sin(c+dx)+b2 cos(c+dx) sin (c+ dx)
16d 16d

...

input | int (cos(c + d*x) “4*(a*xcos(c + d*x) + b*sin(c + d*x))~2,x)

N

output | (5*xa~2*x)/16 + (b~2%x)/16 + (5*¥a~2*cos(c + d*x) 3*sin(c + d*x))/(24*d) + (
a~2xcos(c + d#*x) 5*sin(c + d*x))/(6*d) + (b"2*cos(c + d*xx) 3*sin(c + d*x))
/(24%d) - (b~2xcos(c + d*x) 5*sin(c + d*x))/(6xd) - (a*b*cos(c + d*x)76)/(
3*%d) + (5*a~2xcos(c + d*x)*sin(c + d*x))/(16*d) + (b"2*cos(c + d*x)*sin(c
+ d*x))/(16%d)

3.44.  [cos*(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.45 [ cos?(c+dz)(a cos(c+dz)+bsin(c+dz))? dx

3.45.1 Optimal result . . . . . . . . . . ... .. 369]
3.45.2 Mathematica [A] (verified) . . . . . . . ... .. .. L Lo 369
3.45.3 Rubi [A] (verified) . . . . ... .. . ... 3701
3.45.4 Maple [A] (verified) . .. .. .. .. ... BT
3.45.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.45.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ....
3.45.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... ..
3.45.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 373l
3.45.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... ... .. B4

3.45.1 Optimal result

Integrand size = 28, antiderivative size = 103

/ cos®(c + dz)(acos(c + dzx) + bsin(c + dz))* dz
__ 2abcos®(c + dx) N a’sin(c+dz)  2a*sin’(c + dx)

5d d 3d
b%sin3(c + dx) N a*sin®(c+dz)  b°sin’(c+dx)
3d 5d 5d

output ‘ -2/5*%axb*cos (d*x+c) ~5/d+a"2*sin (d*x+c) /d-2/3*a"2*xsin (d*x+c) ~3/d+1/3*b"2*si ‘

input LIntegrate [Cos[c + d*x]~3*(a*Cos[c + d*x] + b*Sin[c + d*x])~2,x]

;
Output\ (-6*a*b*Cos[c + d*x]~5 + 15*xa~2+Sin[c + d*x] + 5%(-2*%a”~2 + b~2)*Sin[c + dx*

Ln(d*x+c) ~3/d+1/5*a"~2*xsin(d*x+c) ~5/d-1/5%b"2*sin(d*x+c) ~5/d J

3.45.2 Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.67

/ cos®(c + dz)(acos(c + dz) + bsin(c + dzx))? dx
_ —6abcos’(c + dx) + 15a% sin(c + dz) + 5(—2a% + b?) sin®(c + dz) + 3(a® — b%) sin®(c + di)

- 15d

~—

—.

\x] ~3 + 3%(a"2 - b~2)*Sin[c + d*x]~5)/(15%d)

3.45.  [cos®(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz



output‘ (-2xaxb*Cos[c + d*x]~5)/(5%d) + (a~2#Sin[c + d*x])/d - (2*a”2*Sin[c + d*x]

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]
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3.45.3 Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 147 Ryles used

integrand size
= {3042, 3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cos3(c + dz)(acos(c + dz) + bsin(c + dz))* dx
| 3042

/cos(c + dz)3(a cos(c + dzx) + bsin(c + dx))%dz
| 3569

/ (a® cos®(c + dz) + 2absin(c + dz) cos*(c + dz) + b*sin(c + dz) cos®(c + dz)) dz

| 2009
a?sin®(c + dz) B 2a?sin3(c +dz)  a?sin(c+ dx) _ 2ab cos®(c + dz) B b%sin®(c + dz)
5d 3d d 5d 5d
b%sin(c + dz)
3d

Int[Cos[c + d*x]~3*(a*Cos[c + d*x] + b*Sin[c + d*x])~2,x]

N J

\“3)/(3*d) + (b~2%Sin[c + d*x]~3)/(3%d) + (a~2*Sin[c + d*x]~5)/(5%d) - (b~2
‘*Sin[c + d*x]~5)/(5%d)

3.45.3.1 Defintions of rubi rules used

~—

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘

Qlu, x]

N\ J

3.45.  [cos®(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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rule 3569‘Int[cos[(c_.) + (d_)*(x )] " (m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si ‘
‘n[(c_.) + (d_)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
‘*cos[c + d*x] + b*sin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
‘gerQ[m] && IGtQ[n, O] |

3.45.4 Maple [A] (verified)

Time = 0.97 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.77

method result

28 4 dcos(date)? ) 2(_sin(eto)® | sin(da+e)®
a (3+cos(dm+c) + 3 )Sln(dﬂﬁ‘c) n b ( 5 + 3 . 2ab cos(dz+c)®
5d d 5d
2
a? <%+cos(dw+c)4+%> sin(dz+c)

5
derivativedivides 3

parts

2 .
2ab cos(dz+c)5 cos(dz+c)4 sin(dz+c) (2 cos(dz+c) ) sin(dz+c)
5 b2 ( 5 15

2
a2 <%+cos(dw+c)4+ﬂéw> sin(dz+c)

5

2ab cos(da:+c)5 b2 cos(da:+c)4 sin(dz+c) (2+cos(dw+c)2) sin(dz+c)
- 5 + - 5 + 15

default 3
s __abcos(dz+c) 5a2 sm(dm+c) b? sin(dz+c) __ abcos(5dz+5¢) s1n(5da:+5c)a _ sin(5dz+5¢)b? __ abc
risch 77— R 40d + 80d
9 8 2462) tan (92 +5)7  4(2902 252 n@£5 b2
. 2tan<d7‘”+%) a —4tan(dw+§> a,b+8(a + )t: (2 +2> + ( ¢ )ta (2+2 —8tan< g) ab+——— ( *
parallelrisch 3
d(l+tan ) )
dab 2a2tan(d71+%) 2a2tan(d7z+%)9 8(a2+b2) tan(djm-ﬁ—%) (a +b2) tan(d2z+%) (29(1 —4b2)tan(d2 +%)5
norman 5t d + d + 3d + 3d 2 < + 15d ‘
(1+tan )
inputkint(cos(d*x+c)“3*(cos(d*x+c)*a+b*sin(d*x+c))‘2,x,method=_RETURNVERBOSE) J

p
output‘1/5*a‘2/d*(8/3+cos(d*x+c)“4+4/3*cos(d*x+c)‘2)*sin(d*x+c)+b‘2/d*(-1/5*sin(d
\*x+c)‘5+1/3*sin(d*x+c)‘3)-2/5*a*b*cos(d*x+c)‘5/d \

3.45.  [cos®(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.45.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.72

/COS3(C + dz)(acos(c + dz) + bsin(c + dz))* dz =

6abcos (dz + ¢)° — (3 (a2 — b%) cos (dz + ¢)* + (4a® + b?) cos (dz + ¢)* + 8 a? + 2b?) sin (dz + c)
B 15d

input  integrate(cos(d*x+c) ~3*(axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="fricas"

)

output | -1/15*(6*a*b*cos(d*x + c)~5 - (3*(a”2 - b™2)*cos(d*x + c)"4 + (4*xa”2 + b2
Y*xcos(d*x + c)”2 + 8%a~2 + 2%b~2)*sin(d*x + c))/d

3.45.6 Sympy [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.34

/ cos®(c + dz)(acos(c + dz) + bsin(c + dz))* dz

8a? sin® (c+dz) + 4a? sin® (c+dzx) cos? (c+dx) + a?sin (c+dz) cos* (c+dx)  2abcos® (c+dx) + 2b2 sin® (c+dz) + b2 sin® (c+dzx) cos
15d 3d d 5d 15d 3d

x(a cos (c) + bsin (c))? cos? (c)

p
input Lintegrate (cos (d*x+c) **3* (a*xcos (d*x+c) +b*xsin (d*x+c) ) **2,x)

-/

Output‘Piecewise((8*a**2*sin(c + d*x)**5/(15%d) + 4*ax*x2*sin(c + d*x)**3*cos(c +
\d*x)**z/(3*d) + a**2xsin(c + d*x)*cos(c + d*x)**4/d - 2%axb*cos(c + d*x)**
\5/(5*d) + 2*b**2*sin(c + d*x)**5/(15*d) + bx*2xsin(c + d*x)**3*cos(c + d*xx
)*%2/(3+d), Ne(d, 0)), (x*(axcos(c) + bxsin(c))**2xcos(c)**3, True))

—

3.45.  [cos®(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.45.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.75

/COS3(C + dz)(acos(c + dz) + bsin(c + dz))* dz =

6.abcos (dz + ¢)° — (3 sin (dz + ¢)° — 10 sin (dz + ¢)° + 15 sin (dz + ¢))a® + (3 sin (dz + ¢)® — 5 sin
B 15d

input  integrate(cos(d*x+c) ~3*(axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="maxima"

)

output | -1/15*(6*a*b*cos(d*x + c)~5 - (3*sin(d*x + c)~5 - 10*sin(d*x + c)~3 + 15%s
in(d*x + c))*a”~2 + (3*sin(d*x + ¢c)~5 - 5xsin(d*x + c)~3)*b~2)/d

3.45.8 Giac [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.11

/ cos®(c + dz)(a cos(c + dx) + bsin(c + dz))* dz
__abcos(5dz+5¢c) abcos(3dz+3c) abcos(dr +c)

40d 8d 4d
N (a®2 — b)) sin (5dx +5¢) N (5a% — b?)sin (3dzx + 3¢) N (5a% + b?) sin (dz + c)
80d 48 d 8d
input Lintegrate (cos(d*x+c) “3*(a*cos (d*x+c)+b*xsin(d*x+c))~2,x, algorithm="giac") J

output‘ -1/40*a*b*cos (5*xd*x + 5*c)/d - 1/8*axbxcos(3*d*x + 3*c)/d - 1/4*axb*cos(d* \
\x + ¢c)/d + 1/80%(a~2 - b 2)*sin(5*d*x + 5%c)/d + 1/48%(5%a~2 - b~2)*sin(3% \
\d*x + 3%c)/d + 1/8%(5%a~2 + b~2)*sin(d*x + c)/d \

3.45.  [cos®(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.45.9 Mupad [B] (verification not implemented)

Time = 21.69 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.12

/ cos®(c + dz)(acos(c + dz) + bsin(c + dz))* dz

2 (3 sin(ctde) ‘;2 cos(ctda)’ | 9 gin (c+dz) a?cos(c+dx)* + 4 sin (c+ dz) a® — 3abcos (¢ + dz)® — 2
B 15d

inputLint(cos(c + d*xx)"3*(a*cos(c + d*x) + b*sin(c + d*x))~2,x)

~—

B
output\(2*(4*a‘2*sin(c + d*x) + b"2*sin(c + d*x) + 2*a”2*cos(c + d*x) " 2*sin(c + d
‘*x) + (3*%a~2*cos(c + d*x) “4*sin(c + d*x))/2 + (b"2*cos(c + d*x) 2*sin(c +
‘d*x))/2 - (3*b~2xcos(c + d*x) 4*sin(c + d*x))/2 - 3*a*bxcos(c + d*x)~5))/(
15%d)

N\ J

/|

3.45.  [cos®(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz



CHAPTER 3. LISTING OF INTEGRALS 375

3.46 [ cos?*(c+dz)(a cos(c+dz)+bsin(c+dz))? dx

3.46.1 Optimalresult . . . . . . .. . ... .. .. 375
3.46.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL
3.46.3 Rubi [A] (verified) . . . . . . ... ..
3.46.4 Maple [A] (verified) . . . . . . . .. ... 377
3.46.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.46.6 Sympy [B] (verification not implemented) . . ... . ... ... ... ... ..
3.46.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 3791
3.46.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 379
3.46.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 380

3.46.1 Optimal result

Integrand size = 28, antiderivative size = 126

/ cos?(c + dz)(acos(c + dz) + bsin(c + dzx))? dx
_ 3ad’z N b’z abcos’(c+ dx) N 3a? cos(c + dx) sin(c + dz)

8 8 2d 8d
b% cos(c + dx)sin(c+dx) = a?cos®*(c+dzx)sin(c+dzx) b*cosd(c+ dz)sin(c + dx)
- 8d " 4d B 4d

output‘3/8*a‘2*x+1/8*b‘2*x—1/2*a*b*cos(d*x+c)‘4/d+3/8*a‘2*cos(d*x+c)*sin(d*x+c)/d
‘+1/8*b‘2*cos(d*x+c)*sin(d*x+c)/d+1/4*a“2*cos(d*x+c)‘3*sin(d*x+c)/d—1/4*b‘2
‘*cos(d*x+c)“3*sin(d*x+c)/d

S—

3.46.2 Mathematica [A] (verified)

Time = 0.96 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.78

/cosQ(c + dz)(acos(c + dz) + bsin(c + dz))* dz
(3a> +0%) (c+dz) abcos(2(c+dzx)) abcos(4(c+ dx))

8d 4d 16d
a’sin(2(c + dz)) N (a? — v?) sin(4(c + dx))
4d 32d

3.46. [ cos*(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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input‘ Integrate[Cos[c + d*x]~2*(a*Cos[c + d*x] + bxSin[c + dx*x])~2,x]

output‘/((B*a"Q + b"2)*(c + d*x))/(8*%d) - (a*b*Cos[2*(c + d*x)])/(4%d) - (a*b*Cos[
‘4*((: + d*x)])/(16%d) + (a~2*Sin[2*(c + d*x)])/(4%d) + ((a"2 - b~2)*Sin[4x*(
‘c + dxx)])/(32%d)

3.46.3 Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 3, Bumber of rules _ 137 Ryles used

integrand size
= {3042, 3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/cos2(c + dz)(acos(c + dz) + bsin(c + dz))* dx
| 3042

/cos(c + dz)?(acos(c + dz) + bsin(c + dx))%dzx
| 3569

/ (a® cos*(c + dz) + 2absin(c + dz) cos®(c + dz) + b?sin’(c + dz) cos®(c + dz)) dz

| 2009
a? sin(c + dz) cos3(c + dz) n 3a? sin(c + dz) cos(c + dx) + 3a’z _ab cos*(c + dz) 3
4d 8d 8 2d
b? sin(c + dz) cos?(c + dx) + b? sin(c + dz) cos(c + dz) 4 bﬁ
4d 8d 8

r

input LInt [Cos[c + dxx] " 2x(a*Cos[c + d*x] + b*Sin[c + d*xx])~2,x]

| —

output‘ (3*%a"2%x)/8 + (b~2*x)/8 - (a*b*Cos[c + d*xx]~4)/(2xd) + (3*a~2*Cos[c + d*x]
‘*Sin[c + d*x])/(8%d) + (b~2%Cos[c + d*x]*Sin[c + d*x])/(8*%d) + (a~2*Cos[c
L+ d*x] ~3*Sin[c + d*x])/(4*xd) - (b"2*Cos[c + d*x]~3*Sin[c + d*xx])/(4*d)

3.46. [ cos*(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz



rule 2009

rule 3042

rule 3569

input

output
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3.46.3.1 Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (A_.)*(x_ )] " (m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si
nf(c_.) + (d_.)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
*cos[c + d*x] + bxsin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.46.4 Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.67

method result
parallelrisch (a?—b2) sin(4dz+4c)+12a%zd+4b%dz+8 sin(2dz+2c)a? —8ab cos(2dz+2c) —2ab cos(4dz+4c)+10ab
32d
3, 3cos(dz+c) \ _.
o2 ( (COS(dﬂH_C) + 42 ) sin(dz+c) +&gm+3§> _ab cos(;im+c)4 +b2 (_ sin(dz+c) Zos(da:+c)3 +sin(da:+c)8<:os(da:+c) +%
derivativedivides
d
3, 3cos(dz+tc) \ _.
o2 ( <cos(dw+c) + 42 ) sin(dz+c) +3gz+38¢> _ab cos(;im+c)4 +b2 (_ sin(dz+c) Zos(dx+c)3 + sin(da:+c)8cos(d:t+c) _’_%
default
d
risch 3a2z + zb?> _ abcos(4dz+4c) + sin(4dr+4c)a®  sin(4dr+4c)b®  abcos(2dz+2c) sin(2dz+2c)a?
8 8 16d 32d 32d 4d
(cos(dz+c)3+%) sin(dz+c)
a? 1 +%+% B2 sin(dz+c) cos(dz+c)3 sin(dz+-c) cos(dz+c) | dz | ¢
" n - 4 + 8 5 ts
parts d d
3a2 | b2 3a2 | b2 dz | c 2 3a2 | b2 de | ¢ 6 342 | b2 de | ¢ 8
norman (T+§)z+(7+7)ztan(7+§> +<T+7>wtan(7+§> +<T+§)wtan<7+§> +(

tint (cos (d*x+c) 2% (cos (d*x+c) *a+b*sin(d*x+c)) ~2,x,method=_RETURNVERBOSE)

p
‘1/32*((a‘2—b“2)*sin(4*d*x+4*c)+12*a‘2*x*d+4*b‘2*d*x+8*sin(2*d*x+2*c)*a“2—8
‘*a*b*cos(2*d*x+2*c)—2*a*b*cos(4*d*x+4*c)+10*a*b)/d

3.46. [ cos*(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.46.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.60

/COSQ(C + dz)(acos(c + dz) + bsin(c + dz))* dz =

4abcos (dz + c)* — (302 + b?)dz — (2 (a® — b?) cos (dz + ¢)* + (3a? + b%) cos (dz + ¢)) sin (dz + c)
- 8d

input  integrate(cos(d*x+c) ~2*(axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="fricas"

)

output | -1/8%(4*axbxcos(d*x + c)~4 - (3*a”2 + b~2)*d*x - (2%(a"2 - b~2)*cos(d*x +
c)"3 + (3*%a"2 + b™2)*cos(d*x + c))*sin(d*x + c))/d

3.46.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 238 vs. 2(116) = 232.

Time = 0.20 (sec) , antiderivative size = 238, normalized size of antiderivative = 1.89

/ cos?(c + dz)(acos(c + dz) + bsin(c + dz))* dzx

3a?z sin? (c+dx) 3a?z sin? (c+dzx) cos? (c+dx) 3a?z cos? (c+dx) 3a? sin® (c+dzx) cos (c+dzx) 5a? sin (c+dzx) cos® (c+dx) a
8 + 4 + 8 + 8d + 8d T

z(a cos (c) + bsin (c))? cos? (c)

input Lintegrate (cos (d*x+c) **2x (a*xcos (d*x+c) +b*sin (d*x+c) ) **2,x)

-/

output | Piecewise ((3*a**2*xx*sin(c + d*x)**4/8 + 3*a*x*2*x*sin(c + d*x)**2*cos(c + d
*x)*%x2/4 + 3kaxx2*kxkcos(c + d*x)**x4/8 + 3*a*xx2*sin(c + dkx)**k3xcos(c + d*x
)/ (8*d) + B¥a*x*2*sin(c + d*x)*cos(c + d*x)**3/(8xd) - ax*bkcos(c + d*x)**4/
(2%d) + b**2xx*sin(c + d*x)**4/8 + b*x2*xx*sin(c + d*x)**x2*kcos(c + d*xx)**2/
4 + bx*k2*x*xcos(c + d*x)**x4/8 + b**2*sin(c + d*x)**3*kcos(c + d*x)/(8+%d) - b
*x2%sin(c + d*x)*cos(c + d*x)**3/(8*d), Ne(d, 0)), (x*x(a*cos(c) + b*sin(c)
)Y**x2xcos(c) **2, True))

3.46. [ cos*(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.46.7 Maxima [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.60

/COSQ(C + dz)(acos(c + dz) + bsin(c + dz))* dz =
_ 16abcos (dz + o) — (12dz + 12c +sin (4dz + 4¢) + 8 sin (2dz + 2¢))a® — (4dx + 4 ¢ — sin (4dz +

32d

input  integrate(cos(d*x+c) ~2*(a*cos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="maxima"

)

output | -1/32% (16*a*b*cos(d*x + c)~4 - (12xd*x + 12%c + sin(4*d*x + 4*c) + 8*sin(2
*dxx + 2%c))*a~2 - (4xd*x + 4%c - sin(4xd*x + 4%c))*b~2)/d

3.46.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.67

/ cos?(c + dz)(acos(c + dz) + bsin(c + dr))? dzx

_abcos(4dz +4c) abcos(2dz +2¢)
16d 4d
a’sin (2dz +2c¢) N (a? — b?)sin (4dz + 4¢)
4d 32d

- L)

input ‘ integrate (cos(d*x+c) ~2* (a*cos (d*x+c) +b*sin(d*x+c))~2,x, algorithm="giac") ‘

output‘ 1/8%(3*a”2 + b~2)*x - 1/16*a*b*cos(4*d*x + 4*xc)/d - 1/4*axbkxcos(2xd*x + 2% \
\c)/d + 1/4*%a~2%sin(2xd*x + 2%c)/d + 1/32%(a”2 - b 2)*sin(4*d*x + 4*c)/d

3.46. [ cos*(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.46.9 Mupad [B] (verification not implemented)

Time = 20.90 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.71

/ cos?(c + dz)(acos(c + dz) + bsin(c + dz))* dzx

_4a’sin(2c+2dz) + o sinfotdda) _ * sin(etdds) 4 9 absin (2¢+2dz)’ +8absin (c+dz)’ +6a>dx
B 16d

/

input‘ int(cos(c + d*x) " 2x(a*cos(c + d*x) + b*sin(c + d*x))~2,x)

—

p

output\(4*a‘2*sin(2*c + 2%d*x) + (a~2*sin(4*c + 4%d*x))/2 - (b~2*sin(4*c + 4%d*x)
\)/2 + 2xaxb*sin(2*c + 2*d*x) "2 + 8*axb*sin(c + d*x) "2 + 6*a”~2xd*x + 2%b~2x%
‘d*x)/(ls*d)

————————

3.46. [ cos*(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.47 [ cos(c+dz)(acos(c+dzx)+bsin(c+dz))? dx

3.47.1 Optimal result . . . . . . . . . .. 38T
3.47.2 Mathematica [A] (verified) . . . . . . . ... ... L oo
3.47.3 Rubi [A] (verified) . . . . . ... .
3.47.4 Maple [A] (verified) . . .. ... . ... ..
3.47.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.47.6 Sympy [A] (verification not implemented) . . . .. ... ... ... .. ... 3841
3.47.7 Maxima [A] (verification not implemented) . . ... .. ... ... ......
3.47.8 Giac [A] (verification not implemented) . . . . ... ... ... ... .....
3.47.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... ..

3.47.1 Optimal result

Integrand size = 26, antiderivative size = 67

/cos(c + dz)(acos(c + dz) + bsin(c + dz))* dz

_ 2abcos®(c + dx) N a*sin(c+dz) a*sin’(c+ dx) N b?sin®(c + dx)
3d d 3d 3d

p
output ‘ -2/3%axb*cos (d*x+c) ~3/d+a"2*sin(d*x+c)/d-1/3*%a~2*sin(d*x+c) ~3/d+1/3%b"2*si
‘ n(d*x+c)~3/d

3.47.2 Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.00

/cos(c + dz)(a cos(c + dz) + bsin(c + dx))? dx

_ 2abcos®(c + dx) N a*sin(c+dr)  a*sin’(c+ dx) N b%sin3(c + dr)
3d d 3d 3d

input‘ Integrate[Cos[c + d*x]*(a*Cos[c + d*x] + b*Sin[c + d*x])"2,x]

output‘ (-2%a*b*Cos[c + d*x]~3)/(3%d) + (a~2*Sin[c + d*x])/d - (a~2*Sin[c + d*x]~3
1)/(3%d) + (b 2#Sin[c + dxx]"3)/(3*d)

347.  [cos(c+ dz)(acos(c+ dz) + bsin(c + dz))? dx
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3.47.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 115 Ryjes used = {3042,
integrand size
3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/cos(c + dz)(acos(c + dz) + bsin(c + dz))? dzx
| 3042
/cos(c + dz)(acos(c + dz) + bsin(c + dz))%dz
| 3369
/ (a® cos®(c + dz) + 2absin(c + dz) cos?(c + dz) + b* sin®(c + dz) cos(c + dz)) dx

l 2009

B a’sin3(c+dz) a®sin(c+ dzx) _ 2ab cos®(c + dx) + b%sin3(c + dz)
3d d 3d 3d

input‘ Int[Cos[c + d*x]*(a*Cos[c + d*x] + b*Sinl[c + d*x])"2,x]

output‘ (-2xa*b*xCos[c + d*x]~3)/(3*%d) + (a~2*Sin[c + d*x])/d - (a~2*Sin[c + d*x]~3
)/(3%d) + (b"2#Sinlc + d¥x]"3)/(3+d)

3.47.3.1 Defintions of rubi rules used

e

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3569 | Int[cos[(c_.) + (d_.)*(x_)]1 " (m_.)*(cos[(c_.) + (d_.)*(x_)]1*(a_.) + (b_.)*si

*cos[c + d*x] + b*sin[c + d*x])"n, x], x] /; FreeQ[{a, b, ¢, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

nl(c_.) + (d_.)*(x_)]1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a

347.  [cos(c+ dz)(acos(c+ dz) + bsin(c + dz))? dx
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3.47.4 Maple [A] (verified)
Time = 0.64 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.78
method result size
a2 (2+cos(dm+c)2) sin(dz+c) _2ab cos(dm+c)3 + b2 sin(da:+c)3
derivativedivides 3 FE— 3 52
a? (2+cos(dz+c)2) sin(dz+c) _ 2ab cos(da:+c)3 n b2 sin(dm+c)3
default 3 — 3 59
a2 (24cos(dz+c)? ) sin(dz+c) 2 o 3 3
parts ( o ) + b sm(stfiac—i-c) __ 2ab cosgf:iiz—i-c) 57
risch _ab cos(da:+c) + 3a? s1n(dx+c) + s1n(d:1:+c) ab cos(g(cilw+3c) + sin(3d1:l:2-|(;3c)a2 _ sin(3dla;-‘li-3c)b2 93
5 4 4(a +2b2)tan(d—m+£)3
. 2tan( 92 42) a2—4tan( 92 4S) abt ( 2 "2/ 49q2tan( 924 <) —4ab
parallelrisch < 2 2) ( 2 2> ?; 3 ( 2 2> & 93
d(l—f-tan(%z-i-%) )
3 4
_M+2a2tan(4}+%)+2a2tan(4§+%) 4(0, +2b2)tan( m+%) _4abtan(d7m+%)
norman 3d 4 3d 4 104

d
N3
(l-l—tan d“‘+;) )

-

inputtint(cos(d*x+c)*(cos(d*x+c)*a+b*sin(d*x+c))‘2,x,method=_RETURNVERBOSE)

e—

p
output \ 1/d*(1/3*%a" 2% (2+cos (d*x+c) "2) *sin (d*x+c) -2/3*a*b*cos (d*x+c) ~3+1/3*b"2*sin(

‘ d*x+c) ~3)

—

3.47.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.79

/ cos(c + dz)(acos(c + dz) + bsin(c + dz))? dz

2abcos (dz + ¢)® — ((a® — b?) cos (dz + ¢)? + 2a? + b?) sin (dz + )

3d

inputtintegrate(cos(d*x+c)*(a*cos(d*x+c)+b*sin(d*x+c))“2,x, algorithm="fricas")

output‘—1/3*(2*a*b*cos(d*x + ¢c)”3 - ((a”2 - b™2)*cos(d*x + c)~2 + 2*a~2 + b~2)*si

\n(d*x +¢))/d

347.  [cos(c+ dz)(acos(c+ dz) + bsin(c + dz))? dx
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3.47.6 Sympy [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.27

/COS(C + dz)(a cos(c + dzx) + bsin(c + dz))* dz

2a? sin® (c+dzx) a? sin (c+dz) cos? (c+dzx) 2ab cos? (c+dzx) b2 sin? (c+dzx)
3d + d - 3d + 3d ford #0

z(a cos (c) 4 bsin (c))* cos (c) otherwise

-

inputLintegrate(cos(d*x+c)*(a*cos(d*x+c)+b*sin(d*x+c))**2,x)

|

p
Output‘Piecewise((2*a**2*sin(c + d*x)**3/(3*%d) + a**2*xsin(c + d*x)*cos(c + d*x)*x*

12/d - 2%axbkcos(c + d¥x)**3/(3xd) + bx*2*sin(c + dxx)**3/(3*d), Ne(d, 0)),
(x*(a*cos(c) + b*sin(c))**2*cos(c), True))

N

— ]

3.47.7 Maxima [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.78

/ cos(c + dz)(acos(c + dzx) + bsin(c + dz))? dz

2 abcos (dz + ¢)* — b*sin (dz + ¢)® + (sin (dz + ¢)® — 3 sin (dz + c))a?
B 3d

-

input Lintegrate (cos(d*x+c) * (a*cos (d*x+c) +bxsin(d*x+c)) ~2,x, algorithm="maxima")

output‘ -1/3%(2*a*xb*cos(d*x + ¢c)~3 - b"2xsin(d*x + ¢c)~3 + (sin(d*x + c)~3 - 3*sin(
‘d*x + c¢))*a~2)/d

3.47.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.09

/cos(c + dz)(acos(c + dz) + bsin(c + dz))* dz

_abcos (3dz +3c) abcos (dz +¢) N (a®> —b*)sin (3dz +3¢)  (3a*+ b?)sin (dz + ¢)

6d 2d 12d 4d

347.  [cos(c+ dz)(acos(c+ dz) + bsin(c + dz))? dx
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input‘integrate(cos(d*x+c)*(a*cos(d*x+c)+b*sin(d*x+c))“2,x, algorithm="giac")

output| -1/6*axbkcos (3kd*x + 3%c)/d - 1/2*axbkcos(d*x + c)/d + 1/12%(a™2 - b 2)*si |
‘n(3*d*x + 3%c)/d + 1/4%(3%a~2 + b~2)*sin(d*x + c)/d \

3.47.9 Mupad [B] (verification not implemented)

Time = 21.75 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.15

/cos(c + dz)(acos(c + dz) + bsin(c + dz))* dzx

2 (Sin(c+dx) @ cos(etda)” 4 gin (c+dz) a® — abcos (c+ dz)® — Snlcrda)t cos(ctda)’ | slnctds) b2>

2 2
3d

p
input Lint(cos(c + d*x)*(a*cos(c + d*x) + b*sin(c + d*x))~2,x)

-/

output‘ (2x(a~2*sin(c + d*x) + (b"2*sin(c + d*x))/2 + (a"2*cos(c + d*x) 2*sin(c + ‘
‘d*x))/2 - (b"2*cos(c + d*x)~2*sin(c + d*x))/2 - a*b*cos(c + d*x)~3))/(3*d) ‘

347.  [cos(c+ dz)(acos(c+ dz) + bsin(c + dz))? dx
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3.48 [(acos(c+ dz) + bsin(c + dz))? dz

3.48.1 Optimalresult . . . . . . .. . ... ... 386
3.48.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL
3.48.3 Rubi [A] (verified) . . . . . ... ..
3.48.4 Maple [A] (verified) . . . . ... . ... ..
3.48.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.48.6 Sympy [B] (verification not implemented) . . .. ... ... ... ...... 3891
3.48.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ...
3.48.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 390
3.48.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 390

3.48.1 Optimal result

Integrand size = 19, antiderivative size = 55

/(a cos(c + dz) + bsin(c + dzx))? dz

(bcos(c + dz) — asin(c + dz))(a cos(c + dz) + bsin(c + dz))
2d

= %(a2+b2)x—

;
output ‘ 1/2%(a~2+b"2) *x-1/2* (b*cos (d*x+c) —a*sin(d*x+c) ) * (a*xcos (d*x+c)+b*sin (d*x+c)

)/d

3.48.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.95

/(a cos(c + dzx) + bsin(c + dz))* dz

_ 2(a? + b%) (c + dz) — 2abcos(2(c + dx)) + (a® — b?) sin(2(c + dz))
4d

input tIntegrate[(a*Cos [c + d*x] + b*Sin[c + d*xx])~2,x] J

e

(2%x(a"2 + b™2)*(c + d*xx) - 2*axb*Cos[2*(c + d*x)] + (a2 - b~2)*Sin[2*(c +
- d*x)1)/(4%d) |

output

3.48.  [(acos(c+ dz)+ bsin(c + dz))? dzx
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3.48.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 158 Ryjeg used = {3042,

integrand size
3552, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a cos(c + dx) + bsin(c + dz))? dz
| 3042
/(a cos(c + dz) + bsin(c + dz))%dx

l 3552

1(0,2 L) / lde — (bcos(c + dz) — asin(c + dzx))(acos(c + dx) + bsin(c + dz))
2 2d

| 24

_ (bcos(c + dz) — asin(c + dz))(acos(c + dz) + bsin(c + dz))
2d

1 2 2
zm(a +b)

input‘ Int[(a*Cos[c + d*x] + b*Sin[c + d*x])~2,x]

output‘ ((a”2 + b™2)*x)/2 - ((b*Cos[c + d*x] - a*Sin[c + d*x])*(a*Cos[c + d*x] + b
‘*Sin[c + d*x]))/(2%d)

3.48.3.1 Defintions of rubi rules used

rule 24‘Int [a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

.
rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.48.  [(acos(c+ dz)+ bsin(c + dz))? dzx



CHAPTER 3. LISTING OF INTEGRALS 388

rule 3552 Int[(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*sin[(c_.) + (d_)*x)D1)"(n ), x
_Symbol] :> Simp[(-(b*Cos[c + d*x] - a*Sin[c + d*x]))*((a*Cos[c + d*x] + bx
Sin[c + d*x])"(n - 1)/(d*n)), x] + Simp[(n - 1)*((a"2 + b~2)/n) Int[(a*Co
s[c + d*x] + b*Sin[c + d*x])"(n - 2), x], x] /; FreeQ[{a, b, c, d}, x] && N
eQ[a”2 + b™2, 0] && !IntegerQ[(n - 1)/2] &% GtQ[n, 1]

3.48.4 Maple [A] (verified)

Time = 0.47 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.04

method result
. sin(2dz+2c¢) (a2 —b2)+2a2xd+2b%dx—2ab cos(2dz+2c)+2ab
parallelrisch in G b 12 ( )
. a’x zb?> _ abcos(2dx+2c) sin(2dz+2c)a®? sin(2dx+2c)b?
risch 2 T2 2d + 4d 4d
a2 (sin(dm+c) cos(dz+c) +di+£) —ab COS(d$+C)2+b2 (_ sin(dz+-c) cos(dz+c) +dl+%>
. . .. 2 2 T2 2 2
derivativedivides !
0,2 sin(dz+c) cos(dz+c)+dl+£ —abCOS(d$+C)2+b2 _sin(dz+c) cos(dz+c)+dl+£
default ( 2 £+5) d ( 2 £+5)
; ag(sin(dz+c)2cos(dz+c)+d7‘7;+%> + b2 (_ sin(d:v+c)2cos(da:+c)+d7;c+%) + absjn(dx+c)2
parts d a d
4 2_p2) ¢ dz+c 2 2_p2) ¢ dz+c 3 dabt
(2+%)z+(5+% )otan(%+5) "+ (2-¢%) ZH(T £) +(a?+0%)ztan (L +5) - (2-2%) a;(T §) davte
norman o
1+¢an(%§+g) )
inputLint((cos(d*x+c)*a+b*sin(d*x+c))“2,x,method=_RETURNVERBOSE) J

output | 1/4+(sin(2*d*x+2%c) *(a~2-b"2) +2ka~2xx*d+2xb"2xd*x-2xakbkcos (2+drx+2%c) +2%a |
‘*b)/d ‘

3.48.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.95

/(a cos(c + dz) + bsin(c + dz))? dz

_ 2abcos (dz + ¢)® — (a2 + b?)dz — (a2 — b2) cos (dz + ¢) sin (dz + ¢)
2d

inputLintegrate((a*cos(d*x+c)+b*sin(d*x+c))“2,x, algorithm="fricas") J

3.48.  [(acos(c+ dz)+ bsin(c + dz))? dzx
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output‘ -1/2*%(2*a*bxcos(d*x + ¢c)”2 - (2”2 + b™2)*d*x - (2”2 - b~2)*cos(d*x + c)*si ‘
Ln(d*x + c))/d J

3.48.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 128 vs. 2(49) = 98.

Time = 0.10 (sec) , antiderivative size = 128, normalized size of antiderivative = 2.33

/(a cos(c + dz) + bsin(c + dz))? dz

a?z sin? (c+dzx) + a?z cos? (c+dx) + a? sin (c+dz) cos (c+dz)  abcos? (c+dz) + b2z sin? (c+dzx) + b2z cos® (c+dzx) b2 sin (c+dq

_ 2 2 2d d 2 2
z(a cos (c) + bsin (c))”
e R
input Lintegrate ((a*xcos(d*x+c)+b*sin(d*x+c) ) **2,x) J

output‘Piecewise((a**2*x*sin(c + d*x)**2/2 + a*x2xx*kcos(c + d*xx)**2/2 + axx2*sin( ‘
‘¢ + d¥x)*cos(c + d¥x)/(2xd) - axbxcos(c + dxx)**2/d + bkx2xx*sin(c + dxx)*
| %2/2 + bx2¥xkcos(c + dxx)**¥2/2 - bxx2*sin(c + d¥x)*cos(c + d¥x)/(2*d), Ne
(d, 0)), (x*(akcos(c) + bxsin(c))**2, True)) |

3.48.7 Maxima [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.24

__abcos (dz + ¢)? N (2dz +2c+sin (2dz + 2¢))a?

/(a cos(c + dx) + bsin(c + dx))? dx =

d 4d
(2dz +2c —sin (2dz + 2¢))b?
_l.
4d
input Lintegrate ((axcos(d*x+c)+bxsin(d*x+c)) ~2,x, algorithm="maxima") J

output‘-a*b*cos(d*x + ¢c)"2/d + 1/4x(2*d*x + 2%c + sin(2xd*x + 2%c))*a~2/d + 1/4x(
‘2*d*x + 2%c - sin(2%d*x + 2%c))*b~2/d ‘

3.48.  [(acos(c+ dz)+ bsin(c + dz))? dzx
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3.48.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.91

acos(c+ dz) + bsin(c + dz 2dm=1 a4 b2 x_abCOS(2dx+2c)
2 2d
N (a® — b*)sin (2dz + 2¢)
4d

inputLintegrate((a*cos(d*x+c)+b*sin(d*x+c))‘2,x, algorithm="giac")

output‘ 1/2%(a”2 + b™2)*x - 1/2%axb*cos(2xd*x + 2%c)/d + 1/4*x(a"2 - b~2)*sin(2*d*x
|+ 2xc)/d

3.48.9 Mupad [B] (verification not implemented)

Time = 21.16 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.15

2z bVr a’sin(2c+2dx)

. 2, @
/(acos(c+dx)+bs1n(c+dx)) dx = 5 + 5 + 14
_ b?sin(2c+2dz) abcos(2c+2dw)
4d 2d

input Lint((a*cos(c + d*x) + bxsin(c + d*x))~2,x)

output‘ (a™2%x) /2 + (b~™2xx)/2 + (a~2*sin(2*c + 2*d*x))/(4*%d) - (b~2*sin(2xc + 2*dx*
'X))/(4%d) - (axbxcos(2xc + 2%d*x))/(2*d)

3.48.  [(acos(c+ dz)+ bsin(c + dz))? dzx
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3.49 [ sec(c+dz)(a cos(c+dz)+bsin(c+dzx))? dx

3.49.1 Optimal result . . . . . . .. . .. . . 3911
3.49.2 Mathematica [A] (verified) . . . . . . . .. ... .. L oo
3.49.3 Rubi [A] (verified) . . . . . ... ..
3.49.4 Maple [A] (verified) . . . ... . ... ...
3.49.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.49.6 Sympy [F] . . . . . . 394
3.49.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... ...
3.49.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 394
3.49.9 Mupad [B] (verification not implemented) . . . .. ... ... ... .....

3.49.1 Optimal result

Integrand size = 26, antiderivative size = 55

/sec(c + dz)(acos(c + dz) + bsin(c + dz))* dz

b’arctanh(sin(c + dz))  2abcos(c+dz) a’sin(c+dz) b%sin(c+ dz)
= d B d T T 4

output‘b“2*arctanh(sin(d*x+c))/d—2*a*b*cos(d*x+c)/d+a“2*sin(d*x+c)/d—b‘2*sin(d*x+
‘c)/d ‘

3.49.2 Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.53

/sec(c + dz)(acos(c + dz) + bsin(c + dz))* dz

_ —2abcos(c + dz) + b?(—log (cos (3(c+ dz)) —sin (1(c+ dz))) + log (cos (3(c + dz)) + sin (3 (c + dz)
d

-

inputLIntegrate[Sec[c + d*x]*(a*Cos[c + d*x] + b*Sin[c + d*x])~2,x] J

output‘ (-2*a*b*Cos[c + d*x] + b~2x(-Log[Cos[(c + d*x)/2] - Sin[(c + d*x)/2]] + Lo
Lg[COS[(c + dxx)/2] + Sin[(c + d*x)/2]]1) + (a~2 - b~2)*Sin[c + d*x])/d J

3.49.  [sec(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.49.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 115 Ryjes used = {3042,

integrand size
3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec(c + dz)(acos(c + dz) + bsin(c + dz))* dx
| 3042

dz

/ (acos(c+ dz) + bsin(c + dz))?
cos(c + dz)

l 3569

/ (a? cos(c + dz) + 2absin(c + dz) + b? sin(c + dz) tan(c + dz)) dz

l'2009

a’sin(c+dz) 2abcos(c+dz) b?arctanh(sin(c+dz)) b%sin(c + dx)
i d * d T d

input‘ Int[Sec[c + d*x]*(a*Cos[c + d*x] + b*Sinl[c + d*x])"2,x]

output‘ (b~2*ArcTanh[Sin[c + d*x]])/d - (2xa*b*xCos[c + d*x])/d + (a~2*Sin[c + d*x]

\)/d - (b~2xSin[c + d*x])/d

3.49.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 3569

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (@_.)*(x_)]1 " (m_.)*(cos[(c_.) + (d_.)*(x_)]1*(a_.) + (b_.)*si
nl(c_.) + (d_.)*(x_)]1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
xcos[c + d*x] + b*sin[c + d*x])~"n, x], x] /; FreeQ[{a, b, c, 4}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.49.  [sec(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.49.4 Maple [A] (verified)

Time = 0.72 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.96

method result
. . P sin(dz+c)a?—2ab cos(dz+c)+b% (— sin(dx+c)+In(sec(dz+c)+tan(dz+c)))
derivativedivides 7
sin(dz+c)a®—2ab cos(dz+c)+b%(— sin(dz+c)+In(sec(dz+c)+tan(dz+c)))
default 7
a? sin(dz+c) b2 (— sin(dz+c)+In(sec(dz+c)+tan(dz+-c))) 2ab cos(dz+c)
parts d + 4 — d
. —b21n (tan(%‘+%) —1) +b%1n (tan (%’H—%) -|—1> +sin(dz+c) (a?—b?) —2ab(cos(dz+c)+1)
parallelrisch i
tvan(5)* 262 (B 15) (o) om0 5)" savn(B5)' o (ran()at) o
norman d d 2 d d + d2 2 _ 0
(1+tan(%m+§) )
. h _ eil(dz+ec)pq _ jet(dz+c) o2 jet(dz+c)p2 o e—i(dzte)pq + je—i(dz+c) 42 . je—i(dz+c)p2 b21n (i+e":(dw+c)}
IS¢ d 2d 2d d 2d 2d d
inputLint(sec(d*x+c)*(cos(d*x+c)*a+b*sin(d*x+c))“2,x,method=_RETURNVERBOSE) J

output‘1/d*(sin(d*x+c)*a‘2-2*a*b*cos(d*x+c)+b‘2*(—sin(d*x+c)+ln(sec(d*x+c)+tan(d*

\x+c>)>> \

3.49.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.13

/sec(c + dz)(acos(c + dx) + bsin(c + dz))* dz =

_4abcos (dz + ¢) — b’ log (sin (dz + ¢) + 1) + b log (—sin (dz +¢) +1) — 2 (a® — b?) sin (dz + ¢)
2d

inputLintegrate(sec(d*x+c)*(a*cos(d*x+c)+b*sin(d*x+c))‘2,x, algorithm="fricas") J

output‘ -1/2*(4xaxb*cos(d*x + c) - b"2xlog(sin(d*x + c) + 1) + b"2*log(-sin(d*x + ‘
©) + 1) - 2x(a"2 - b xsin(dxx + c))/d |

3.49.  [sec(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.49.6 Sympy [F]

/ sec(c + dz)(a cos(c + dx) + bsin(c + dz))? dz

=/(acos (¢ + dz) + bsin (¢ + dz))* sec (¢ + dz) dz

input

integrate (sec(d*x+c) * (a*cos (d*x+c) +bxsin (d*x+c)) **2,x)

N\ J

output LIntegral((a*cos(c + d#x) + bxsin(c + d*x))**2xsec(c + d*x), x) J

3.49.7 Maxima [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.09

sec(c + dz)(acos(c + dz) + bsin(c + dr))* dzx
_ b*(log (sin (dz 4 ¢) 4+ 1) — log (sin (dz + ¢) — 1) — 2 sin (dz + ¢)) — 4abcos (dz + ¢) + 2a®sin (dz + ¢)

2d

inputtintegrate(sec(d*x+c)*(a*cos(d*x+c)+b*sin(d*x+c))‘2,x, algorithm="maxima") J

p
output‘ 1/2%(b"2*(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1) - 2*sin(d*x + c)) ‘
|- 4kaxbrcos(d*x + c) + 2*a"2*sin(d*x + c))/d J

3.49.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.62

/sec(c + dz)(acos(c + dz) + bsin(c + dz))* dz

2 (a2 tan(% da:+% c) —b? tan(% da:+% c) -2 ab)
tan(% dm+%c)2+1

b*log (|tan (3 dz + 1 c) +1|) —b?log ([tan (3dz + 5¢) — 1|) +
B d

inputLintegrate(sec(d*x+c)*(a*cos(d*x+c)+b*sin(d*x+c))“2,x, algorithm="giac") J

3.49.  [sec(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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output‘ (b~2*log(abs(tan(1/2*d*x + 1/2%c) + 1)) - b~2xlog(abs(tan(1/2*d*x + 1/2%c)
\ - 1)) + 2x(a”2*tan(1/2*d*x + 1/2%c) - b 2*tan(1/2*d*x + 1/2%c) - 2%a*b)/(
‘tan(1/2%d*x + 1/2%¢)"2 + 1))/d

3.49.9 Mupad [B] (verification not implemented)

Time = 21.41 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.20

/sec(c + dz)(a cos(c + dz) + bsin(c + dx))? dx
2b2atanh(tan( + 4z)) B 4ab—tan($+ 42)

b (24
5%))

d d (tan (

—28?)

input‘ int ((a*cos(c + d*x) + b*sin(c + d*x))~2/cos(c + d*x),x)

output‘ (2«b~2*xatanh(tan(c/2 + (d*x)/2)))/d - (4xaxb - tan(c/2 + (d*x)/2)*(2*%a"2 -
‘ 2xb~2))/(d*(tan(c/2 + (d*x)/2)"2 + 1))

3.49.  [sec(c+ dz)(acos(c+ dz) + bsin(c + dz))* dz
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3.50 [ sec*(c+dz)(a cos(c+dx)+bsin(c+dzx))? dx

3.50.1 Optimalresult . . . ... .. ... . .. .. 396
3.50.2 Mathematica [C] (verified) . . . . . . . . ... L oo 396
3.50.3 Rubi [A] (verified) . . . . . . ... ...
3.50.4 Maple [A] (verified) . .. . ... ... ...
3.50.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ..... 399
3.50.6 Sympy [F] . . . . . . 399
3.50.7 Maxima [A] (verification not implemented) . ... .. ... ... .. ... .. 400
3.50.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 400
3.50.9 Mupad [B] (verification not implemented) . . ... ... ... ........ 400

3.50.1 Optimal result

Integrand size = 28, antiderivative size = 39

/secQ(c + dz)(acos(c + dz) + bsin(c + dz))* dz

2
(a2 ¥z 2ab log(co;(c + dx)) N b tan(; + dz)

output ‘ (a~2-b~2) *x-2*a*b*1n(cos (d*x+c))/d+b~2*tan (d*x+c)/d

3.50.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.12 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.77

/sec2(c + dz)(acos(c + dz) + bsin(c + dz))* dz

—i((a + 1b)?log(: — tan(c + dzx)) — (a — ib)? log(i + tan(c + dx))) + 2b? tan(c + dz)
2d

-

input LIntegrate [Sec[c + d*x]~2x(a*Cos[c + d*x] + b*Sin[c + d*x])~2,x] J

output‘(((—I)*((a + Ixb)~2*Log[I - Tan[c + d*x]] - (a - Ixb)"2*Logl[I + Tan[c + d*x
10D + 2#b"2sTanlc + dwx))/ (24) )

3.50.  [sec*(c+ dz)(acos(c+ dx) + bsin(c + dz))?* dx
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3.50.3 Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 914 Ryjes used = {3042,

integrand size
3565, 3042, 3958, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/sec2(c + dz)(acos(c + dz) + bsin(c + dz))* dx

J,3042

(acos(c + dz) + bsin(c + dz))?
cos(c + dzx)?

l 3565

dz

/(a + btan(c + dz))%dz
| 3042
/ (a+ btan(c+ do))2dz

l 3958

b% tan(c + dzx)

2ab / tan(c + dz)dz + z(a® — b%) + F|
| 3042

b2t d
4 an(c+ dzx)

2ab / tan(c + dz)dz + z(a® — b?) Fi

J,3956

2(a? = 8?) 2ab log(co;(c + dz)) 4 b? tan(; + dz)

-

input LInt [Seclc + d*x]~2*(a*Cos[c + d*x] + b*Sin[c + d*x])~2,x]

outputt(a‘2 - b™2)*x - (2xa*b*Log[Cos[c + d*x]])/d + (b~2*Tan[c + d*x])/d

3.50.  [sec*(c+ dz)(acos(c+ dx) + bsin(c + dz))?* dx

~— ~—/



rule 3042

rule 3565

rule 3956

rule 3958

CHAPTER 3. LISTING OF INTEGRALS

398

3.50.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (A_.)*(x_ )] " (m_)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*sin
[(c_.) + (@_.)*(x_)]1)"(n_.), x_Symbol] :> Int[(a + b*Tan[c + d*x])"n, x] /;
FreeQ[{a, b, c, d}, x] && EqQ[m + n, 0] && IntegerQ[n] && NeQ[a"2 + b~2, O
]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]1/d, x] /; FreeQl{c, d}, x]

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"2, x_Symbol] :> Simp[(a~2 - b~2)
*x, x] + (Simp[b~2*(Tan[c + d*x]/d), x] + Simp[2*a*b Int[Tan[c + d*x], x]
» x1) /; FreeQ[{a, b, c, d}, x]

3.50.4 Maple [A] (verified)

Time = 0.78 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.13

method result
. . i a?(dz+c)—2abIn(cos(dz+c))+b?(tan(dz+c)—dz—c)
derivativedivides v
a?(dz+c)—2abIn(cos(dz+c))+b? (tan(dz+c)—dz—c)
default v
a?(dz+c) b2 (tan(dz+c)—dz—c) 2ab In(sec(dz+-c))
parts . T 7 + 7
. - 2 2 | diabe 22 2abln(e* (%) 41)
risch 2iabr + a*T — T b° + T3 + A= TaTT) 3
2
) 2abln (sec (‘%w + %) ) cos(dz+c)—2abln (tan ( %‘ + %) — 1) cos(dz+c)—2abln (tan ( %” —+ %) +1> cos(dz+c)+dz(a—b)(c
parallelrisch d cos(da+c)
2 4 6 2b2
(—a2+b?)z+(—a?+b?)z tan(%—i—%) +(a2-b?)x tan(§+§> +(a2-b?)x tan(df—i—%) - tan(
norman P 2 . 2
(tan<7ﬁ+%> —1) (1+tan<72+%> )

input Lint (sec(d*x+c) "2*(cos (d*x+c) *a+b*sin(d*x+c)) ~2,x,method=_RETURNVERBOSE)

3.50.  [sec*(c+ dz)(acos(c+ dx) + bsin(c + dz))?* dx
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output ‘ 1/d* (a~2* (d*x+c)-2*a*b*1ln(cos (d*x+c) ) +b 2% (tan (d*x+c)-d*x-c))

3.50.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.54

/ sec?(c + dz)(acos(c + dr) + bsin(c + dz))? dz

_ (a® — b*)dz cos (dz + ¢) — 2abcos (dx + ¢) log (— cos (dz + ¢)) + b?sin (dz + ¢)
B dcos (dz + ¢)

input  integrate(sec(d*x+c) ~2*(axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="fricas"

)

output | ((a”2 - b~2)*d*x*cos(d*x + c) - 2*xaxb*cos(d*x + c)*log(-cos(d*x + c)) + b~
2xsin(d*x + c))/(d*cos(d*x + c))

3.50.6 Sympy [F]

/ sec?(c + dx)(a cos(c + dz) + bsin(c + dz))? dzx

= / (acos (¢ + dz) + bsin (¢ + dz))? sec? (c + dz) dz

input Lintegrate (sec(dxx+c) **2* (a*xcos (d*x+c) +b*sin(d*x+c)) **2,x)

output‘ Integral((a*cos(c + d*x) + b*sin(c + d*x))**2*sec(c + d*x)**2, x)

3.50.  [sec*(c+ dz)(acos(c+ dx) + bsin(c + dz))?* dx
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3.50.7 Maxima [A] (verification not implemented)

Time = 0.48 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.26

/ sec?(c + dx)(acos(c + dz) + bsin(c + dz))? dx

(dz + ¢)a? — (dz + ¢ — tan (dz + ¢))b? — ablog (—sin (dz + ¢)* + 1)
d

input  integrate(sec(d*x+c) ~2*(axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="maxima"

)

output | ((d*x + c)*a”2 - (d*x + c - tan(d*x + c))*b~2 - a*bxlog(-sin(d*x + c)~2 +

1))/4

3.50.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.13

/sec2(c + dz)(a cos(c + dz) + bsin(c + dz))* dz

_ ablog (tan (dz + ¢)? +1) + b*tan (dz + c) + (a® — b%)(dz + c)
N d

input‘integrate(sec(d*x+c)”2*(a*cos(d*x+c)+b*sin(d*x+c))”2,x, algorithm="giac")

-

outputt(a*b*log(tan(d*x +¢c)”2 + 1) + b™2xtan(d*x + c) + (a”2 - b™2)*(d*x + c))/d

~—

3.50.9 Mupad [B] (verification not implemented)

Time = 23.22 (sec) , antiderivative size = 118, normalized size of antiderivative = 3.03

/ sec?(c + dz)(acos(c + dz) + bsin(c + dz))? dx

2a? atan(M) 2b? atan(L
2

_ btan(c+dx) cos(§+42) B cos(
B d d d
cos(ctdx 2abln %
B 2abln (ﬁ) N <cos<g+d;> )
d d

3.50.  [sec*(c+ dz)(acos(c+ dx) + bsin(c + dz))?* dx
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input‘int((a*cos(c + dxx) + b*sin(c + d*x))~2/cos(c + d*x)~2,x)

output((b“2*tan(c + d*x))/d + (2*xa~2*atan(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))
‘/d - (2xb"2*xatan(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d - (2*xa*bxlog(co
‘s(c + d*x)/(cos(c + d*x) + 1)))/d + (2%a*b*log(1l/cos(c/2 + (d*x)/2)"2))/d

>

3.50.  [sec*(c+ dz)(acos(c+ dx) + bsin(c + dz))?* dx
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3.51 [ sec®(c+dz)(a cos(c+dx)+bsin(c+dzx))? dx

3.51.1 Optimalresult . . . . .. ... ... .. . 402
3.51.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 02
3.51.3 Rubi [A] (verified) . . . . . .. .. ... 403
3.51.4 Maple [A] (verified) . . . . .. . . . . ... 404
3.51.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 405
3.51.6 Sympy [F] . . . . . . 405
3.51.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 4051
3.51.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 406
3.51.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 400

3.51.1 Optimal result

Integrand size = 28, antiderivative size = 67

/ sec’(c + dz)(acos(c + dz) + bsin(c + dz))? dz

_ d’arctanh(sin(c +dz))  b*arctanh(sin(c + dz))
B d 2d
2absec(c+dz) = b?sec(c+ dx)tan(c + dx)
A 2d

output‘a‘2*arctanh(sin(d*x+c))/d—1/2*b‘2*arctanh(sin(d*x+c))/d+2*a*b*sec(d*x+c)/d
+1/2xb~2*sec (d*x+c) *tan (d*x+c) /d

N

3.51.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.00

/ sec’(c + dz)(a cos(c + dx) + bsin(c + dz))? dz
_a’arctanh(sin(c + dz))  b’arctanh(sin(c + dx))

d 2d
2absec(c + dzx) N b% sec(c + dz) tan(c + dz)

d 2d

input‘Integrate[Sec[c + d*x] ~3*%(a*Cos[c + d*x] + b*Sin[c + d*x])~2,x]

3.51.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))?* dx
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output ‘ (a~2*%ArcTanh[Sin[c + d*x]])/d - (b~2%ArcTanh[Sin[c + d*x]])/(2%d) + (2*a*b
L*Sec[c + d*x])/d + (b 2%Sec[c + d*x]*Tanl[c + d*x])/(2*d) J

3.51.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 157 Ryjles used = {3042,
integrand size

3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec3(c + dz)(acos(c + dz) + bsin(c + dz))* dx

J,3042

(acos(c + dz) + bsin(c + dz))?
cos(c + dz)3

l 3569

dz

/ (a?sec(c + dz) + 2abtan(c + dz) sec(c + dz) + b tan?(c + dz) sec(c + dz)) dz

l'2009

a’arctanh(sin(c + dz)) 2absec(c+dzx) b2arctanh(sin(c+dz)) = b?tan(c+ dz)sec(c + dx)
d * d - % * 2d

input LInt [Sec[c + d*x]~3*(a*Cos[c + d*x] + bxSin[c + d*xx])~2,x] J

output| (a~2*ArcTanh[Sin[c + d*x]]1)/d - (b~2*ArcTanh[Sin[c + d*x]1)/(2%d) + (2*axb |
\*Sec[c + d*x])/d + (b~2%Secl[c + d*x]*Tan[c + d*x])/(2%d) \

3.51.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))?* dx
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3.51.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3569 | Int[cos[(c_.) + (d_.)*(x_)]1 " (m_.)*(cos[(c_.) + (d_.)*(x_)]1*(a_.) + (b_.)*si
nf(c_.) + (d_.)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
*cos[c + d*x] + bxsin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.51.4 Maple [A] (verified)

Time = 0.77 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.24

method result
2ab in(dz+c)3 in(dz+c) In(sec(dz+c)+tan(dz+c))
derivativedivides @" In(sec(da-te) Han(da+o))+ e(der T4 (25605(dz+c>2 L B )
vatlv V a
24b in(dz+c)3 | sin(dz+c) _ In(sec(dz+c)+tan(dz+c))
default a? ln(sec(dz+c)+tan(dm+c))+cos(;ﬂ'c) +b2 <25COS(;+C>2 sindote)  In(sec(dato)+tan(date )
c€rau d
) 2 ( sin(d:z+c)32 +sin(d;+c) _ ln(sec(dz+c)2+tan(dz+c)))
a® In(sec(dz+c)+tan(dz+c 2 cos(dz+c) 2absec(dz+c
parts (ec(doo)tan(doro) : | Zabseclde+
lelrisch —(14-cos(2dz+2c)) (a2—§> In (tan(%—i—%) —1)+(1+cos(2dx-|—20)) (aQ—%> In (tan(‘%’”-{-%)+1) +4 (cos(dx-{-c)a—g
parallelrisc d(1+cos(2dz+2¢))
isch beildete) (—ib e2i(dz+e) 4 g e2i(dz+°)a+ib+4a) ln(ei<dz+°)—i)a2 + b2 ln(ei<dz+°)—i) + ln(i-l—e“"“”“'C))a2 b
T1sC d(eQi(dz+c)+1)2 d 2d d
tap | b2 tan(%+%) b2 tan(%+%)7 3b2 tan(%w+g)3 3b2 tan(d—2w+%)5 4abtan(%’”+%)4 4abtan(d7z+%)2 4abta:
norman 4t d + d + d + d — d + d —
2 2 2\ 2
(tan(‘%’:-{-g) —1) (1+tan<d§+§> )
input Lint (sec(d*x+c) “3*(cos (d*x+c) *a+b*sin (d*x+c)) ~2,x,method=_RETURNVERBOSE) J

output‘1/d*(a‘2*1n(sec(d*x+c)+tan(d*x+c))+2*a*b/cos(d*x+c)+b“2*(1/2*sin(d*x+c)“3/
‘cos(d*x+c)“2+1/2*sin(d*x+c)-1/2*1n(sec(d*x+c)+tan(d*x+c)))) ‘

3.51.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))?* dx
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3.51.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.43

/sec3(c + dz)(a cos(c + dzx) + bsin(c + dz))* dz

(2a® — b®) cos (dz + ¢)* log (sin (dz + ¢) + 1) — (202 — b?) cos (dz + ¢)* log (— sin (dz 4 ¢) + 1) + 8abco
4dcos (dz + c)®

input  integrate(sec(d*x+c) ~3*(axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="fricas"

)

output | 1/4*((2*a~2 - b~"2)*cos(d*x + c)"2*log(sin(d*x + c) + 1) - (2*¥a”2 - b~2)*co
s(d*x + c)"2xlog(-sin(d*x + c) + 1) + 8*axb*cos(d*x + c) + 2*b~2*sin(d*x +
c))/(d*cos(d*x + c)~2)

3.51.6 Sympy [F]

/ sec’(c + dz)(acos(c + dz) + bsin(c + dz))* dz

= / (acos (¢ + dz) + bsin (c + dz))* sec® (c + dz) dzx

inputLintegrate(sec(d*x+c)**3*(a*cos(d*x+c)+b*sin(d*x+c))**2,x) J

outputtlntegral((a*cos(c + d*x) + b*sin(c + d*x))**2*sec(c + d*xx)**3, x) J

3.51.7 Maxima [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.33

/sec3(c + dz)(acos(c + dz) + bsin(c + dz))* dz =

b (% + log (sin (dz + ¢) + 1) — log (sin (dz + ¢) — 1)) — 2d?(log (sin (dz + ¢) + 1) — log (sin
- 4d

3.51.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))?* dx
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input  integrate(sec(d*x+c) ~3*(axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="maxima"

)

output | -1/4*(b"2*(2*sin(d*x + c)/(sin(d*x + c)”2 - 1) + log(sin(d*x + c) + 1) - 1
og(sin(d*x + c) - 1)) - 2*a"2*(log(sin(d*x + c) + 1) - log(sin(d*x + c) -
1)) - 8*xa*b/cos(d*x + c))/d

3.51.8 Giac [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.82

/sec3(c + dz)(acos(c + dx) + bsin(c + dz))* dz
b? tan(% dac—i—% 0)3—4abtar

(2% — 17)1og (Jtan (Lo + 3¢) +1]) — (20° — 1) log (ftan (3a + ) 1]} + ! (ot

2d

-

input‘integrate(sec(d*x+c)‘3*(a*cos(d*x+c)+b*sin(d*x+c))‘2,x, algorithm="giac")

~—

output ‘(1/2*((2*a"2 - b"2)*log(abs(tan(1/2*d*x + 1/2xc) + 1)) - (2¥a”2 - b~2)*log(
‘abs(tan(1/2%d*x + 1/2%c) - 1)) + 2%(b™2*tan(1/2*d*x + 1/2%c)"3 - 4*axbxtan
\(1/2*d*x + 1/2%c)"2 + b"2+tan(1/2*d*x + 1/2%c) + 4xaxb)/(tan(1/2xd*x + 1/2
*c)"2 - 1)72)/d

N\ J

4

3.51.9 Mupad [B] (verification not implemented)

Time = 22.22 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.58

/sec3(c + dz)(acos(c + dz) + bsin(c + dz))* dz
 Ptan(S+%)" + b2 tan(S + %) — dabtan($ + 22)° + dab
d <tan (¢ +492)* — 2tan (£ + 92)° + 1)
atanh(tan (£ + 4%)) (2a% — b?)
* d

input‘int((a*cos(c + dxx) + b*sin(c + d*x))~2/cos(c + d*xx)~3,x)

3.51.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))?* dx
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output‘ (4xaxb + b~2xtan(c/2 + (d*x)/2)"3 + b~2*tan(c/2 + (d*x)/2) - 4*a*b*tan(c/2
‘ + (d*x)/2)72)/(d*(tan(c/2 + (d*x)/2)74 - 2*tan(c/2 + (d*x)/2)72 + 1)) + (
‘atanh(tan(c/2 + (d*x)/2))*(2*a™2 - b72))/d

3.51.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))?* dx
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3.52 [ sec*(c+dzx)(a cos(c+dz)+bsin(c+dz))* dx

3.52.1 Optimal result . . . . . . .. ... .. 408]
3.52.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 408
3.52.3 Rubi [A] (verified) . . . . . ... .. 409
3.52.4 Maple [A] (verified) . ... ... . ... .. 410
3.52.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ..... 410
3.52.6 Sympy [F] . . . . . 41T
3.52.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 417l
3.52.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... AT2
3.52.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 412

3.52.1 Optimal result

Integrand size = 28, antiderivative size = 30

(b + acot(c+ dx))3 tan®(c + dx)
3bd

/ sec’(c + dz)(acos(c + dr) + bsin(c + dz))* dz =

output L1/3* (b+a*cot (d*x+c)) ~3xtan(d*x+c) ~3/b/d

~—

3.52.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.53

/ sec’(c + dz)(acos(c + dr) + bsin(c + dz))? dz

a’tan(c+dz) abtan®(c+dz) b?tan3(c+ dx)
- d - d - 3d

input LIntegrate [Sec[c + d*xx] “4*(a*xCos[c + d*x] + b*Sin[c + d*x])~2,x] J

outputL(a‘z*Tan[c + d*x])/d + (a*b*Tan[c + d*x]~2)/d + (b~2*Tan[c + d*x]~3)/(3%*d) J

3.52.  [sect(c+ dz)(acos(c+ dx) + bsin(c + dz))? dx



input

output

rule 48

rule 3042
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3.52.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 157 Ryjles used = {3042,
integrand size
3567, 48)

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec4(c + dz)(acos(c + dz) + bsin(c + dz))* dx

l 3042

(acos(c + dz) + bsin(c + dz))?
cos(c + dx)*

l 3567

dz

[(b+ acot(c+ dz))? tan(c + dz)d cot(c + dz)
d

148

tan3(c + dz)(a cot(c + dx) + b)3
3bd

‘Int [Sec[c + d*x]~4*(a*Cos[c + d*x] + bxSinl[c + d*x])~2,x]

((b + a*Cot[c + d*x])~3%Tan[c + d*x]~3)/(3%bx*d)

N J

3.52.3.1 Defintions of rubi rules used

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp
[(a + bxx)"(m + 1)*((c + d*x)"(n + 1)/((bxc - axd)*(m + 1))), x] /; FreeQ[{
a, b, c, d, m, n}, x] & EqQ[m + n + 2, 0] && NeQ[m, -1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.52.  [sect(c+ dz)(acos(c+ dx) + bsin(c + dz))? dx
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rule 3567 Int[cos[(c_.) + (d_.)*(x_)]1 " (m_.)*(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*si
nl(c_.) + (A_)*(x_)1)"(n_), x_Symbol] :> Simp[-d~(-1) Subst [Int [x"m* ((b
+ axx)"n/(1 + x72)"((m + n + 2)/2)), x], x, Cotlc + d*x]], x] /; FreeQ[{a,
b, c, d}, x] && IntegerQ[n] && IntegerQ[(m + n)/2] && NeQ[n, -1] && !'(GtQL
n, 0] && GtQ[m, 1])

3.52.4 Maple [A] (verified)

Time = 0.99 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.60

method result
2 3
a? tan(dz+c)+ ab 5+ b Sm(derc)g
derivativedivides cosldete)  Scosldete)
2 . 3
a? tan(dz+c)+ ab b sin(dz+c)
cos(dm+c)2 3 cos(dm+c)3
default i
a? tan(dz+-c) b2 sin(dz+c)® absec(dz+c)?
parts d + 3d cos(dz+c)® + d
riSCh _ 2 (Giab edi(dz+c) _3,2e4i(dztc) +3b2e4i(dac+c) +6iab e2i(dz+c) _gg2g2i(dz+c) _3a2+b2)
3d (e2i(da:+c) +1) 3
4 3 2
2 (tan(‘%’”-l—%) a2—2tan<%‘+%> ab+ <—2a2+4g ) tan(d; +§) +2 tan(‘%m-l—%) ab+a ) tan(d; +%>
parallelrisch — -
d(tan(d; +§)—1) (tan(d—z+g)+1>
4abtan(d7’:+%>8 2a tan(%@-ﬁ-%) 2a tan(de-Q—%)g 8b2tan(7}+ )3 8b2tan(d7m+%)7 4(3a2—4b2) tan(%-ﬁ-%)s_’
norman 4 d d 3d 3
(tan ; ) 1+tan )

p
input Lint (sec(d*x+c) "4*(cos (d*x+c) *a+b*sin(d*x+c)) ~2,x,method=_RETURNVERBOSE)

-/

output Ll/d* (a~2*tan(d*x+c)+a*b/cos (d*x+c) ~2+1/3*%b~2*sin (d*x+c) ~3/cos (d*x+c) ~3)

-/

3.52.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.83

/ sec'(c + dz)(acos(c + dr) + bsin(c + dz))* dz

_ 3abcos (dz + ¢) + ((3a2 — b?) cos (dz + ¢)” + b?) sin (dz + ¢)
B 3dcos (dz + ¢)°

3.52.  [sect(c+ dz)(acos(c+ dx) + bsin(c + dz))? dx
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input  integrate(sec(d*x+c) “4*(axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="fricas"

)

output | 1/3*(3*axb*cos(d*x + c) + ((3*a”2 - b"2)*cos(d*x + c)~2 + b"2)*sin(d*x + c
))/(d*cos(d*x + c)~3)

3.52.6 Sympy [F]

/ sec*(c + dx)(acos(c + dz) + bsin(c + dz))? dzx

= / (acos (¢ + dz) + bsin (c + dz))* sec* (c + dz) dzx

inputLintegrate(sec(d*x+c)**4*(a*cos(d*x+c)+b*sin(d*x+c))**2,x)

outputtlntegral((a*cos(c + d*x) + b*sin(c + d*x))**2xsec(c + d*x)**x4, x)

3.52.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.50

/ sec*(c + dr)(acos(c + dz) + bsin(c + dx))? dzx

B b’ tan (dr + ¢)” + 3a’tan (dz 4 c) — sin(dz+c)’—1
3d

input  integrate(sec(d*x+c) “4*(axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="maxima"

)

output | 1/3*(b"2*xtan(d*x + c)~3 + 3*a"2xtan(d*x + c) - 3*a*b/(sin(d*x + ¢c)~2 - 1))
/d

3.52.  [sect(c+ dz)(acos(c+ dx) + bsin(c + dz))? dx
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3.52.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.37

/ sec*(c + dx)(acos(c + dz) + bsin(c + dz))? dz

_ btan(dz +c)’ + 3abtan (dz + ¢)” + 3a’ tan (dz + ¢)
N 3d

input Lintegrate (sec(d*x+c) ~4*(axcos(d*x+c)+bxsin(d*x+c)) "2,x, algorithm="giac")

-/

output L1/3*(b‘2*tan(d*x + ¢)~3 + 3*ax*bxtan(d*x + c)~2 + 3*a~2xtan(d*x + c))/d

3.52.9 Mupad [B] (verification not implemented)

Time = 21.59 (sec) , antiderivative size = 68, normalized size of antiderivative = 2.27

/ sec’(c + dz)(acos(c + dr) + bsin(c + dz))? dz

. 2 o
& Sm(frdx) 4 osletda) Sm(;erx) Ba=t) 1 4 cos (c+dz) sin(c+dz)?

dcos (c+ dz)®

input Lint((a*cos(c + d*x) + b*sin(c + d*x))~2/cos(c + d*x)~4,x)

output‘((b‘Z*sin(c + d*x))/3 + (cos(c + d*x) 2xsin(c + d*x)*(3*a”2 - b~2))/3 + ax
‘b*cos(c + d*x)*sin(c + d*x)~2)/(d*cos(c + d*x)~3)

3.52.  [sect(c+ dz)(acos(c+ dx) + bsin(c + dz))? dx
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3.53 [ sec®(c+dz)(a cos(c+dx)+bsin(c+dzx))? dzx

3.53.1 Optimalresult . . . . .. ... ... ... 413l
3.53.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 413
3.53.3 Rubi [A] (verified) . . . . . . . . . .. 414
3.53.4 Maple [A] (verified) . . . .. .. ... ... 415
3.53.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 416
3.53.6 Sympy [F(-1)] . . . . AT6l
3.53.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 416
3.53.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 417
3.53.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 418

3.53.1 Optimal result

Integrand size = 28, antiderivative size = 120

/ sec’(c + dz)(acos(c + dz) + bsin(c + dz))* dz

_ d’arctanh(sin(c +dz))  b*arctanh(sin(c +dz)) = 2absec’(c + dz)
B 2d 8d 3d
a’sec(c +dz)tan(c +dx) b*sec(c+ dzr)tan(c+dzx) b*sec?(c+ dz)tan(c + dx)
" 2d B 8d " 4d

output‘1/2*a‘2*arctanh(sin(d*x+c))/d—1/8*b‘2*arctanh(sin(d*x+c))/d+2/3*a*b*sec(d*
‘x+c)‘3/d+1/2*a‘2*sec(d*x+c)*tan(d*x+c)/d—1/8*b“2*sec(d*x+c)*tan(d*x+c)/d+1
‘/4*b‘2*sec(d*x+c)“3*tan(d*x+c)/d

3.53.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.00

/ sec’(c + dz)(acos(c + dr) + bsin(c + dz))? dz
_a’arctanh(sin(c + dz))  b*arctanh(sin(c + dz)) N 2absec3(c + dzx)

2d 8d 3d
a’sec(c+ dr)tan(c+dz) b*sec(c+ dr)tan(c+dz) = b*sec®(c+ dr)tan(c + dz)
* 2d - 8d * 4d

3.53.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))* dzx
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input‘ Integrate[Sec[c + d*x] “5*(a*Cos[c + d*x] + bxSin[c + dx*x])~2,x]

output‘/(a“2*ArcTanh[Sin[c + d*x]])/(2%d) - (b~2*%ArcTanh[Sin[c + d*x]])/(8%d) + (2

\*a*b*Sec[c + d*x]~3)/(3*%d) + (a~2*Sec[c + d*x]*Tan[c + d*x])/(2*d) - (b~2%
‘Sec [c + d*x]*Tan[c + d*x])/(8%d) + (b~2*Sec[c + d*x] ~3*Tan[c + d*x])/(4*d)

-

3.53.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Bumber of rules _ 137 Ryles used

integrand size
= {3042, 3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec5(c + dz)(acos(c + dz) + bsin(c + dz))* dx

l 3042

(acos(c + dz) + bsin(c + dz))?
cos(c + dz)?

l 3569

dzr

/ (a®sec®(c + dz) + 2abtan(c + dz) sec®(c + dz) + b* tan®(c + dz) sec®(c + dz)) dz

l 2009

a’arctanh(sin(c + dz)) + a’tan(c+ dz)sec(c +dz)  2absec(c + dx)

2d 2d 3d
b2arctanh(sin(c + dz)) + b? tan(c + dz) sec®(c + d) B b% tan(c + dz) sec(c + dx)

8d 4d 8d

inputtInt[Sec[c + d*x]~5x(a*Cos[c + d*x] + b*Sin[c + d*x])"2,x] J

e B

(a~2*%ArcTanh[Sin[c + d*x]])/(2*d) - (b~2*xArcTanh[Sin[c + d*x]1])/(8%d) + (2
\*a*b*Sec[c + d*x]~3)/(3*d) + (a~2#Sec[c + d*x]*Tan[c + d*x])/(2+*d) - (b~2% \
‘Sec [c + d*x]*Tan[c + d*x])/(8%d) + (b~2xSec[c + d*x] 3*Tan[c + d*x])/(4*d) J

3.53.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))* dzx
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3.53.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3569 | Int[cos[(c_.) + (d_.)*(x_)]1 " (m_.)*(cos[(c_.) + (d_.)*(x_)]1*(a_.) + (b_.)*si
nf(c_.) + (d_.)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
*cos[c + d*x] + bxsin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.53.4 Maple [A] (verified)

Time = 1.15 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.98

method result
2 [ sec(dz+c) tan(dz+c) | In(sec(dz+c)+tan(dz+-c)) 2ab 2 sin(dz+c)3 sin(dz+c)3 sin(dz+c) _ In(sec(dz+
d . t. d. .d @ ( 2 + 2 ) 3 cos(dz+c)3 + <4cos(dz+c)4 8 cos(dz+c)2 + 8
erivativedividaes d
2 ( sec(dz+c) tan(dz+c) | In(sec(dz+c)+tan(dz+c)) 2ab 2 sin(dw+c)3 sin(dw+c)3 sin(dz+c) _ In(sec(dz+
d f ]_t e ( 2 + 2 >+3cos(dz+c)3 +b (4cos(dw+c)4 8 cos(dz+c)2 + 8
elau a
n n n 2 ( sin(dzte)d | sin(do+c)® | sin(dotc)  In(sec(dztc)ttan(det
parts a2 (sec(d:c-}—c);a (dz+c) +1 (sec(d:c+c)2+ta (d1:+c))) + b (4Sézs(jz:c)4 SS;ES(;Z:C)Q 45 8av c) _ In(sec(dz c8 an(dz
d d
_ 3 | cos(4dx+4c) _b b dx , c)\_ 3 | cos(4dz+4c) _b
parallelrisch 48(44—74 +cos(2dx+2c)> (a 2) (a+2) In (tan( 5+ 2) 1) +48(4+74 +cos(2dx+20)) (a 2() <(
24d(3+
. h jet(dz+c) (12a2e6i(dz+c)_3b2e6i(dz+c)+12a2e4i(da:+c) +21b2e4i(da:+c) +64iab edi(dztc) _194262i(dztc) _91p2e2i(drt
T1SC. - 12d(e2z‘(dz+c)+1)4
dab (4(12—11172) tan(%‘v+%)s_ (4a2—11b2> tan(d2—z+%)7 (4a2+b2) tan(%{—%) (4u2+b2) tan(%-ﬁ-%)ll (4a2+9b2)
norman 3d 2d 2d + 4d + 4d +
d c :
tan(7+§>
input Lint (sec(d*x+c) “5* (cos (d*x+c) *a+bxsin (d*x+c)) ~2,x,method=_RETURNVERBOSE) J

output‘1/d*(a“2*(1/2*sec(d*x+c)*tan(d*x+c)+1/2*ln(sec(d*x+c)+tan(d*x+c)))+2/3*a*b
‘/cos(d*x+c)“3+b‘2*(1/4*sin(d*x+c)“3/cos(d*x+c)‘4+1/8*sin(d*x+c)“3/cos(d*x+
‘c)‘2+1/8*sin(d*x+c)-1/8*1n(sec(d*x+c)+tan(d*x+c)))) \

3.53.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))* dzx
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3.53.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.00

/secS(c + dz)(a cos(c + dz) + bsin(c + dz))* dzx

3(4a® — b?) cos (dz + ¢)* log (sin (dz + ¢) + 1) — 3 (4a2 — b?) cos (dz + ¢)* log (—sin (dz + ¢) + 1) + 32
48 d cos (dz + ¢)*

input  integrate(sec(d*x+c) 5% (axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="fricas"

)

output | 1/48%(3*(4*a”2 - b~2)*cos(d*x + c) 4*log(sin(d*x + c) + 1) - 3*(4*a”2 - b~
2)xcos(d*x + c) 4xlog(-sin(d*x + c) + 1) + 32xaxb*cos(d*x + c) + 6%((4xa”2
- b™2)*cos(d*x + ¢)~2 + 2*%b~2)*sin(d*x + c))/(d*cos(d*x + c)~4)

3.53.6 Sympy [F(-1)]

Timed out.

/sec5 (c + dz)(acos(c + dz) + bsin(c + dx))? dz = Timed out

input ‘ integrate(sec(d*x+c)**5* (a*cos (d*x+c) +b*sin(d*x+c) ) ¥*2,x) ‘

output LTimed out J

3.53.7 Maxima [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.08

/sec5(c + dz)(acos(c + dz) + bsin(c + dx))* dz
32 ( 2 (sin(dw-+c)>+sin(de-+c) )

sin(dm+c)4—2 sin(d:1:+c)2+1 - log (SiIl (d.’L’ + C) + 1) + log (Sin (d.’E + C) - 1)) —-12 (,1,2 <M - 10g (S

sin(dz+c)“—1
48d

3.53.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))* dzx
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integrate(sec(d*x+c) “b* (a*cos(d*x+c) +b*sin(d*x+c))~2,x, algorithm="maxima"

)

1/48%(3*¥b~2% (2% (sin(d*x + c)~3 + sin(d*x + c))/(sin(d*x + c)~4 - 2*sin(d*x

+ ¢c)”2 + 1) - log(sin(d*x + c) + 1) + log(sin(d*x + c) - 1)) - 12%a”2%(2x
sin(d*x + c)/(sin(d*x + c)"2 - 1) - log(sin(d*x + c) + 1) + log(sin(d*x +
c) - 1)) + 32+a*b/cos(d*x + c)~3)/d

3.53.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 249 vs. 2(108) = 216.

Time = 0.33 (sec) , antiderivative size = 249, normalized size of antiderivative = 2.08

/secE‘(c + dz)(acos(c + dz) + bsin(c + dz))* dz

3(4a® —b%)log (|tan (3 dz + 3 ¢) +1|) — 3 (4a® — b?)log (|tan (3dz + 5 c) — 1|) +

2 (12(12 tan(% dx—i—% c)7+

input Lintegrate (sec(d*x+c) “5*(a*xcos (d*x+c)+b*sin(d*x+c))~2,x, algorithm="giac")

output

-/

1/24%(3x(4*xa~2 - b~2)*log(abs(tan(1/2*d*x + 1/2%c) + 1)) - 3*(4*a"2 - b~2)
*log(abs(tan(1/2*d*x + 1/2%c) - 1)) + 2*x(12%a"2xtan(1/2*d*x + 1/2%c)~7 + 3
*b~2xtan(1/2*d*x + 1/2%c)”"7 - 48*axbxtan(1/2*d*x + 1/2%c)”6 - 12*a~2*tan(1
/2xd*x + 1/2%c)”5 + 21%b~2xtan(1/2*d*x + 1/2%c)”5 + 48*axbxtan(1/2*d*x + 1
/2xc)"4 - 12*%a~2xtan(1/2*d*x + 1/2%c)”3 + 21*%b"2*xtan(1/2*d*x + 1/2%c)”3 -
16*axbxtan(1/2*%d*x + 1/2%c)”"2 + 12*a”~2*tan(1/2*d*x + 1/2*c) + 3*b~2*tan(1/
2%d*x + 1/2%c) + 16*axb)/(tan(1/2*d*x + 1/2*c)"2 - 1)74)/d

3.53.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))* dzx



input

output

CHAPTER 3. LISTING OF INTEGRALS

418

3.53.9 Mupad [B] (verification not implemented)

Time = 24.79 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.80

/secS(c + dz)(a cos(c + dzx) + bsin(c + dz))* dz

<a2 + E) tan (£ + %’”)7 —4abtan(§ + ‘%’”)6 + <74i2 — a2> tan (£ + %“’)5 +4abtan(§ + %’”)4

4

d (tan (S +42)° — 4tan (g + 42)°

atanh(tan(g + %””)) (a2 — %)

+

int ((a*cos(c + d*x) + b*sin(c + d*x))~2/cos(c + d*x)~5,x)

N

((4*xaxb)/3 + tan(c/2 + (d*x)/2)*(a"2 + b~2/4) + tan(c/2 + (d*x)/2)"7*x(a~2
+ b~2/4) - tan(c/2 + (d*x)/2)"3*(a"2 - (7%b~2)/4) - tan(c/2 + (d*x)/2)75%(
a~2 - (7%b~2)/4) - (4*xaxb*tan(c/2 + (d*x)/2)72)/3 + 4*a*b*tan(c/2 + (d*x)/
2)"4 - 4xaxbxtan(c/2 + (d*x)/2)°6)/(d*(6%tan(c/2 + (d*x)/2)"4 - 4xtan(c/2
+ (d*x)/2)"2 - 4xtan(c/2 + (d*x)/2)"6 + tan(c/2 + (d*x)/2)°8 + 1)) + (atan
h(tan(c/2 + (d*x)/2))*(a"2 - b~2/4))/4d

3.53.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))* dzx
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3.54 [ sec®(c+dz)(a cos(c+dx)+bsin(c+dzx))? dzx

3.54.1 Optimal result . . . . . . . . . .. . . .. 4T9]
3.54.2 Mathematica [A] (verified) . . . . . .. ... .. .. L Lo 419
3.54.3 Rubi [A] (verified) . . . . ... .. . ... 4201
3.54.4 Maple [A] (verified) . .. .. ... ... ... 421
3.54.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 422
3.54.6 Sympy [F(-1)] . . . .« o 422
3.54.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... .. 123
3.54.8 Giac [A] (verification not implemented) . . . ... .. ... ... ...... 423]
3.54.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 423

3.54.1 Optimal result

Integrand size = 28, antiderivative size = 85

/secG(c + dz)(acos(c + dz) + bsin(c + dz))* dz

a’tan(c+dzx) abtan®(c+dz) = (a® + b?)tan3(c + dx)
= + +
d d 3d
abtan®(c + dx) N b% tan®(c + dx)
2d 5d

output \ a~2*tan(d*x+c) /d+axbxtan(d*x+c) ~2/d+1/3* (a~2+b"~2) *tan (d*x+c) ~3/d+1/2*a*b*t \
Lan(d*x+c)‘4/d+1/5*b‘2*tan(d*x+c)‘5/d J

3.54.2 Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.64

/secG(c + dz)(acos(c + dz) + bsin(c + dz))* dz

(a + btan(c + dzx))3 (a® + 10b* — 3abtan(c + dz) + 6b% tan?(c + dx))
B 30b%d

input LIntegrate [Sec[c + d*x]~6%(a*Cos[c + d*x] + b*Sin[c + d*x])~2,x]

~—

;
output‘ ((a + bxTan[c + d*x])~3*(a~2 + 10%b~2 - 3*a*bxTan[c + d*x] + 6%b~2*Tan[c +
\ d*x]72)) / (30%b"3%d)

—.

3.54.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))* dx
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3.54.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.91, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , 143 Ryjeg ysed = {3042,

integrand size
3567, 522, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec6(c + dz)(acos(c + dz) + bsin(c + dz))* dx

l 3042

(acos(c + dz) + bsin(c + dz))?
cos(c + dx)®

l 3567

dz

[(b+ acot(c+ dx))? (cot?(c + dz) + 1) tan’(c + dz)d cot(c + dz)
d

l 522

[ (b? tan®(c + dz) + 2abtan®(c + dz) + (a® + b?) tan*(c + dz) + 2abtan®(c + dz) + a? tan?(c + dz)) d cot(c +
d

l 2009

—1(a? 4 b%) tan®(c + dz) — a® tan(c + dz) — Labtan(c + dz) — abtan®(c + dz) — b tan®(c + dz)
d

-

input LInt [Sec[c + d*x] 6x(a*Cos[c + d*x] + bxSin[c + d*xx])~2,x]

| —

output‘ -((-(a"2*Tan[c + d*x]) - axb*Tan[c + d*x]"2 - ((a”2 + b~2)*Tan[c + d*x]~3)
/3 - (a¥bxTan[c + d*x]74)/2 - (b™2#Tan[c + d*x]"5)/5)/d) |

3.54.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))* dx
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3.54.3.1 Defintions of rubi rules used

rule 522‘Int[((e_.)*(x_))“(m_.)*((C_) + (@_)*x))"(@_Dd*((a)) + (b_)*(x_)"2)"(p_. ‘
‘), x_Symbol] :> Int[ExpandIntegrand[(e*x) “m*(c + d*x) n*(a + b*xx~2)"p, x],
'x] /; FreeQl{a, b, c, d, e, m, n}, x] & IGtQ[p, O] |

rule 2009L1nt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 3567 | Int[cos[(c_.) + (d_.)*(x_ )] " (m_.)*(cos[(c_.) + (d_.)*(x_)1*(a_.) + (b_.)*si
nl(c_.) + (A_)*(x_)1)"(n_), x_Symbol] :> Simp[-d~(-1) Subst [Int [x"m* ((b
+ axx)"n/(1 + x”2)"((m + n + 2)/2)), x], x, Cotlc + d*x]], x] /; FreeQ[{a,
b, c, d}, x] && IntegerQ[n] && IntegerQ[(m + n)/2] &% NeQ[n, -1] && !(GtQ[
n, 0] && GtQ[m, 1])

3.54.4 Maple [A] (verified)

Time = 1.14 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.96

method result
_ .2 _g_sec(dw+c)2 ab 2 sin(d:c+c)3 2sin(d:v+c)3
derivativedivides a ( 3 3 )tan(dz+c)+2cos(dw+c)4 +o (5cos(dz+c)5+15 cos(dz+c)3
_ o _2_ sec(de+c)? ab o sin(dz+c)® | 2sin(dztc)3
default a ( 3 3 )tan(dw+c)+2cos(dz+c)4 +b (5cos(d.7;+c)5+15cos(dz+c)3
2 _2_sec(da:+c)2 2 sin(d:lc-H:)3 Zsin(dm+c)3
arts ’ ( 8 3 )tan(dm+0) + b (5°°S(dz+c)5+15C°S(dz+c)3 + absec(dz+c)*
p d d 2d
. h 4i(_30iabeﬁi(dw+c)+15a286i(dw+c)_15b266i(d$+c)_30iabe4i(d:v+c)+35a2€4i(dw+c)+5b2e4i(dw+c)+25a2e2i(dz+c)_5bi
T1SC -
15d(e2i(de+e) 41)°
2 4
8 7 4(—2a2+52) tan( 9z +<)° 5 2(50%+42E- ) tan(9g+g
2<tan<d2w+§> a2—2tan<d7z+%> ab+ ( )3 (2 2) +2tan<d7‘”+%> abt ( T)3 (T j) 5
parallelrisch - .
d(tan(d2""'+§>—1) (tan(%z—i-g)-{—l
4abtan(d7w+%> 4abtan(d7z+%)10 2a2tan(d7z+%) 2a2tan(d7w+%)l3 4(a2—2b2)tan(d7z+%) 4(a2—2b2) tan(da
norman d d — d — d 3d 3
(tan(%”-i—%) -
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input | int (sec(d*x+c) 6% (cos (d*x+c)*a+bksin(d*x+c))"2,x,method=_RETURNVERBOSE) |

output | 1/d#(-a~2%(-2/3-1/3*sec (d*x+c) “2) ¥tan(d*x+c)+1/2*axb/cos (dxx+c) “4+b™2+(1/5 |
‘*sin(d*x+c)“3/cos(d*x+c)‘5+2/15*sin(d*x+c)“3/cos(d*x+c)“3)) ‘

3.54.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.93

/secﬁ(c + dz)(acos(c + dz) + bsin(c + dz))* dx

_ 15abcos (dz 4 ¢) +2 (2 (5% — b?) cos (dz + ¢)* + (5a? — b?) cos (dz + ¢)* + 3b?) sin (dz + c)
B 30dcos (dz + ¢)°

input | integrate (sec(d*x+c) 6% (a*cos (d*x+c)+bxsin(d*x+c))~2,x, algorithm="fricas"

)

output | 1/30* (15*a*xb*xcos(d*x + c) + 2% (2x(5*%a”~2 - b~2)*cos(d*x + ¢c)"4 + (5*%a”™2 - b
~2)*cos(d*x + c)~2 + 3*%b~2)*sin(d*x + c))/(d*cos(d*x + c)~5)

3.54.6 Sympy [F(-1)]

Timed out.

/se06 (c + dz)(acos(c + dz) + bsin(c + dx))? dz = Timed out

input | integrate (sec(d*x+c)**6* (a*xcos (d*x+c)+b*sin(d*x+c) ) **2,x)

N\ J

output LTimed out J

3.54.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))* dx
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3.54.7 Maxima [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.82

/secﬁ(c + dz)(a cos(c + dzx) + bsin(c + dz))* dz

10 (tan (dz + ¢)* + 3 tan (dz + ¢))a® + 2 (3 tan (dz + ¢)° + 5 tan (dz + ¢)°)b? + (antazs 1)’ (dlsa;’z N
sin(dxz+c)“—

30d

input | integrate (sec(d*x+c) 6% (a*cos (d*x+c)+bxsin(d*x+c))~2,x, algorithm="maxima"

)

output | 1/30*%(10*(tan(d*x + c)~3 + 3*tan(d*x + c))*a"2 + 2*(3*xtan(d*x + c)~5 + 5xt
an(d*x + ¢c)~3)*b~2 + 15%a*b/(sin(d*x + ¢c)~2 - 1)72)/d

N\ J

3.54.8 Giac [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.94

/secﬁ(c + dz)(acos(c + dz) + bsin(c + dx))* dz

_ 6b%tan (dz + ¢)° + 15abtan (dz + ¢)* + 10 a® tan (dz + ¢)® + 106 tan (dz + ¢)® + 30 abtan (dz + c)* +
B 30d

inputtintegrate(sec(d*x+c)‘6*(a*cos(d*x+c)+b*sin(d*x+c))‘2,x, algorithm="giac") J

output‘ 1/30*%(6*b~2xtan(d*x + c)~5 + 15*xaxbxtan(d*x + c)~4 + 10*a~2*tan(d*x + c)~3 \
‘ + 10*b~2*tan(d*x + c)~3 + 30%axbxtan(d*x + c)"2 + 30*a~2*tan(d*x + c))/d J

3.54.9 Mupad [B] (verification not implemented)

Time = 22.48 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.15

/secﬁ(c + dz)(acos(c + dz) + bsin(c + dz))* dz

b2 sin(sc—i-dz) + cos (C + d:v)2 (a2 singc—i-dz) b2 sinl(g—f-dm)) + cos (C + dx)4 (20,2 SiI;(C-Fd(E) 2 siri(sc—l—d:c)) + abc

dcos (c+dx)°

3.54.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))* dx
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input‘int((a*cos(c + dxx) + b*sin(c + d*x))~2/cos(c + d*x)~6,x)

output‘((b“2*sin(c + d*x))/5 + cos(c + d*x)~2*x((a"2*sin(c + d*x))/3 - (b~2*sin(c
‘+ d*x))/15) + cos(c + d*x)~4*((2*a~2*sin(c + d*x))/3 - (2*%b"2*sin(c + d*x)
‘)/15) + (axb*cos(c + d*x))/2)/(d*cos(c + d*xx)~5)

3.54.  [sec’(c+ dz)(acos(c+ dx) + bsin(c + dz))* dx



p
output ‘ 3/8*a"2*arctanh(sin(d*x+c))/d-1/16*b~2*arctanh(sin(d*x+c))/d+2/5*a*xb*sec(d
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3.55.1 Optimal result

Integrand size = 28, antiderivative size = 168

/sec7(c + dz)(acos(c + dz) + bsin(c + dz))* dz
_ 3d’arctanh(sin(c +dz))  b*arctanh(sin(c + dz)) N 2absec®(c + dz)

8d 16d 5d
N 3a®sec(c + dz) tan(c + dz)  b”sec(c + dz) tan(c + dx) N a?sec®(c + dz) tan(c + dr)
8d 16d 4d
_ b?sec’(c + dz) tan(c + dz) N b? sec®(c + dz) tan(c + dz)
24d 6d

\*x+c)“5/d+3/8*a‘2*sec(d*x+c)*tan(d*x+c)/d—1/16*b‘2*sec(d*x+c)*tan(d*x+c)/d
+1/4%a~2%sec (d*x+c) “3¥tan (dkx+c) /d-1/24%b"2+sec (d¥x+c) “Bxtan (drx+c) /d+1/6*
b~ 2*sec (d*x+c) “5*tan(d*x+c)/d

N J

E——

3.55.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.00

/sec7(c + dz)(acos(c + dz) + bsin(c + dz))* dz
_ 3d’arctanh(sin(c +dz))  b*arctanh(sin(c + dz)) N 2absec®(c + dz)

8d 16d 5d
3a?sec(c + dx)tan(c + dz) b*sec(c+ dz)tan(c+dzx) a’sec®(c+ dz)tan(c+ dr)
+ - +
8d 16d 4d
_ b?sec’(c + dz) tan(c + dz) N b% sec®(c + dz) tan(c + dz)
24d 6d

3.55.  [sec’(c+ dz)(acos(c+ dzx) + bsin(c+ dz))? dz



input ‘

output

input
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Integrate[Sec[c + d*x] 7*(a*Cos[c + d*x] + bxSin[c + dx*x])~2,x]

(3*a”2*ArcTanh[Sin[c + d*x]])/(8*d) - (b~2*ArcTanh[Sin[c + d*x]])/(16*d) +
(2xa*bxSec[c + d*x]~5)/(5xd) + (3*a"2+Sec[c + d*x]*Tan[c + d*x])/(8*d) -
(b~2xSec[c + d*x]*Tan[c + d*x])/(16*d) + (a"2*Sec[c + d*x]"3*Tan[c + d*x])
/(4%d) - (b~2*Sec[c + d*x] 3*Tan[c + d*x])/(24*d) + (b~2*Sec[c + d*x] ~5*Ta

nlc + dx*x])/(6*d)

3.55.3 Rubi [A] (verified)
Time = 0.38 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.107, Rules used

integrand size
= {3042, 3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec7(c + dz)(acos(c + dz) + bsin(c + dz))? dzx

l’3042

(acos(c+ dz) + bsin(c + dz))?
cos(c + dz)”

l 3569

dx

/ (a®sec®(c + dz) + 2abtan(c + dz) sec®(c + dz) + b* tan®(c + dz) sec’(c + dz)) dz

l 2009

3a?arctanh(sin(c + dz)) + a®tan(c + dz) sec3(c + dz) + 3a? tan(c + dzx) sec(c + dx) +

8d 4d 8d
2absecd(c + dzx) B b2arctanh(sin(c + dz)) n b% tan(c + dz) sec®(c + dx) B

5d 16d 6d
b% tan(c + dzx) sec3(c + dx) B b% tan(c + dz) sec(c + dzx)

24d 16d

-

LInt [Sec[c + d*x]~7*(a*Cos[c + d*x] + b*Sin[c + d*x])~2,x]

3.55.  [sec’(c+ dz)(acos(c+ dzx) + bsin(c+ dz))? dz




output
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(3*a~2*ArcTanh[Sin[c + d*x]])/(8*%d) - (b~2*ArcTanh[Sin[c + d*x]])/(16%d) +
(2xa*b*Sec[c + d*x]~5)/(5%d) + (3*a~2+Sec[c + d*x]*Tan[c + d*x])/(8*d) -
(b~2xSec[c + d*x]*Tan[c + d*x])/(16*d) + (a~2*Sec[c + d*x] ~3*Tan[c + d*x])
/(4%d) - (b~2xSec[c + d*x] 3*Tan[c + d*x])/(24*d) + (b~2*Sec[c + d*x] 5*Ta

nlc + d*x])/(6%d)

3.55.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 3569

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (d_)*(x )1 (m_.)*(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*si
nl(c_.) + (A_)*(x_)1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
*cos[c + d*x] + b*xsin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d}, x] && Inte
gerQ[m] && IGtQ[n, O]

3.55.4 Maple [A] (verified)

Time = 1.34 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.89

method result
2 _(_ sec(da:+c)3 __ 3sec(dz+c) 3 ln(sec(dm+c)+tan(dm+c)) 2ab sin(dm+c)3
derivativedivides : ( ( ! : ) tenldz ot )+ 5 cos(dz+c)5 + (6 cos(da-+c)
_ sec(dz+c)3 __3sec(dz+c) 3In(sec(dz+c)+tan(dz+c)) 2ab sin(dz+c)3
defau]t ( ( 4 8 ) tan(dz+c)+ 8 ) 5 cos(dw+c)5 +b (6 cos(dz+c)®
2( _( _ sec(dw+c)3 _ 3sec(dz+c) 31n(sec(dz+c)+tan(dz+c)) b) sin(d:c+c)3
parts a ( ( 4 8 ) tan(da)+c)+ 8 ) + b (6 cos(da+c)8 ' 8cos(dw+c)d
_ cos(6dz+6¢c) | 2cos(4dz+4c) 2 2_ dz | c cos(6dz+6¢c) | 2cos(4dz+4c)
parallelrisch 1350 ( ©08(0dzt00) | 2con(idetde) | oo5(2p420)+2 ) (a2~ 22 ) In(tan (42 +5) —1) 1350 <o0rt6e)  2conlis
risch jeilde+e) (90q2el0i(dete) _15h2e10i(de+e) | 510q2e8i(do+e) _ghh2eBi(dete) £ 420a2e8i(da+e) 4 570b2e8i(d7+C) 11536ic
dab_ (6a%—2815%) tan(i}-k%)’? B (6a2—2816%) tan (92 +§ ) 9 B 7(6a2—256% ) tan(%-rg)s B 7(6a2—256) tan
norman 5d_ 24d 24d 24d

3.55.  [sec’(c+ dz)(acos(c+ dzx) + bsin(c+ dz))? dz
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input | int (sec(d*x+c) ~7*(cos (d*x+c) *a+bksin(d*x+c))"2,x,method=_RETURNVERBOSE) |

output(1/d*(a“2*(-(-1/4*sec(d*x+c)“3-3/8*sec(d*x+c))*tan(d*x+c)+3/8*1n(sec(d*x+c)
‘+tan(d*x+c)))+2/5*a*b/cos(d*x+c)“5+b“2*(1/6*sin(d*x+c)“3/cos(d*x+c)‘6+1/8*
‘sin(d*x+c)“3/cos(d*x+c)‘4+1/16*sin(d*x+c)“3/cos(d*x+c)“2+1/16*sin(d*x+c)—1
‘/16*ln(sec(d*x+c)+tan(d*X+C))))

|

3.55.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.85

/sec7(c + dz)(acos(c + dx) + bsin(c + dz))* dz

_ 15(6a® — b) cos (dz + ¢)®log (sin (dz + ¢) + 1) — 15 (6 a® — b?) cos (dz + ¢)° log (—sin (dz + ¢) + 1) + 1
a 480 d cos (dx

input  integrate(sec(d*x+c) ~7*(a*cos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="fricas"

)

output | 1/480*(15*(6*a~2 - b~2)*cos(d*x + c) 6xlog(sin(d*x + c) + 1) - 15%(6%xa~2 -

b~2)*cos(d*x + c) 6xlog(-sin(d*x + c) + 1) + 192*a*b*cos(d*x + c) + 10%(3
*(6*%a”~2 - b"2)*cos(d*x + c)”4 + 2*(6%a”2 - b~2)*cos(d*x + c)~2 + 8*b~2)*si
n(d*x + c))/(d*xcos(d*x + c)"6)

3.55.6 Sympy [F(-1)]

Timed out.
/sec7(c + dz)(acos(c + dx) + bsin(c + dz))? dz = Timed out
inputLintegrate(sec(d*x+c)**7*(a*cos(d*x+c)+b*sin(d*x+c))**2,x) J
outputtTimed out J

3.55.  [sec’(c+ dz)(acos(c+ dzx) + bsin(c+ dz))? dz
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3.55.7 Maxima [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.07

/sec7(c + dz)(a cos(c + dzx) + bsin(c + dz))* dz

5 9 (2 (3 sin(dz+c)®—8 sin(dz+c)®—3 sin(dm+c))

: . 2
sin(dz+c)®—3 sin(dw+c)4+3 sin(dz+c)?—1 -3 log (Sln (d.’E + C) + 1) +3 10g (SlIl (dl’ + C) o 1)) —30 CL2 (;

480d

input  integrate(sec(d*x+c) “7*(axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="maxima"

)

output | 1/480* (5%b~2* (2* (3*sin(d*x + c)~5 - 8*sin(d*x + ¢)~3 - 3*sin(d*x + c))/(si

n(d*x + c)”6 - 3*sin(d*x + c)~4 + 3*sin(d*x + c)”2 - 1) - 3xlog(sin(d*x +

c) + 1) + 3*xlog(sin(d*x + c) - 1)) - 30*a~2*(2*(3*sin(d*x + c)~3 - b*xsin(d
*x + c))/(sin(d*x + c)~4 - 2*sin(d*x + c)~2 + 1) - 3*log(sin(d*x + c) + 1)
+ 3xlog(sin(d*x + c) - 1)) + 192*a*b/cos(d*x + c)~5)/d

3.55.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 343 vs. 2(152) = 304.

Time = 0.34 (sec) , antiderivative size = 343, normalized size of antiderivative = 2.04

/sec7(c + dz)(acos(c + dz) + bsin(c + dx))* dz

2 (150 a? tan(% dz+% I

15 (6a% —b?)log (|tan (L dz + 1c) +1|) — 15 (6a® — b?)log (|tan (2 dz + 1 ¢) — 1|) +

input integrate(sec(d*x+c) ~7*(axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="giac")

3.55.  [sec’(c+ dz)(acos(c+ dzx) + bsin(c+ dz))? dz



output
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1/240%(16%(6*%a~2 - b~2)*log(abs(tan(1/2*d*x + 1/2%c) + 1)) - 15x(6%a”2 - b
~2)xlog(abs(tan(1/2*d*x + 1/2%c) - 1)) + 2x(150*a~2+tan(1/2*d*x + 1/2%c)"1
1 + 15%b"2*%tan(1/2*d*x + 1/2*c)~11 - 480*a*b*tan(1/2*d*x + 1/2*c)~10 - 210
*a~2xtan (1/2*xd*x + 1/2%c)”9 + 235xb~2xtan(1/2*d*x + 1/2%c)”9 + 480*axb*tan
(1/2*d*x + 1/2*c)"8 + 60*a~2*tan(1/2*xd*x + 1/2*c)”7 + 390%b~2*tan(1/2*d*x

+ 1/2*c)”7 - 960*axb*tan(1/2*d*x + 1/2*c)~6 + 60*a”2+tan(1/2*d*x + 1/2%c)”
5 + 390%b~2*tan(1/2*d*x + 1/2*c)”5 + 960*axb*tan(1/2*d*x + 1/2*c)~4 - 210%
a~2xtan(1/2xd*x + 1/2%c)”"3 + 235xb~2%tan(1/2*d*x + 1/2%c)~3 - 96*a*bxtan(1
/2%d*xx + 1/2%c)”2 + 150%a”2*xtan(1/2*d*x + 1/2*c) + 15%b~2+tan(1/2*d*x + 1/
2%c) + 96*axb)/(tan(1/2*xdxx + 1/2%c)"2 - 1)76)/d

3.55.9 Mupad [B] (verification not implemented)

Time = 25.04 (sec) , antiderivative size = 328, normalized size of antiderivative = 1.95

/sec7(c + dz)(acos(c + dz) + bsin(c + dx))* dz

(% + ﬁ) tan(% + ‘%“)H — 4abtan(§ + %’”)lo + <4222 — %) tan(g + %”)9 + 4abtan(§ +

atanh (tan

[ 1o}

_|_
a
S
SN—
SN—"
VS
w
%F
[\V)

|
0|
~_

+

p
input | int ((a*cos(c + d*x) + b*sin(c + d*x))~2/cos(c + d*x)~7,x)

output

((4*a*b) /5 + tan(c/2 + (d*x)/2)"5%(a~2/2 + (13%b~2)/4) + tan(c/2 + (d*x)/2
)"7x(a”2/2 + (13%¥b~2)/4) + tan(c/2 + (d*x)/2)"11x((5%a"2)/4 + b~2/8) - tan
(c/2 + (d*x)/2)"3%((7*a~2)/4 - (47*b"2)/24) - tan(c/2 + (d*x)/2)"9*((7*a"~2
)/4 - (47%b"2)/24) + tan(c/2 + (d*x)/2)*((5%a~2)/4 + b~2/8) - (4*a*b*tan(c
/2 + (d*x)/2)"2)/5 + 8*axb*tan(c/2 + (d*x)/2)"4 - 8*axb*tan(c/2 + (d*x)/2)
~6 + 4*axbxtan(c/2 + (d*x)/2)"8 - 4xaxbxtan(c/2 + (d*x)/2)"10)/(d*(15*tan(
c/2 + (d*x)/2)"4 - 6xtan(c/2 + (d*x)/2)"2 - 20%tan(c/2 + (d*x)/2)"6 + 15%t
an(c/2 + (d*x)/2)"8 - 6*xtan(c/2 + (d*x)/2)710 + tan(c/2 + (d*x)/2)712 + 1)
) + (atanh(tan(c/2 + (d*x)/2))*((3*a~2)/4 - b~2/8))/d
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3.56 [ sec®(c+dz)(a cos(c+dx)+bsin(c+dzx))? dx

3.56.1 Optimalresult . . . ... ... ... ... 431
3.56.2 Mathematica [A] (verified) . . . . . . . ... .. .. L oo 431
3.56.3 Rubi [A] (verified) . . . . .. ... ... 132
3.56.4 Maple [A] (verified) . . . ... ... . ... ... 433
3.56.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 434
3.56.6 Sympy [F(-1)] . . . . . 434
3.56.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 4305
3.56.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 435
3.56.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 130

3.56.1 Optimal result

Integrand size = 28, antiderivative size = 125

/secs(c + dz)(acos(c + dz) + bsin(c + dz))* dz

a’tan(c+dzx) abtan®(c+dz) (2a% +b?)tan(c+dz) abtan?(c+ dzx)
- + + +
d d 3d d
N (a® + 2b?) tan®(c + dx) N abtan®(c + dx) N b2 tan’(c + dx)
5d 3d 7d

output ‘ a~2%tan(d*x+c) /d+axbxtan(d*x+c) ~2/d+1/3*(2*a~2+b~2) *tan (d*x+c) ~3/d+a*b*tan
\(d*x+c)“4/d+1/5*(a‘2+2*b‘2)*tan(d*x+c)‘5/d+1/3*a*b*tan(d*x+c)‘6/d+1/7*b‘2*
‘tan(d*x+C)“7/d ‘

3.56.2 Mathematica [A] (verified)

Time = 0.72 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.83

/secs(c + dz)(a cos(c + dz) + bsin(c + dz))* dx

_tan(c+ dz) (105a® 4 105abtan(c + dz) + 35(2a* + b?) tan®(c + dz) + 105ab tan®(c + dzx) + 21(a® + 2b%)
a 105d

e A
Integrate[Sec[c + d*x]~8x(a*Cos[c + d*x] + b*Sin[c + d*x])~2,x]

input

N\
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output‘ (Tan[c + d*x]*(105%a~2 + 105*%a*b*Tan[c + d*x] + 35%(2*a”~2 + b~2)*Tan[c + d \
*x]°2 + 105*a¥b¥Tan[c + d¥x]"3 + 21%(a™2 + 2%b"2)*Tan[c + d¥x]~4 + 35%axbx |
‘Tan[c + d*x]~5 + 15%b~2%Tan[c + d*x]~6))/(105%d) \

3.56.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.90,
number of steps used = 5, number of rules used = 4, Lumber of rules _ ( 143 Ryles used

integrand size
= {3042, 3567, 522, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/secs(c + dz)(acos(c + dz) + bsin(c + dz))* dx
| 3042

dx

/ (acos(c+ dz) + bsin(c + dz))?
cos(c + dz)3

l 3567

[(b+ acot(c+ dz))? (cot?(c + dz) + 1)2 tan®(c + dz)d cot(c + dz)
d

l 522

[ (v? tan®(c + dz) + 2abtan’ (c + dz) + (a® + 2b?) tanS(c + dz) + 4abtan®(c + dz) + (2a? + b?) tan?(c + dz) -
d

l 2009

—1(a? 4 2b%) tan®(c + dz) — 1 (2a% + b?) tan®(c + dz) — a® tan(c + dz) — LabtanS(c + dz) — abtan’(c + dz) -
d

-

input LInt [Sec[c + d*x]~8*(a*Cos[c + d*x] + b*Sin[c + d*x])~2,x]

-/

output‘ -((-(a"2*Tan[c + d*x]) - a*b*Tan[c + d*x]~2 - ((2*a"2 + b~2)*Tan[c + d*x]~
\3)/3 - a*b*Tan[c + d*x]~4 - ((a"2 + 2+%b"2)*Tan[c + d*x]~5)/5 - (a*b*Tan[c
+ d*x]~6)/3 - (b~2*Tan[c + d*x]~7)/7)/d)

N\ J
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3.56.3.1 Defintions of rubi rules used

rule 522‘Int[((e_.)*(x_))“(m_.)*((C_) + (d_D)*(x_))7(n_)*((a)) + (b_.)*(x_)"2)"(p_.

‘), x_Symbol] :> Int[ExpandIntegrand[(e*x) “m*(c + d*x) n*(a + b*xx~2)"p, x],
'x] /; FreeQl{a, b, c, d, e, m, n}, x] & IGtQ[p, O]

rule 2009tInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 3042

rule 3567

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (A_D)*x_)]"(m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si
nl(c_.) + (A_)*(x_)1)"(n_), x_Symbol] :> Simp[-d~(-1) Subst [Int [x"m* ((b
+ axx)"n/(1 + x”2)"((m + n + 2)/2)), x], x, Cotlc + d*x]], x] /; FreeQ[{a,
b, c, d}, x] && IntegerQ[n] && IntegerQ[(m + n)/2] &% NeQ[n, -1] && !(GtQ[
n, 0] && GtQ[m, 1])

3.56.4 Maple [A] (verified)

Time = 1.24 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.88

method result
_2(_8 _ sec(dw+c)4 _ 4sec(dw+c)2 ab 2 sin(d:c+c)3 4 sin(dw+c)3
derivativedivides a ( 15 5 15 ) tan(dz+c)+3 cos(datc)® +b (7 cos(da+c)7 T 35 cos(datc)B
d
_,2(_8 _ sec(dz+e)* _ 4 sec(da+c)? ab 5 ( sin(dz+c)3 4sin(dz+c)3
default a ( 15 5 15 ) tan(dz+c)+3 cos(da+c)® +b (7 cos(da+c)T T 35 cos(date)d
d
a2 -8 sec(dm+c)4 _ 4sec(dnc+c)2 ta,n(d:c—i-c) B2 sin(dm+c)3 4 sin(da:+c)3 85in(d.7:+c)3
parts 15 5 15 + 7 cos(dz+c)? | 35cos(dz+c)® | 105 cos(dz+c)3 + absec(dz-
risch 164 (—140iab e3:(d2+¢) 4 70q2e8i(dz+0) _70b2e3i(do+0) _140iab €814 +¢) 11750261 (do+¢) | 35p2ebildo+e) 1147264 (d-
105d(e2i(de+e) 11)”
12 11 10 10
. 2tan(%+5) (10502 tan (L +5)  —210tan (% +5 ) ab-350tan(L+5) a>+140tan (%45 ) b2+210tan
parallelrisch —

input Lint (sec(d*x+c) "8*(cos (d*x+c)*a+b*sin(d*x+c)) ~2,x,method=_RETURNVERBOSE)
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output | 1/d*(-a~2#(-8/15-1/5xsec(d*x+c) “4-4/16*sec(drx+c) ~2) *tan(drx+c)+1/3*a*b/co |
‘s(d*x+c)“6+b“2*(1/7*sin(d*x+c)“3/cos(d*x+c)“7+4/35*sin(d*x+c)“3/cos(d*x+c)
‘“5+8/105*sin(d*x+c)“3/cos(d*x+c)“3)) ‘

3.56.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 100, normalized size of antiderivative = 0.80

/secs(c + dz)(acos(c + dz) + bsin(c + dz))* dz

_ 35abcos (dz + c) + (8(7a® — b?) cos (dx + ¢)® +4(7a2 — b?) cos (dz + ¢)* + 3 (7 a® — b?) cos (dz + ¢)* 4
B 105 d cos (dz + ¢)”

input  integrate(sec(d*x+c) ~8*(axcos(d*x+c)+b*sin(d*x+c))~2,x, algorithm="fricas"

)

output | 1/105* (35*a*b*cos(d*x + c) + (8*%(7*a”2 - b~2)*cos(d*x + ¢c)76 + 4x(7*xa~2 -
b~2)*cos(d*x + c)~4 + 3*%(7*a”~2 - b~ 2)*cos(d*x + c)~2 + 15%b"2)*sin(d*x + c
))/(d*cos(d*x + ¢c)~7)

3.56.6 Sympy [F(-1)]

Timed out.

/se08 (c + dz)(acos(c + dz) + bsin(c + dx))? dz = Timed out

inputLintegrate(sec(d*x+c)**8*(a*cos(d*x+c)+b*sin(d*x+c))**2,x) J

output ‘ Timed out ‘
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3.56.7 Maxima [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.73

/secs(c + dz)(a cos(c + dzx) + bsin(c + dz))* dz
7 (3 tan (dz + ¢)° + 10 tan (dz + ¢)® + 15 tan (dz + ¢))a® + (15 tan (dz + )" + 42 tan (dz + )’ + 35 t

105d

input | integrate (sec(d*x+c) 8% (a*cos (d*x+c)+bxsin(d*x+c))~2,x, algorithm="maxima"

)

output | 1/105%(7*(3*xtan(d*x + c)~5 + 10*tan(d*x + c)~3 + 15%tan(d*x + c))*a"2 + (1
5xtan(d*x + c)~7 + 42xtan(d*x + c)~5 + 35xtan(d*x + c)~3)*b~2 - 35*axb/(si
n(d*x + ¢)~2 - 1)°3)/d

3.56.8 Giac [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.94

/secS(c + dz)(acos(c + dz) + bsin(c + dx))* dz

_ 15b%tan (dz + ¢)” + 35abtan (dz + ¢)° + 21 a® tan (dz + ¢)’ + 42 tan (dz + ¢)° + 105 abtan (dz + c)*
B 105d

N

input

~—

integrate(sec(d*x+c) “8*(a*cos (d*x+c)+b*sin(d*x+c))~2,x, algorithm="giac")

——

B
Output‘1/105*(15*b‘2*tan(d*x + ¢)77 + 3b5*xa*xb*tan(d*x + c)76 + 21*a"2*tan(d*x + c)
\*5 + 42%b"2*tan(d*x + c)”5 + 105*a*b*tan(d*x + c)~4 + 70*xa"2*tan(d*x + c)~
\3 + 35%b"2*tan(d*x + c)~3 + 105*a*b*tan(d*x + c)~2 + 105*a”~2*tan(d*x + c))
/d

N J

E——
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3.56.9 Mupad [B] (verification not implemented)

Time = 22.70 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.04

/secs(c + dz)(a cos(c + dz) + bsin(c + dz))* dzx

b2 sin(70+d:1:) +cos (c+ dx)Q (az sin(50+dx) B2 sinég—}—dx)) +cos(c+ dx)4 <4a2 sir;éc—l—da:) _4p? Siilo(g-i-d.’r)) + cos

dcos (c+dz)"

int ((a*cos(c + d*x) + b*sin(c + d*x))~2/cos(c + d*x)~8,x)

N\ J

input

output‘((b“2*sin(c + d*x))/7 + cos(c + d*x)~2*((a"2*sin(c + d*x))/5 - (b~ 2#*sin(c
|+ d*x))/35) + cos(c + dxx)~4*((4*a"2xsin(c + d*x))/15 - (4xb~2*sin(c + d¥x
1))/105) + cos(c + d*x)"6%((8*a~2*sin(c + d*x))/15 - (8%b~2sin(c + d¥x))/1
‘05) + (axb*cos(c + d*x))/3)/(d*cos(c + d*x)~7) ‘
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3.57 [ cos®(c+dz)(a cos(c+dz)+bsin(c+dzx))? dzx

3.57.1 Optimalresult . . . . . ... . ... ...
3.57.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL
3.57.3 Rubi [A] (verified) . . . . . . ... ...
3.57.4 Maple [A] (verified) . . . ... ... . ...
3.57.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.57.6 Sympy [B] (verification not implemented) . . .. ... ... ... ......
3.57.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ...
3.57.8 Giac [A] (verification not implemented) . . . ... . ... ... .......
3.57.9 Mupad [B] (verification not implemented) . . ... ... ... ... .....

3.57.1 Optimal result

Integrand size = 28, antiderivative size = 265

/cos5(c + dz)(acos(c + dz) + bsin(c + dz))* dz

_ 35a%z N 15 By b cos®(c+dz)  3a’bcos®(c+dx) b’ cos®(c+ dx)
~ 1 128" 6d 8d 8d
N 35a3 cos(c + dz) sin(c + dz) N 15ab? cos(c + dz) sin(c + dz)
128d 128d
N 35a3 cos®(c + dz) sin(c + dx) N 5ab? cos®(c + dz) sin(c + dx)
192d 64d
N 7a3 cos®(c + dz) sin(c + dz) N ab? cos®(c + dz) sin(c + dx)
48d 16d
a®cos’(c + dz)sin(c+dz)  3ab®cos’(c + dz) sin(c + dx)
* 8d - 8d

433
433
440
440

442
442
445!

35/128%a~3*x+15/128*a*b”~2*x-1/6%b~3*cos (d*x+c) “6/d-3/8*a"2*b*cos (d*x+c) ~8/
d+1/8%b~3*cos (d*x+c) “8/d+35/128*a"3*cos (d*x+c) *sin (d*x+c) /d+15/128*a*b~2*c
os (d*x+c)*sin(d*x+c) /d+35/192*a"3*cos (d*x+c) “3*sin(d*x+c) /d+5/64*a*b~2*cos
(d*x+c) “3*sin(d*x+c) /d+7/48*a~3*cos (d*x+c) “5*sin(d*x+c) /d+1/16*axb~2*cos (d
*x+c) “5*sin(d*x+c) /d+1/8%a~3*cos (d*x+c) “7T*sin(d*x+c) /d-3/8*a*xb~2*cos (d*x+c
) " 7*xsin(d*x+c)/d
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3.57.2 Mathematica [A] (verified)

Time = 1.35 (sec) , antiderivative size = 235, normalized size of antiderivative = 0.89

/ cos®(c + dz)(a cos(c + dz) + bsin(c + dz))® dz
_ 5a(7a® +3b°) (c+dz)  3b(7a® +b?) cos(2(c+dz))  b(21a® + b?) cos(4(c + dz))

128d 128d 256d
_ b(9a* = b?) cos(6(c +dx))  b(3a® —b*) cos(8(c + dx)) N a(14a? + 3b%) sin(2(c + dz))
384d 1024d 64d
N a(7a? — 3b?) sin(4(c + dz)) N a(2a* — 3b?) sin(6(c + dz)) N a(a? — 3b?) sin(8(c + dz))
128d 192d 1024d

r

input LIntegrate [Cos[c + dxx] 5*(a*Cos[c + d*x] + b*Sin[c + d*xx])~3,x]

| —

output | (5*xax(7*a~2 + 3*b~2)*(c + d*x))/(128*xd) - (3*b*(7*a”2 + b~2)*Cos[2x(c + dx*
x)]1)/(128%d) - (b*(21*a"2 + b~2)*Cos[4*(c + d*x)])/(256*d) - (b*(9*a~2 - b
~2)*Cos[6*(c + d*x)])/(384*d) - (b*(3*a~2 - b~2)*Cos[8*(c + d*x)])/(1024*d
) + (ax(14xa"2 + 3*xb"2)*Sin[2x(c + d*x)])/(64*d) + (a*(7*a”2 - 3*%b"2)*Sin[
4% (c + d*x)])/(128*d) + (a*(2*a”"2 - 3*b~2)*Sin[6*(c + d*x)])/(192%d) + (a*
(a”2 - 3*b~2)*Sin[8*(c + d*x)])/(1024*d)

3.57.3 Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 265, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.107, Rules used

integrand size
= {3042, 3569, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cos5(c + dz)(a cos(c + dz) + bsin(c + dz))3 dx
| 3042
/cos(c + dz)°(a cos(c + dz) + bsin(c + dx))3dzx

l 3569

/ (a® cos®(c + dz) + 3a®bsin(c + dz) cos’ (¢ + dz) + 3ab? sin®(c + dz) cos®(c + dz) + b° sin®(c + dz) cos®(c + dx)
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l 2009

a®sin(c + dz) cos”(c+dx)  Tasin(c+ dz)cos®(c+dx) = 35a®sin(c + dx) cos?(c + dz)
8d - 18d * 192d *
35a%sin(c + dx) cos(c + dz)  35a3x B 3a?bcos®(c + dx) B 3ab?sin(c + dz) cos’ (c + dx) 4
128d 128 8d 8d
ab?sin(c + dz) cos®(c+ dx)  5ab?sin(c + dzx) cos®(c +dz) = 15ab?sin(c + dz) cos(c + dz)
16d * - 1284 *

64d
5 o blcos’(c+dx) b3cosb(c+dx)
180t 8d 6d

input | Int [Cos[c + d*x]~5*(a*Cos[c + d*x] + b*Sin[c + d*x])"3,x]

output | (35%a~3*x)/128 + (15*a*xb~2#*x)/128 - (b~3*Cos[c + d*x]~6)/(6%d) - (3*a~2*bx*

Cos[c + d*x]178)/(8*d) + (b~3*Cos[c + d*x]~8)/(8*d) + (35*a~3*Cos[c + d*x]x*

Sin[c + d*x])/(128%d) + (15*axb~2*Cos[c + d*x]*Sin[c + d*x])/(128+d) + (35

*a~3*Cos[c + d*x]~3*Sin[c + d*x])/(192*d) + (5*a*b~2*Cos[c + d*x] ~3*Sinl[c

+ d*x])/(64%d) + (7+*a~3*Cos[c + d*x]~5*Sin[c + d*x])/(48*d) + (a*xb~2*Cosl[c
+ d*x]~5%Sinl[c + d*x])/(16%d) + (a~3*Cos[c + d*x] 7*Sin[c + d*x])/(8%d) -
(3*xaxb~2xCos[c + d*x] 7*Sin[c + d*x])/(8*d)

3.57.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3569 Int[cos[(c_.) + (d_.)*(x_)1"(m_.)*(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*si
nl(c_.) + (d_.)*(x_)]1)"(n_.), x_Symbol] :> Int[ExpandTriglcos[c + d*x] m*(a
xcos[c + d*x] + b*sin[c + d*x])~°n, x], x] /; FreeQ[{a, b, c, 4}, x] && Inte
gerQ[m] && IGtQ[n, O]
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3.57.4 Maple [A] (verified)

Time = 1.41 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.66

method result
5 3
(cos(dz+c)7+ T COS((é{E+C) + 35 COS(QI?H—C) + 35 cosl(éiz+c) ) sin(dz+c) 354 5 3020 (dot )8 g
ad 4+35dz 4 35¢ | _ BaZbcos(dzte)” 4 g, 2| _ cos(da-
8 128 T 128 8
derivativedivides
(cos(dm+c)7+ 7cos(a(l5w+c)5 +35 cos(ziw+c)3 +35 cosl(éiw+c)> sin(dz-+c) 22 y )8 y
35d 35 a“b cos(dz+c 2 cos(dzx-
a’ 8 +o%s Tios =0 8 13abt| -7
default
<cos(dm+c)7+ T Cos(zéa:+c)5 + 85 cos(2¢flz+c)3 + 85 cosl(éiz-f-c) > sin(dz+c)
a3 4 85dz | 35¢ . .
8 128 ' 128 3 (cos(da:+c) __cos(dz+c) )
8 6
parts a + P
. —504a2b—72b3) cos(2dz+2¢)+ (—252a2b—12b3) cos(4dz+4c)+(—T72a2b+8b3) cos(6dz+6¢)+(—9a2b+3b3) cos(8dz+¢
parallelrisch
risch 3503z + 15ab%z __ 3bcos(8dr+8c)a? + b3 cos(8dz+8c) + a®sin(8dx+8c)  3asin(8dz+8c)b?  3bcos(6dxA
128 128 1024d 1024d 1024d 1024d
(ﬁa‘g—i—ia bz)z—i—(&a?’—i-ﬁa b2)mtan(d—z+9)2+(§a3+§a b2)x tan(dl-}-S) 14+(£a3+iab2)wtan<d—z+9\
norman 128 128 16 16 2 T2 16 16 2 T2 128 128 2 T2,

inputLint(cos(d*x+c)‘5*(cos(d*x+c)*a+b*sin(d*x+c))“3,x,method=_RETURNVERBOSE)

output

1/d*(a~3*(1/8*(cos (d*x+c) “7+7/6*cos (d*x+c) ~5+35/24*cos (d*x+c) ~3+35/16*cos (
d*x+c) ) *sin(d*x+c)+35/128*d*x+35/128%c) -3/8*a~2*b*cos (d*x+c) ~8+3*a*b~2* (-1
/8%cos (d*x+c) “7*sin(d*x+c)+1/48%* (cos (d*x+c) “5+5/4*cos (d*x+c) ~3+15/8*cos (d*
x+c) ) *sin(d*x+c)+5/128*d*x+5/128%c) +b~3* (-1/8*sin (d*x+c) “2*cos (d*x+c) “6-1/
24x*cos (d*x+c) ~6))

3.57.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 150, normalized size of antiderivative = 0.57

/COS5(C + dz)(acos(c + dz) + bsin(c + dz))® dz =

64b° cos (dz + ¢)° + 48 (3 a®b — b°) cos (dz + ¢)® — 15 (7 a® + 3 ab?)dz — (48 (a® — 3 ab?) cos (dz +¢)"

input‘integrate(cos(d*x+c)‘5*(a*cos(d*x+c)+b*sin(d*x+c))“3,x, algorithm="fricas"

)

3.57. [ cos’(c+ dz)(acos(c+ dz) + bsin(c + dz))? dz
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output‘ -1/384%(64*b~3*cos(d*x + c)~6 + 48*(3*a~2*b - b~3)*cos(d*x + c)~8 - 15%(7* ‘
a3 + 3xa*b"2)*d*x - (48%(a”3 - 3*a¥b 2)*cos(d*x + c)"7 + 8x(7xa"3 + 3xaxb
| "2)*cos(d*x + ¢)75 + 10%(7*a"3 + 3*axb™2)*cos(d*x + c)”3 + 15%(7*a"3 + 3%a
\*b*z)*cos(d*x + ¢))*sin(d*x + ¢))/d \

3.57.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 532 vs. 2(257) = 514.

Time = 0.78 (sec) , antiderivative size = 532, normalized size of antiderivative = 2.01

/ cos®(c + dz)(acos(c + dx) + bsin(c + dz))* dx

35a3z sin® (c+dzx) 35a3z sin® (c+dz) cos? (c+dzx) 105a3z sin? (c+dz) cos? (c+dzx) 35a3z sin? (c+dzx) cos® (c+dzx) 35a3z cos® (.
128 + 32 + 64 + 32 + 128

z(a cos (c) + bsin (c))? cos® (c)

e A
integrate(cos(d*x+c)**5* (a*cos (d*x+c) +b*sin(d*x+c) ) **3,x)

N J

input

output | Piecewise ((35*a**3*x*sin(c + d*x)*%8/128 + 3b*a**3*xx*sin(c + d*x)**6xcos(c
+ d*x)**2/32 + 105*a*x*3*x*ksin(c + d*x)**4d*cos(c + dkx)**x4/64 + 35*a*x*3*x*
sin(c + d*x)**2*cos(c + d*x)**6/32 + 35xa*x*3*x*cos(c + d*x)**x8/128 + 35*xax*
*3xsin(c + d*xx)**7*cos(c + d*x)/(128*d) + 385*a**3*sin(c + d*x)**5xcos(c +
d*xx) **3/(384*d) + 511xax*x3*sin(c + d*x)**3*cos(c + d*xx)**5/(384*d) + 93*a
**x3xsin(c + d*x)*cos(c + d*x)*x7/(128*d) - 3*a**2*b*cos(c + d*x)**8/(8*d)
+ 15%a*b**2*x*sin(c + d*x)**8/128 + 15*a*b**2*x*sin(c + d*x)**6xcos(c + d*
X)*%2/32 + 4B*axbx*2kx*xsin(c + d*x)**4*cos(c + d*x)**4/64 + 15*axbx*2kx*si
n(c + dxx)**2xcos(c + d*x)**6/32 + 15kaxb**2kx*cos(c + d*x)**8/128 + 15*ax
b**2*sin(c + d*x)**7*cos(c + d*x)/(128%d) + 55*a*b**2*sin(c + d*x)**5*xcos(
c + d*x)**3/(128*d) + 73*axb**2xsin(c + d*x)**3*xcos(c + d*x)**5/(128*d) -
15*a*b**2*sin(c + d*x)*cos(c + d*x)**x7/(128*d) + b**3*sin(c + d*x)**8/(24x*
d) + b**3*sin(c + d*x)**6kcos(c + d*x)**2/(